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Where we left yesterday )]
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Two-layer neural networks (m=N)

Z ajo((wj,x)), 0= ((a)i<m, (Wi)i<m) € R™ x (ST1)™.
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Two-layer neural networks (m=N)

Z ajo((wj,x)), 0 = ((ai)icm, (Wi)icm) € R™ x (ST1)™

» Square loss train error:
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Single index model

Data {(xi,y;) : i <n}iid, & ~ N(0,7?)

xi ~N(0,Lq), yi=@((Wi,xq)) +&i

Two theories:

» Feature learning:
> Weights w; align quickly with w,
» No overfitting

» Neural Tangent:

> Weights change minimally
» Model is linear in the y; (kernel method)
» Overfitting/interpolation
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A cartoon

A 20
2(0) ~ HP>¢0H
¢¢
¢¢
¢"
l | >
N=1 N> 1
1 & 0
f(x;0) = Hzajauwj,xn, @) = +yvym
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A cartoon

A Z(0)
%(@) =~ HP>€0—||
o’
.
.
.
.
A P 4 s
I I >
N =1 N> 1
Are large networks necessarily bad? J
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Spoiler
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Spoiler

N> 1

0) = L3 ajoliwyx), ol =y
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Spoiler

a? < y/m (lazy init)

a? < 1 (mean field init)

{ >
N> 1

Good generalization: mean field initialization + early stopping J
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Spoiler

a? < y/m (lazy init)

a? < 1 (mean field init)

{ >
N> 1

Good generalization: mean field initialization + early stopping J

Lazy initialization is popular among practitioners.
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Key control parameters (large n,m, d)

t Training time,
x=—: Overparametrization ratio,

a® Scale of 2nd layer weights at t = 0.
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Questions

Q1. For which region of «, a® does grad flow converge ﬁn ~ 07
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Questions

Q1.
Q2.
Q3.

Q4.

For which region of o, a® does grad flow converge Rn ~ 07
Does the selected model provide good generalization?
When feature-learning/no-overfitting vs lazy-training/overfitting?

How does the generalization error depend on network size and
number of iterations?
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Questions

Q1. For which region of «, a® does grad flow converge Rn ~ 07
Q2. Does the selected model provide good generalization?
Q3. When feature-learning/no-overfitting vs lazy-training/overfitting?

Q4. How does the generalization error depend on network size and
number of iterations?

Approach:

» Dynamical mean field theory (DMFT): n,d — oo, n/d — @.
» Take limit m,® — oo, with &/m — «.
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Outline

© Rigorous DMFT

© Gaussian approximation

© Dynamics in pure noise

@ Dynamics under single-index model

© Conclusion
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Rigorous DMFT J
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A slightly more general setting

0,0, € R™>*™M regularization t — Ay € R™*™

. 1 &
In(0) = — D L(0Txi;0[xi,¢1)
i

O = —OA] — VZn(04).
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A slightly more general setting

0,0, € R™>*™M regularization t — Ay € R™*™

. 1 &
In(0) = — D L(0Txi;0[xi,¢1)
-

O = —OA] — VZn(04).

The case of 2-layer neural nets, k—index data:

o= ] 0. o

o]+ o]

m 2
L(r,u,¢) = % ((p(u) +e— % Z aicr(ri)> .
i=1
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A slightly more general setting

0,0, € R™™ regularization t — A, € R™™

~ 1 &
Zn(0) = o Z L(OTxi; 0. xi, €i)
i=1

01 = —0A] — VZn(0,).
DMFT process: d¢, 1t € R™,

t
I =—(AT+THH - J Re(t, s)9%ds — Ry(t, *)0* +u',
0

1 t
rt = _ocJ Ro(t, )V L(r%, w*; ¢)ds +wt,
0
ut ~ GP(0,C¢/8), w'~GP(0,Cq).

where T, Co(t,s), Co(t,s), Re(t, s), Re(t, ), Rg(t,s) € R™*™ are unique

solution of ...

4
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Assumptions

> X has standardized sub-Gaussian independent entries
» {is C3 with bounded 2-nd, 3-rd derivatives.

