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Prelude: The role of theory J
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Current state of Machine Learning

I started working in high-dim statistics and ML and around 2008

> 2008: =~ 1.5-10% papers submitted each year in top 3 venues
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Current state of Machine Learning

I started working in high-dim statistics and ML and around 2008
> 2008: =~ 1.5-10% papers submitted each year in top 3 venues

> 2024: ~ 3-10% papers submitted each year in top 3 venues

> Major discoveries

» Machines can learn language
» Learn from examples during conversations

» Exhibit step-by-step problem-solving
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A success of the scientific method?

.

Experiments Theory

Prediction/
Hypothesis
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A success of the scientific method?

.

Experiments Theory

Prediction/
Hypothesis

Not really! J
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The ‘Al research method’

Evaluation/
/' Competition \
Benchmark/ Winning
Challenge Architecture

\Dissemination /
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The Al research method and its institutions

Evaluation/
Competition
-DARPA Challenges
-Kaggle
Benchmark/ Winning
Challenge Architecture

-ImageNet
-Kaggle
-HuggingFace

Dissemination

-GitHub
-HuggingFace
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The Al research method and its institutions
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And theory?

Evaluation/
Competition

Benchmark/ Winning
Challenge Architecture

. . . Theory
Dissemination

> Explain why architecture X is currently winning the race
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And theory?

Evaluation/

/' Competition \

Benchmark/ Wi[ming
Challenge Architecture

\Dissemination /

Theory

» Ask very fundamental questions about very general phenomena

» Does more data always help? How much?
» Do more complex models always help? How much?
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A few theoretical successes

» Overfitting and generalization
> Scaling

» Generic phenomena in (stochastic) gradient descent

v

Benchmarking /uncertainty quantification
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Outline

@ The generalization problem

© Enters modern machine learning

© Two previews

@ Conclusion
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The generalization problem )

13 /54



History
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Before 1960:
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Rosenblatt, 1960:
» Input-output pairs (xi,yi), i <n
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FIG. 2 — Organization of a perceptron.

Frank Rosenblatt Perceptron
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History

Before 1960:
» A program defines the input-output relation

Rosenblatt, 1960:
» Input-output pairs (xi,yi), i <n
» Let the machine learn the relation
» Proof of concept: ‘Perceptron’

Why does it work? What does it mean to learn? J
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History

Before 1960:

» A computer is programmed
» A program needs to determine the input-output relation

Rosenblatt 1960:
» Show the machine input-output pairs (xi,yi), i <n
» Let the machine learn the relation
» Proof of concept: Perceptron
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» Learning is statistical learning
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History

Before 1960:

» A computer is programmed
» A program needs to determine the input-output relation

Rosenblatt 1960:
» Show the machine input-output pairs (xi,yi), i <n
» Let the machine learn the relation
» Proof of concept: Perceptron

Vapnik—Chervonenkis, 1969-1974:

» Learning is statistical learning

Vapnik studied in Samarkand: closer to Bangalore than Stanford is to MIT.
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Statistical learning

» Data: (X1, Y1)5 -5 (XnyYn) ~ia P

» Input-output relations: f(-;07), f(-;02), ..., f(-;0Mm).
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Statistical learning

> Data: (x1,91)5- -+, (XnyYn) ~ia P

> Models: f(-;07), f(-;02), ..., f(-;0m).

» Learning: X (0) = E{dist(yn+1, f(xn4+1;0))}:
> 0 selected from data (x; sY1)ye ooy (XnyYn)

» Minimize test error Z(0)!

Statisticians: ‘This is just statistics’
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Statistical learning

dist(yi, f(x4;0)) | f(-;01) f(-;02) f(-;0Mm)
(Yy1,x1) 0 1 0
(y2,%2) 1 0 1
(Yn, Xn) 0 1 1
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Statistical learning

dist(yi, f(x4;0)) | f(-;01) f(-;02) f(-;0Mm)
(Yy1,x1) 0 1 0
(y2,%2) 1 0 1
(Un)xn) 0 1 1
(Un+1>xn+1) 1 0 1
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Statistical learning

dist(yi, f(x;0)) | f(-;01) f(-;02) --- f(-;0m)
(y1,x1) 0 1 0
(y2,x2) 1 0 1
(yn)Xn) O 1 A 1
(Un+1>xn+1) 1 0 s 1

f(-501) f(-5;02) --- f(-;0m)

empirical risk | Zn(01) Zn(02) -+ Zn(0Mm)

population risk | Z(01) Z(02) --- Z(Om)

~ 1 &
n(0) = — D dist(y;, f(x;0)),  2(8) = Edist(yni1, f(xns1;0)).
i
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Statistical learning
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Statistical learning
5 5 . _
Tn(0) = — ; dist(ys, f(xi)),  2(0) =Edist(y;, f(x;;0)).

