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Sandbox? 

Blackbox?



LLMs are part of daily lives



The good and the bad



Arithmetic reasoningImpressive language skills

HallucinationsProgramming

The good and the bad



Next-generation technologies



But..



To realize the full potential of  AI..



Need of the hour



Fundamental understanding
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What do they learn? How do they learn?
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Principled frameworks and tools

Fundamental understanding

What do they learn? How do they learn?

Challenges

Inherently complex Mathematically intractable



Why complex?
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Why complex?

Model Input data
Optimization

( loss, optimiser, hyperparams..)
( source, size, ordering..)

( size, activation, normalization..)

Generation
(Sampling, order, strategy… )

Too many tuning knobs $63M



Model Input data
Optimization

( loss, optimiser, hyperparams..)
( source, size, ordering..)

( size, activation, normalization..)

Generation
(Sampling, order, strategy… )

Need a principled way to make progress



Model Input data
Optimization

( loss, optimiser, hyperparams..)
( source, size, ordering..)

( size, activation, normalization..)

Generation
(Sampling, order, strategy… )

Need a principled way to make progress

Useful abstractions: Sandboxes



Model Input data
Optimization

( loss, optimiser, hyperparams..)
( source, size, ordering..)

( size, activation, normalization..)

Generation
(Sampling, order, strategy… )

Sandboxes

Simple enough to be mathematically 
tractable yet powerful enough to suggest 

practical interventions 



How sandboxes help?



1. Clarity & scientific understanding.
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1. Clarity & scientific understanding.

How sandboxes help?

Example: Many groundbreaking works in physics and biology: randomness in statistical physics,   

Hardy-Weinberg equilibria (population genetics), Lotka-Volterra (predator-prey)



1. Clarity & scientific understanding. 

2. Diagnoses & stress tests.

How sandboxes help?



1. Clarity & scientific understanding. 

2. Diagnoses & stress tests.

How sandboxes help?

How they succeed or fail on even the simplest arithmetic tasks



1. Clarity & scientific understanding. 

2. Diagnoses & stress tests.

How sandboxes help?

Algorithm design



Sandboxes

Model Input data
Optimization

( loss, optimiser, hyperparams..)
( size, activation, normalization..)

Generation
(Sampling, order, strategy… )
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Sandboxes

Model Structured data
Optimization

( loss, optimiser, hyperparams..)
( size, activation, normalization..)

Generation
(Sampling, order, strategy… )



Sandboxes

Model Structured data
Optimization

Generation



This tutorial

Model Structured data
Optimization
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Markov/n-gram

•                    … dates back to [Shanon 1950].p(xt |x1, ⋯xt−1) = p(xt |xt−n, xt−n+1, ⋯, xt−1)

NeurIPS was shifted due to the Taylor Swift  concert.

e.g. 5-gram



Markov/n-gram

•                    … dates back to [Shanon 1950].p(xt |x1, ⋯xt−1) = p(xt |xt−n, xt−n+1, ⋯, xt−1)

• Used for mechanistic understanding of language models.

induction heads 
[Olsson et al. 22, Bietti et al. 23]

attention sink [Guo et al. 24]

NeurIPS was shifted due to the Taylor Swift  concert.

e.g. 5-gram
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• Each word sampled following a topic.

 e.g. Latent Dirichlet Allocation (LDA; Blei et al. 2003).

To generate a document: 

1. Sample a topic distribution . 

2. For each word, 

1. Sample a topic . 

2. Sample a word from the topic .

θ ∼ Dir(α)

zi ∼ Multinomial(θ)

wi ∼ Multinomial(zi)

[Sontag & Roy, 2011; Awasthi & Risteski, 2015; Arora et al. 2016; Tosh et al. 2021; Luo et al., 2022, Li et al. 2023; Reuter et al. 2024]

Topic models
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(Fig from Deletang et al. 2022)

Formal languages



(Fig from Deletang et al. 2022)

Regular languages: e.g. parity.

even odd

1

1
00

(0* 1 0* 1 0*)*

Formal languages



(Fig from Deletang et al. 2022)

Formal languages

Context-free languages: e.g. Dyck.