» n,d > oo, n/d >«

» 00,i, 04, i-th rows of 0, 0.:

.l n

d
1 w. \%
d Z 6\/390,1,\/36*,1 = Law(Do, 9.), n z O¢; = Law(e).
i=1 i=1
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DMFT characterization

qjleorern,((kﬂentano,(]heng,hﬁ 2021)

Under the above assumptions, for any T and any continuous bounded
P:R™ x C([0, T],R™) — R we have

p-lim 7 Zw (Vae;, vd(:)5) = Efb (8.4, (81)g } -

v

Informally: The DMFT process 3 characterizes the distribution
of rows of 0.
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DMFT characterization
qjleorern,((kﬂentano,(]heng,hﬁ,ZOZl)

Under the above assumptions, for any T and any continuous bounded
P:R™ x C([0, T],R™) — R we have

p-lim — ZII) \f@f,\f

o) =
Tld—%oo

E( (91, (01)4 } -

» Informally: The DMFT process ¥ characterizes the distribution
of rows of 0.

> Application to 2-layer nets: wi(t): First layer weights in a
2-layer network

p—tlim<Wi(t),Wj(S)> = Cij(t) S) )
'S
where the Cy; solve DMFT equations.
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Application to 2-layer nets

C{}(t,s) = (wit),wj(s)), Vi'(t) = (wi(t),wy), ai(t).
Theorem (Celentano, Cheng, M, 2021)
Asn,d — oo, n/d — &, uniformly over compacts,
CE L) C'Lj) V? %vi, a{‘ L) a; .

Further C=(Cy:i,j <m),v=(vi:i<m), a=(a;:i<m) are
deterministic and the unique solution of DMF'T equations.
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Challenge: Solving the DMFT equations

t
%et =—(A"+TH9" —J Re(t, s)9%ds — Re(t, %)0* +u', u'~ GP(0,C¢/5),
0
t
= _%J Ro(t, s)VL(r*, w*;z)ds + w", w' ~GP(0,Co),
0
r t
Ry(t,s) =E gﬁs}, 0<s<t< o0,
: t *,
Relt,s) = E M] 0<s<t<oo,
L ows
[OVL(rt, w*;z
= [T
r—g [VZL(rt,w*;Z)] ,
Cg(t,s):E[ﬁtSST], 0<s<t<ooors=x,
Ce(t,s) =E [VL(Tt,w*;z)VL(rs,w*;z)T] , 0<s<t<oo.
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Challenge: Solving the DMFT equations

t

%at =—(A"+TH9" —J Re(t, s)9%ds — Re(t, %)0* +u', u'~ GP(0,C¢/5),
0
t
Tt = _%J Ro(t, s)VL(r*, w*;z)ds + w", w' ~GP(0,Co),
0
r t
Ry(t,s) =E gis}, 0<s<t< oo,
: t *,
Reltys) = | V] 0<s<t<oo,
:aVL tw*
Re(t, <) =E %} ,
M—g [VZL(rt,w*;Z)] ,
Cg(t,s):E[ﬁtﬁsT], 0<s<t<ooors=#,
Ce(t,s) =E [VL(rt,w*;z)VL(rs,w*;z)T] , 0<s<t<oo.

Evaluating numerically the equations requires to compute expectation
wrt the distribution of the processes 3, r. J

20,




Gaussian approximation J
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Take notice:
> Not Gaussian process regression.

> Not approximating J¢, 1t by Gaussian processes.
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Idea: Matching Gaussian model

Fa(0) = - Y (yi—fx;0)° = zinllF(e)Hz-

i=1

» Replace F(0) by Gaussian proc. F9(0) with matching mean and
covariance.

> Study DMFT for this model.
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Idea: Matching Gaussian model

] n

Bul0):= 53 (yi—fxs0))* = 5 [[F(O)]2.

» Replace F(0) by Gaussian proc. F9(0) with matching mean and
covariance.

> Study DMFT for this model.