» Central limit theorem: ‘%’(91) —@n(ei)‘ =0(1/ymn)

» Vapnik—Chervonenkis, 1969-1974: F :={f(-;0): 0 € S}

= , dvce(F
max \%n(e) —%(9)‘ < const. M
oS n
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Statistical learning

Fal0) = 3 distly, flxi)),  (0) = Edistly, fx;0)).
i=1

» Central limit theorem: ‘%(91) —@n(ei)’ =0(1/ymn)

» Vapnik—Chervonenkis, 1969-1974: F :={f(-;0): 0 € S}

max |%n(0) — 2(0)| < dve(F)
0es n
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Key insight: Uniform CLT-style bounds

max | %n(0) — 2(0)] < dvelF)
0cs n

» Simultaneously for infinitely many 0’s!
» Bound does not depend on the number of parameters p (6 € RP)

» Only depends on the function class F via dyc(F).
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Key insight: Uniform CLT-style bounds

dyc(F)

max |%n (f) — Z(f)| <
n

feF ~

» Simultaneously for infinitely many 0’s!
» Bound does not depend on the number of parameters p (6 € RP)

» Only depends on the function class F via dyc(F).
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A couple of examples
Example 1: Linear model

Fin(p) == {f(x;0) = (8,x) : [|0] <p},

max |% )—%’(f)‘ < p\/g.
fEflln( ) n
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Fin(p) == {f(x;0) = (8,x) : [|0] <p},

max |% )—%’(f)‘ < p\/g.
fEflln( ) n

Example 2: 2-layer networks

Fonaly) 1= {10 Z aio((wiyx) : wil| = 1vie |
_ d
max ‘%’n(f)—%(f)‘ Sy —-
fe;erm(‘Y) n

[Bartlett 1996]

]) HaH1 < Y})
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A couple of examples
Example 1: Linear model

Fin(p) == {f(x;0) = (8,x) : [|0] <p},

/d
max |% )—%’(f)‘ Spy/—.
fEflln( ) n

Example 2: 2-layer networks [Bartlett 1996]
Formn (V) == { Z aio Wl) ”W1H =1viel ]) HaH1 < Y} )
~ d
max ‘%’n(f) — %(f)‘ Sy —- Independent of N!
f€f21nn (‘Y) n
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Statistical learning: Implications

A A

. #n(8) ] #(8) = E%n(0)
0 0

» Want to minimize Z(0) := E{{(yni1, f(Xni1;0))} ¢ = dist

» We have access to @n(e) =n! Zign(’,(yi, f(xi;0))
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Statistical learning: Implications

Ty

» Vapnik—Chervonenkis
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Statistical learning: Implications
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Z(0)

Ty

» Vapnik—Chervonenkis:

max |#(8) — #n(8)] = O <
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Statistical learning: Implications
A

Z(0)

Ty

» Vapnik—Chervonenkis:

max | Z(0) — %n(0)] =o< dVC(f))

0eS n

» = Can minimize @n(e) instead of Z(0)
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Statistical learning: Implications
A

Z(0)

Ty

» Vapnik—Chervonenkis:

max ’5?(9) —921(9)\ =0 < dVC(f))

0eS n

» = Can minimize @n(e) instead of Z(0)

» Choose S so that dyc(S) < n
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Statistical learning
A

>

» Learned model 8

N
§>

Generalization Error := %(@) — An
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Enters modern machine learning )]
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small experiment

MNIST CIFAR-10

— Training

Error

4 8 16 32 64 128 256 512 1K 2K 4K 4 8 16 32 64 128 256 512 1K 2K 4K
H H
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A small experiment

041
— Training — Training
0.09 —e—Test (at convergence) —e—Test (at convergence)
—A—Test (early stopping) 0.6/ ——Test (early stopping)
0.5
04
g
w
03]
0.2
01