S ↦ ϵ | [S] | (S)
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Transformers

In-parallel (across ) compute: .i x(l)
i = ϕ(∑

j≤i

α(l−1)
i,j x(l−1)

j )

*Decoder only; causal attention; omitting residual link / layer norm.
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Recurrent Neural Nets (RNNs)

Nonlinear: ht = σ(W1xt + W2ht−1) Linear: ht = W1xt + W2ht−1

• the default; e.g. Elman RNN. • e.g. state-space models (S4, Mamba, etc)

Sequentially compute:  ht = f(xt, ht−1), yt = ϕ(ht) .
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What can they represent? How do they learn?

Model Sequential data

How do they generalize?

Part I Part II Part III

Optimization



Part I: Representability
(aka. expressivity)



Part I: Representability
(aka. expressivity)



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

Set of functions

Properties? 
(Part III)

Learning? 
(Part II)

Existence? 
(Part I)

(RNN or Transformer)
by sequence models



Sequence models — Recurrent Neural Net (RNN)

Nonlinear: ht = σ(W1xt + W2ht−1) Linear: ht = W1xt + W2ht−1

• the default; e.g. Elman RNN. • e.g. state-space models (S4, Mamba, etc)

Sequentially compute:  ht = f(xt, ht−1), yt = ϕ(ht) .

⋯
h1 hT−1



Sequence models — Transformer

In-parallel (across ) compute: .i x(l)
i = ϕ(∑

j≤i

α(l−1)
i,j x(l−1)

j )

*Decoder only; causal attention; omitting residual link / layer norm.



Sequence models — Transformer

In-parallel (across ) compute: .i x(l)
i = ϕ(∑

j≤i

α(l−1)
i,j x(l−1)

j )

*Decoder only; causal attention; omitting residual link / layer norm.

,    .αi,j ∝ exp(⟨WQxj, WKxi⟩) ∑
j

αi,j = 1

1. Uniform attention: .⃗α i = [
1
T

,
1
T

, ⋯,
1
T

] 2. Sparse attention: .⃗α i = [0,⋯,0,1,0,⋯]

e.g. average, sum e.g. selection



Part I - Representability

What type of results?

Main question: the existence of an (efficient) solution to a task.
*a prerequisite to learnability and generalization.



What type of representational results?

• The sizes of each layer are independent of input dim  and length .d T

• The # layers is exponential in .d, T

1. Universal approximation for seq2seq functions [Yun et al. 19].

2. Turing completeness [Perez et al. 2020].

[Yun et al. 19; informal] For any , 
 a Transformer  s.t.  is small.

f : ℝd×T → ℝd×T

∃ 𝒯 dist( f, 𝒯)

• Idea: simulate each step of a Turing machine’s execution.

• Assuming infinite precision, hence not practical [Dehghani et al. 18].

e.g. Transformer:

Under practical constraints?

Yun et al. 19: Are Transformers universal approximators…?
Perez et al. 20: Attention is Turing complete



Part I - Representability

What type of results?

Main question: the existence of an (efficient) solution to a task.
*a prerequisite to learnability and generalization.

Fine-grained characterization under practical constraints.

Insufficient: universal approximation, Turing completeness



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”



Part I(a) — Tools

1. Upper bounds: “Construct a solution to do some task…”

2. Lower bounds: “Any solution needs to be as large as…”

• Case-by-case: parity, Dyck [Hahn 20, Yao et al. 21]. 

• A class of tasks: finite-state automata [Liu et al. 23]. 

• Another perspective: “Think like Transformers” — RASP (and variants) in Part III.

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.

Model size needed to solve a task?
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Part I(a), upper bound — automata
[Liu et al. 2023a]

even odd

1

1
00

Finite-state automata

Sandbox for a class of sequential reasoning tasks

Liu et al. 23a: Transformers learn shortcuts to automata

Track the exponent 
with parity1 = (−1)0

−1 = (−1)1



Part I(a), upper bound — automata
[Liu et al. 2023a]

Finite-state automata as a sandbox for sequential reasoning.

Capturing a broad set of scenarios 
e.g. regular languages; transitions in Markov models (Part II).

𝒜 := (Q, Σ, δ)

states inputs transitions

qt = δ(σt, qt−1)

(  is finite )Q

Liu et al. 23a: Transformers learn shortcuts to automata



Part I(a), upper bound — automata
[Liu et al. 2023a]

Task: simulating : learn a seq2seq function for sequence length .𝒜 T

Finite-state automata as a sandbox for sequential reasoning.