» A piece of the covariance:

1
E{f(x;01)f(x;02)} = 2 Z h(w{w;) aia;.
L,j=1
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DMFT egs for Gaussian model are explicit

0 =Zptw) [ Rat9 a6 (2a2)
- A * Ratt $as) [%h(c‘d(t,s)) +"Lhn, ;))] ds
=2 [ ent a0 [ Cutnmae s + "L nme)] as,
‘;—'t’(e) = w0 + ZVE(0)alt) /n * Ratt,s) ds (2.33)
.
- %/; [M,‘;"(z,.q) +(m— I)M,(:)(t,.s)] v(s)ds,
ACu(1,) =~ KO0, 1) + (T (0), o alt) /ﬂ " Ratts)ds (2.30)
- % /n' ' [0 & )Cutt, ) + (m = M (€ )¢, )] ds
- %Al [Mg”(z,s)n,,(t',a) +(m-1)MP, .s))la(l’,.s)] ds,
AC1,1) = KOO L) + & (TR0, o al®) /n " Ratt,5)ds (2.35)
_ L / ' [ M0 @ )Cule ) + M€ )t 5) + 0~ 2MEP 0, Ol )] s
mJo

- %AL [MEt, Rt ) + M @, ) Ralt ) + (m ~ DM (1 )R(t' )] s,

ORa(t,t') = — v(t)Ra(t,t') + 6(t — ) (2.3)
- : (M9 Rats,€) + (m = DM ) Rols, )] s,
AR E) = —HOREE) - /: [MPE,9)Ru(s, ) + M€, ) Rats, ) (231

+(m - 2)M(t, 8)Ros, l’)] ds.

(2) Equations for auxiliary functions. The memory kernels M{; (¢, s), MY (t, s) and MY (¢, 5),
ME(t,5) are given by:

MD(0,9) = Za@)a(s) [Ral W (Cult, ) + Calt, ' (Calty N Ralt, )] (239)
MI(0,9) = Ea(0a(s) [Ralt, W (Calt ) + Calt, W/ (Colts DRft,9)] (239)
ME(t,5) = S a()aa)Calt, W (Calt, ), (240)
MO (t,5) = %u(z)a(a)CA(L, SH(Colt, 8)) - (2.41)

Further, Ca(t,s), Ra(t,s) are given by the same equations (2.19), where ¢, Ep are simplified
as follows:
a(t)a(s)

m

Zo(t,s) = 7 + [loll* ~ a(t)p(v(t)) ~ als)p(e(s) + h(Calt,5))

Lo a((Ct,)
Saltys) = 209 ey, )Rty 5) + ™
5 S

+ (242)

! B (Colt, 5)) Rolt, 5)
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DMFT egs for Gaussian model are explicit

0 =Zptw) [ Rat9 a6 (2a2)
- A * Ratt $as) [%h(c‘d(t,s)) +"Lhn, ;))] ds
=2 [ ent a0 [ Cutnmae s + "L nme)] as,
‘;—'t’(z) = w0 + ZVE(0)alt) /n * Ratt,s) ds (2.33)
.
- %/; [M,‘;"(l,.q) +(m— I)M,(:)(t,.u)] v(s)ds,
ACu(1,) =~ KO0, 1) + (T (0), o alt) /ﬂ " Ratts)ds (2.30)
- % /n' ' [0 & )Cutt, ) + (m = M (€ )¢, )] ds
- %Al [Mg”(z,s)n,,(t',a) +(m-1)MP, .s)Ra(l’,.s)] ds,
AC1,1) = KOO L) + & (TR0, o al®) /n " Ratt,5)ds (2.35)
_ L / ' [ M0 @ )Cule ) + M€ )t 5) + 0~ 2MEP 0, Ol )] s
mJo

- % /Ly [MEt, Rt ) + M @, ) Ralt ) + (m ~ DM (1 )R(t' )] s,
o

ORa(t,t') = — v(t)Ra(t,t') + 6(t — ) (2.3)
- ,,L (M9 Rats,€) + (m = DM ) Rols, )] s,
BR(1,1) = ~v(ORu(t,) - i[ (MR 8) + M ) R,0) o

+(m - 2)M(t, 8)Ros, l’)] ds.

