ROGER PENROSE

ANY SPACE-TIME HAS A
PLANE WAVE AS A LIMIT

It is a great pleasure for me to honour André Lichnerowicz on his 60th
birthday. And since he has done so much to make relativity respectable
as a branch of mathematics, I feel it is appropriate here to point out a
simple, yet perhaps surprising, general mathematical property of
hyperbolic normal pseudo-Riemannian manifolds which is motivated
from knowledge of certain well-known exact solutions in general
relativity.

The concept of tangent space at a point p in a manifold M is. of
course, basic to differential geometry. Intuitively, one may envisage
smaller and smaller neighbourhoods of p in M which are correspond-
ingly scaled up by larger and larger factors. In the limit we obtain the
tangent space T, to M at p. However, it does not appear to have been
noted in the literature before that a corresponding procedure can also
be applied to any entire (properly embedded) null geodesic y in any
space-time or, more generally, in any hyperbolic normal pseudo-
Riemannian manifold. But whereas T, is, in an essential way, a flat
space, the corresponding procedure applied to ¥ yields a curved space
W, known as a plane wave.

[ shall give the argument explicitly for a four-dimensional space-
time, the generalization to n-dimensions being obvious. It is well-
known (cf. [1], for example) that a coordinate system can be set up in
some neighbourhood Q of a conjugate point-free portion v', of v, the
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