4 8 16 32 64 128 256 512 1K 2K 4K
H

P> x-axis oc Number of parameters

8 16 32 64 128 256 512 1K 2K 4K
H

» Converges to vanishing training error

» Resulting weights depend on the initialization

MNIST: 50,000 images 10 classes; 2-layers. Cross-entropy [Neyshabur, Tomioka, Srebro, 2014]|
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Another version of the same experiment

60

Zero-one loss (%)

0

Squared loss

T 1 T 1 1
10 40 100 300 800

w—

Number of parameters/weights (x103)

MNIST: 4,000 images 10 classes; 2-layers. Square loss. Belkin, Hsu, Ma, Mandal, 2018
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Yet another version

MNIST: 50,000 images in 2 different classes. 5-layers Neural Net. Quadratic hinge loss. Spigler,

Geiger, d’Ascoli, Sagun, Biroli, Wyart, 2018
33 /54



A larger scale experiment

~
o
>
o
-
o

=—a true labels w—a |nception 0.0 s il e e sitals i
2.0 e—e random labels 35| o—0 AlexNet 0.8
X "
ﬁ #== shuffled pixels || & 3.0l|*™* MLP1x512 07
215 —— random pixels |[{ ¢ 206
Iy 4—& gaussian 22.5 o~
® 2 <05
g 10 o ]
B g 20 =04 =—a Inception
05 e 0.3 o—o AlexNet
0.2 #=—+ MLP 1x512
0.0 1.0 0.1
5 10 15 20 25 00 02 04 06 08 10 00 02 04 06 08 1.0
thousand steps label corruption label corruption
(a) learning curves (b) convergence slowdown (c) generalization error growth

> Model complex enough to ‘interpolate’ random labels
» Despite this, does well on uncorrupted test samples

» Test error > Train error ~ 0

CIFAR-10: 60,000 32x32 images in 10 classes; Inception network. Cross-entropy [Zhang et al., 2016]
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What does this tell us about the landscape?

MNIST

—— Training
0.09 —e—Test (at convergence)
—A—Test (early stopping)

Error

CIFAR-10

T [—Traming
—e—Test (at convergence)
—A—Test (early stopping)

4 8 16 32 64 128 256 512 1K 2K 4K
H

Ta

8 16 32 64 1&! 256 512 1K 2K 4K

» Many (near-)global minima with Hn(0) ~ 0.

» Close to a random initialization

> At global minima 0 &~ %n(0) < Z(0).
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The actual landscape: A cartoon
A

oV
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» How does generalization work?
» Why does minimizing %’A”H(O) yields models with small Z(0)? J
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The actual landscape: A cartoon

A
e P (0
o)
»
0
» How does generalization work?
» Why does minimizing @n(e) yields models with small Z(0)? J

Many ‘bad’ global optima

Explanation must involve the optimization dynamics
36 /54



The actual landscape
A

b /

Two theories

Neural tangent theory:
Global minima near a random initialization behave well

Feature learning:

Few steps of gradient descent sufficient to converge close to

argmingZ(0). (Overfitting cannot take place so quickly.)
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Two-layer neural networks

Z ao((wj,x)), 0= ((a)izn, Wilien) € RN x (S47HN
» Square loss train error:
~ 1 <« )
Hn(0) = 5 Z] (ys — (xi:0))
> Square loss test error
1
Z(0) EE{(g f(x;0))"}
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Singlo index model (‘hydrogen atom’?)

Data {(xi,y;) : i < n}iid, & ~ N(0,T?)

X~ N(O)Id)) Yi = (p(<W*,Xi>) + &
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‘Neural tangent’ theory

5
Q ERM,, 4 := {0 : %n(0) =0}

(R
\/ §)
» Fast convergence to %?n(@) ~

> Overfitting %n(8) < 2(8)

» Fits min-norm kernel regression (see next)

RP (parameter space)

> Statistically suboptimal.

Jacot, Gabriel, Hongler, 2018; Du, Zhai, Poczos, Singh 2018; Allen-Zhu, Li, Song 2018; Chizat, Bach,

2019; Oymak, Soltanolkotabi, 2019; ...
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Feature learning

R¢ (x-space ~ w-space)

» Converges (1deally) to Bayes error % ( ) ~ t2/2.
» No overfitting % (0) ~ 2(0)

» Learns latent direction w,: nonlinear.

> Expected to be statistically optimal.