(2) Equations for auxiliary functions. The memory kernels M{; (¢, s), MY (t, s) and MY (¢, 5),
ME(t,5) are given by:

M9 = Za(ale) [Ralt W (Cult, ) + Calt W (Calts DRt )], (239)
MY(t,s) = ga(t)a(a) [Ra(t, )1 (Co(t, 8)) + Calt, )A"(Colt, ) Rolt, 5)] (2.39)
ME(15) = - alals)Ca(t K (Catt, ), (2.40)
ME (t,5) = Sa()a(s)Calt, W (Colt,) - (2.41)

Further, C(t, s), Ra(t, s) are given by the same equations (2.19), where E¢, X are simplified
as follows:
a(t)a(s)

m

Zo(t,s) = 7 + [loll* ~ a(t)p(v(t)) ~ als)p(e(s) + h(Calt,5))

Lo a((Ct,)
Tr(t,s) = %h’l{' (t, 8))Ralt, s) + ’""‘l

+ (2.42)

! B (Colt, 5)) Rolt, 5)

Highly nonlinear!
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A related (simpler) model

Random Gaussian Equations
» Physics: Fyodorov 2019; Urbani 2023; Kamali, Urnbani, 2023
> Mathematics: M, Subag 2023, 2024
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DMFT eqs for Gaussian

S0 =2500) [ Rat.o)as (202)
=2 [ Rattarato) [t + ™) as
_a /., Calt, s)als) [ih'(c,(c ) Raltys) + "’T"h’(co(z‘ s))R‘,(t,s)} ds,
Lu 904 =~ utyo(t) + w(u(:))a(t)/ Ra(t,s)ds (233)
- vn/n [M};”(tv )+ (m - )MP( l,a)] v(s)ds,
ACult,t') = — v(t)Calt,t') + %(V«Zz'(v(t]),v(t‘))a(l} [ Ra(t,s)ds (2.34)
. %/: [ME @ s)Cut,5) + (m = )M @, 9)Cult, )] ds
_ l/l’ [M};"(z, $)Ry(t' ) + (m— )M, s)R.,(l’,s)] ds,
mJo
BCo(t,t') = — v(t)Co(t,t') + %(ku(:)),u(a'))a(z)/l: Ral(t,s)ds (2.35)
.
- i/., [MPE9Cue5) + MP (€. 5Cult' 5) + (m =DM (,9)Colt'5)] ds

_ %/..l [ME € R, 5) + MO (. 9)Re(t'9) + (m ~ DM (¢, ) Rolt' 5)] ds,

> Symmetric initialization: a;(0) = ap, wi(0)

» Numerical solution

model are explicit

B Ra(t,t') = — v(t)Ra(t,t) + 6(t — 1) (2.36)
_ i/‘ [M};’(c $)Ra(s,t) + (m — )M (t, 5)Rofs, t’)] ds,
QR (t,t') = —v(t)Ro(t,t') — 7/ [M““(z $)Ro(s,t) + M (t,5)Ra(s,t') (2.37)

+(m = )M (t, 8)Ros, ¢ )] ds.

(2) Equations for auxiliary functions. The memory kernels Mj;(t,s), My (t, s) and MY (¢, ),
MY(t,5) are given by:
a

MP(,5) = Za(t)a(s) [Ralt, )W (Calt, s)) + Calt, )" (Calt, $)) Ralt, )] , (2.38)
MO (t,5) = Za(t)a(s) [Ralt, ) (Colt, 5)) + Calt, )" (Colt, $)) Roft, 5)] (2.39)
M (t,5) = (:)a(v)cm W (Calt,9)) s (2.40)
ME(45) = Za)al)Calt, W (Calt, ) - (241)

Further, Ca(t,s), Ra(t, s) are given by the same equations (2.19), where E¢, £p are simplified
as follows:

Selt,9) =7+ lel? ~ ap(v) ~ a)e(w() + 2 ncy )
m= ]a(t)a(s)h(C (t,5)
a(l)n(s)

n (242)

Srltys) = T K (Calt,5)) Ralty5) +

a(l)ﬂ(s)h'(ﬂ‘ (t,5)) Ro(t, )

~ Unif(S41)

» Singular asymptotics: m — oo, t — 0.
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Dynamics in pure noise )
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Pure noise

(xi,91) ~ N(0,14) ® N(0, %)

No learning, just optimization!
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Fixed 2nd layer weights

0.9

0.8 b
0.7 b
0.6 |
05 108 I S

€tr

04|
0.3 |o.

0.2 F

0.1 F

0

Za] (wj, x ai(t) =yvm, fixed.
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Fixed 2nd layer weights

0.9

0.8 b
0.7 b
0.6 |
05 108 I S

€tr

04|
0.3 |o.

0.2 F

0.1 F

0

Za] (wj, x ai(t) =yvm, fixed.
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Fixed 2nd layer weights

0.9

0.8 F
0.7
0.6 F

0.5 108 ’_R

€tr

04|
0.3 |o.

0.2 F

0.1 F

0

Za] (wj, x ai(t) =yvm, fixed.

hm @n(e(t)) - etr(t; m) a) )
n,d—oo,n/d=x
im e (tm®) = el (ta).
m,x—o0,6/m=x
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Fixed 2nd layer weights

0.9

0.8 |
0.7 |
0.6 |

05 108 S

Etr

04 F°
0.3 |
0.2 |

0.1 F

Algorithmic interpolation phase transition

v <ver(a) = lim el (o) >0,
t— o0

Y >Yer(a) = lim eErZ)(t o) =0.
t—o0
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Fixed 2nd layer weights: Phase transition

Yo = 10/7 aa.lg =0.835 ——
Yo = “alg =0.605 ——
1000 L Y =5/9 Calg = 0262 i
T T T
=00 g |
300 |
10 ‘
a
0.001 0.01 1

O‘GF @

tra (&, Y) < (var(a) —y) ™
= (xar(v) — ).
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Fixed 2nd layer weights: Phase transition

90 = 10/7 gl = 0835 ——
0 = 1 aglg =0.605 ——
1000 F Y0 =5/9 aglg = o.zgg —
i " "
100 g0 | 1
300 - J
10 0.3 0.6 E
o L
0.001 0.01 0.1 1
O“GF —a

-V

tra(oy) < (var(a) —v)
= (xar(v) — ).

What happens if second-layer weights evolve? )
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Evolving 2nd layer weights: a;(0) = ap

0. . . . .
06 0.6 F
05 ¢ 1 05
=23
0.4 F ot — 04l
g m=2> —— @
m=20 ——
= 03¢ m— 27 1 = 03}
= m= 2: _ g
02 ¢ Rt 02|
m= 23
m=2
0.1 p m =213 q 0.1 F
m =21
Anct/m
0 ‘ ‘ L At .
0 2 4 6 8 10 104

t/m

» Slowest of 3 dynamical regimes: t/m =s = 0O(1).

> a(t) = ymy(t/m) +o(ym)

> Asymptotic behaviors:

s—0: v(s)=v«s+o0(s),
s— o0 : Y(s)— var-
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Evolving 2nd layer weights: a;(0) = ap

0.6

0.6 F
05 ¢ ] 05t
L m=2 —— |
04 m =24 0.4 1
S m=2" —— g
K 0.3 m=20 —— K
= 03¢ m—9" — = 03¢
1 m= 23 _ 2
=99
02| ot 4 02|
m= 23
=2
0.1 L :Z — 013 4 0.1 |
m=2" —
0 Asct/m 0 E—— m =214
0 2 4 6 8 10 10~ 107 1072 107! 1 10 10% 103
t/m t/m

» Slowest of 3 dynamical regimes: t/m =s = O(1).

> a(t) = vmy(t/m) +o(y/m)

> Asymptotic behaviors:
s—0: vy(s)=vy«s+o0(s).

v+« is the threshold energy of a p-spin model!
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Evolving 2nd layer weights: a;(0) = ap

0.6

0.6 F
05 ¢ ] 05 f
=923
04 f int-"—— 04 |
g m=2" —— g
— 96
; 03 | m=g f ; 03|
=l m= 2; R =l
02 L 7T:=22“’ o 0.2 |
m =21
— 912
0.1 i 0.1
m =24
Ast/m ——— —
0 ‘ ‘ At 0 —— . nz2
0 2 4 6 8 10 104 107 1072 107! 1 10 10% 103
t/m t/m

» Slowest of 3 dynamical regimes: t/m =s = 0O(1).