Ba et al 2022; Barak et al 2022; Abbe, Boix Adsera, Misiakiewicz, 2022; Damian, Lee,

Soltanolkotabi., 2022; Arnaboldi et al. 2023; Bethier, M, Zhou, 2024; ...
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Two theories

Neural tangent theory:
Global minima near a random initialization behave well

Feature learning:
Few steps of GD sufficient to converge to argming%(0).

42 /54



Two theories

Neural tangent theory:
Global minima near a random initialization behave well

Feature learning:
Few steps of GD sufficient to converge to argming%(0).

Punchline: Each is correct in a different dynamical regime )
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Two previews )
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Preview #1: Generalization in the neural tangent regime

J
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Neural tangent model for 2-layer networks

Linearize around initialization W°

f(x;a, W) = Za] (wj, x
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Neural tangent model for 2-layer networks

Linearize around initialization W°

f(x;a, W) = Za] (wj, x

Gradient descent — closest interpolant

b= argmin{||b|| : yi = fur(xyb) Vi< n}
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Neural tangent model for 2-layer networks

Gradient descent — closest interpolant

= argmin{”b” Dy = far(xib) Vi< n}
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Neural tangent model for 2-layer networks

Gradient descent — closest interpolant

= argmin{”b” Dy = far(xib) Vi< n}

Equivalently

Zi = d)(xi) = (xiTG’((w?,xQ),xIc'((wg,xi)), AR ,X{I—G/(<W$\1,X1>))T )

By = argming { |y — Zb3 +AJv[3}, A Lo,
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Simpler setting: Random features model

n

mbin{z (yi_fRF(xi;b))z—i_A”bH%}) fre(X; ) Zb o(wi,x

i=1
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Simpler setting: Random features model

n

min {3 (g~ fusi )2+ AR}, Fu i) Zbﬁ (wi,x

i=1

Theorem (Mei, M. 2019)
Assume ny,N,d — oo

S
Decompose o(x) = 09 + 01x + o~"(x) where (for G ~N(0,1))
E[Go™(G)] = E[6™(G)] =0, {%: WZ(G)Z]. Then there are explicit
functions %(C)q)hll)b ); (C)II)UII)Z) )7 such that

R(f)) = FFB(¢, W1, W2, A) + (T2 + FA) Y (G, b1, B2, A) + F2 + 04(1) .
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Insight: N/n > 1 optimal

= Prediction v — Prediction
$ d=100 cgiﬁ 11 & d=100
I d=200 i I od=200
d =300 08 A!x i ‘ d =300

s s ¥
5, 5 (
04 ‘é
1
i 5 !
L e
G "3} 02 R
0. E 3 -
% . M
%\¢M SRR
0 — 0
o 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5

» Solid line: Theoretical prediction

> Mathematics tool: Random matrix theory
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Preview #2: Dynamical decoupling of feature learning and overfitting )
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Gradient flow dynamics

Gradient flow

Two-layer network

N
00) = 5, > ayol(wi,x)).
j=1
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Dynamical approach

Gradient flow

1. Dynamics in a random landscape

2. Exact asymptotics as n,d — 0o, n/d — & by rigorizing tools from
theoretical physics
[DMFT, dynamical mean-field theory: Celentano, Cheng, M, 2022]

3. Large width limit N, @ — oo, &/N = «:
[M, Urbani, 2025]
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Dynamical decoupling: Learning — Overfitting

0.7
[F Feat. learning Feat. learning Overfit/Unlearn 5
0.6 N J
5 05 [Wonalli < vm [ |4 é
= =
— =
v N
7 L3S
£,
e =
2 =
=02 =
H”VZmIH\ =1 N
Fl
0.1
tme(m)i =<1 tor(m)
0.0 T T 0
10° 10!
t

tx=<1:
» Test error ~ Train error t=m=N:
» Test error > Train error; Train

error — 0O

» Learns latent direction w,

> Mean field asymptotically
correct (Mei, M, Nguyen, 2018;
Chizat, Bach, 2018; Rotskoff, » Neural tangent kernel learning
Vanden Eijnden, 2018) 52 /54

» Unlearns latent direction wy



Conclusion )
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Conclusion

» Important to ask fundamental questions about Al.
» What does it mean that ‘Al models learn’?

> Requires to understand training dynamics
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Conclusion

» Important to ask fundamental questions about Al.
» What does it mean that ‘Al models learn’?

> Requires to understand training dynamics

Thank you! J
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