> a(t) = ymy(t/m) +o(ym)

» Asymptotic behaviors:
s— 00 Y(s) > Yar-

Complexity y(t) grows slowly until interpolation threshold
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Adiabatic evolution of y(t) = a(t)/y/m

" e(cey) —
0.2
0.25
0.15 0.2+
= 0.15 |
&
0.1 0.1
0.05 |
0 Lo . .
0.05 1073 1072 107!

> Black: Minimum empirical risk achieved at 7y fixed.

» Colored: a(t) evolving
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Dynamics under single-index model )
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Single-index model

Data {(xi,y;) : i < n}iid, & ~ N(0,T?)

X~ N(O)Id)) Yi = (p(<W*,Xi>) + &
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Dynamical decoupling: Learning — Overfitting

0.7
gF Feat. learning Feat. learning OvcrﬁL/Unlcarnij
0.6
55 0.5 \”}mlH\ = \/m F4 é
= =
— =
v N
475 0.4 L3<T
£,
= 0.3 E
2 =
=02 =
H”}nd”\ =1 N
Fl
0.1
tme(m)i =<1 tor(m)
0.0 T T 0
10° 10!
t

t=<1:
» Test error ~ Train error t=xm:
» Test error > Train error; Train

error — 0

» Learns latent direction w,

> Mean field asymptotically
correct (Mei, M, Nguyen, 2018;
Chizat, Bach, 2018; Rotskoff, » Neural tangent kernel learning
Vanden Eijnden, 2018) 38 /47

» Unlearns latent direction w



Comparing with SGD experiments

0.8

o
>
-

Train/Test

100 10! 102 10°
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Overfitting mechanism: Adiabatic increase in complexity

10!

Train/Test

100 s

10° 107 10! 10? 10°
t

1
JE— a R —
< Glah o

Rademacher comlexity

t=0(1) = %Ha(t)H]:a(t):O(]) = No overfitting
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Lower bounding the overfitting timescale

Theorem (M, Urbani, 2025)

Assume [|0]|uip, [|0]lco < L, l@(0), [[@]lLiy <L, [|a(0)]lcc < ao,
n>dVm. Then, with prob > 1 —2exp(—cn) (t = ta)

Ha(/f)Hoo <ap+a;t, aj:=CoL(t+ apl),

%(a®), WD) — Zn(al®), WD) < Cr13 (a0 + art)? - \/g ,
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Dynamics on the feature learning timescale

Mean field asymptotics:
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Dynamics on the feature learning timescale

Mean field asymptotics:

» Gradient flow wrt population risk.

» High-dimensional asymptotics: (wj(t), w;(t)) = (vi(t),vj(t)).
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Dynamics on the feature learning timescale

Mean field asymptotics:

» Gradient flow wrt population risk.

» High-dimensional asymptotics: (wj(t), w;(t)) = (vi(t),vj(t)).

» 2-dimensional under symmetric initialization

Mei, M, Nguyen, 2018; Chizat, Bach, 2018; Rotskoff, Vanden Eijnden, 2018;
Berthier, M, Zhong, 2024

42 /47



Dynamics on the feature learning timescale

TV = A Qe (VOWTE) — 3 e N DI ),
S (@) = QW) — - Y aP R ), v (D))
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Dynamics on the feature learning timescale

Theorem (M, Urbani, 2025)

Under same assumptions, let Ty, = co(logm)'3 A (logn/d)"/3. Then
with prob > 1 —2exp(—cqd),

1 & ( . A ) 1.1 a\"*®
sup — 3 (las(®) — ar @) + [w(® v @) sc(—v—v—)
t<T ; ' ' ' ' m d n )
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Mechanism: Adiabatic increase in complexity

0.4

0.35

0.3

0.25

0.2 |

€ts — Ctr
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» Slow timescale: Divergence of 2nd layer weights

» & Growth of Gaussian/Rademacher complexity
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Unlearning: t = ©(m)

o(t)

a(t)/Vim
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» Projection onto the latent direction vanishes.
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Conclusion )
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Conclusion

» How can modern ML models generalize well?
> Requires to undertand dynamics

> ...
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Conclusion

» How can modern ML models generalize well?
> Requires to undertand dynamics

> ...

Thank you! )
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