*easy for RNN: compute .δ

𝒜 := (Q, Σ, δ)

states inputs transitions

qt = δ(σt, qt−1)

(  is finite )Q

Liu et al. 23a: Transformers learn shortcuts to automata

q1 q2 qT ⊂ QT (states)

σ1 σ2 σT ⊂ ΣT (inputs)

Transformer

⋯

⋯



Part I(a), upper bound — automata
[Liu et al. 2023a]

1.  layers for any .O(log T ) 𝒜

Simulating  steps of sequential transitions in .T 𝒜

• : “No more than  (up to a constant).”O( f(T )) f(T )

(asymptotic notations)

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a), upper bound — automata
[Liu et al. 2023a]

1.  layers for any : divide-and-conquer.O(log T ) 𝒜

• aka. associative scan [Blelloch 93]

• Observation: simulation  function composition.→

e.g. : T = 2 q2 = δ(σ2, δ(σ1, q0)) = ( δ(σ2, ⋅ ) ∘ δ(σ1, ⋅ ) )(q0) .

associativity

 f1 ∘ f2 ∘ f3 ∘ f4 = ( f1 ∘ f2) ∘ ( f3 ∘ f4)
log T
Shorter?

Simulating  steps of sequential transitions in .T 𝒜

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)

… e.g. used in Mamba [Gu & Dao 23].



Part I(a), upper bound — automata
[Liu et al. 2023a]

2.  layersO( |Q |2 log |Q | )

Simulating  steps of sequential transitions in .T 𝒜

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)

even odd

1

1
00

e.g. parity:

uniform attention
qT = ( ∑

t∈[T]

xi) mod 2

MLP



Part I(a), upper bound — automata
[Liu et al. 2023a]

2.  layersO( |Q |2 log |Q | )

• [Krohn-Rhodes] Any  can be decomposed.𝒜

Simulating  steps of sequential transitions in .T 𝒜

Intuition: (rough) analogy to integer factorization:

42  =  2  x  3  x  7

depending on  
(but not  )

|Q | , |Σ |
T

factors 
(2 types)

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)

for a solvable : decomposition.𝒜



Part I(a), upper bound — automata
[Liu et al. 2023a]

2.  layers for a solvable : decomposition.O( |Q |2 log |Q | ) 𝒜

• [Krohn-Rhodes] Any  can be decomposed into 2 types of “factors”.𝒜

which can each be represented by one Transformer layer.

Simulating  steps of sequential transitions in .T 𝒜

sparse attentionuniform attentionmod(- ) counter p memory unit

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a), upper bound — automata
[Liu et al. 2023a]

 layers for all ;    layers for solvable .O(log T ) 𝒜 O( |Q |2 log |Q | ) 𝒜

Simulating  steps of sequential transitions in .T 𝒜

Computational shortcuts:  layers for  steps.o(T ) T
(sublinear in  )T

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a), upper bound — automata
[Liu et al. 2023a]

 layers for all ;    layers for solvable .O(log T ) 𝒜 O( |Q |2 log |Q | ) 𝒜

Simulating  steps of sequential transitions in .T 𝒜

Solutions with fewer layers?

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a), upper bound — automata
[Liu et al. 2023a]

Yes, in special cases:  layers.O(1)

• Commutative (e.g. parity): counting suffices  uniform attention.→

• Non-commutative: a special case (i.e. gridworld).

Question: a hierarchy induced by Transformers?

even odd

0 0

1
1

Q = {even, odd}
Σ = {0, 1}

♦♣

⊥, σ♣ ⊥, σ♦

σ♣

σ♦

Q = {♣, ♦}
Σ = {σ♣, σ♦, ⊥}

𝖱
𝖫

𝖱
𝖫

𝖱
𝖫1 2 3 4

Q = {1, 2, 3, 4}
Σ = {𝖫, 𝖱}

parity counter memory unit 1D gridworld

𝖫 𝖱

Q = {1 . . 3} × {1 . . 4}
Σ = {← , → , ↑ , ↓}

Q = {54 stickers}
Σ = {6 face rotations}

.
σ1

σ6

(a) (b) (c) (d) (e)

) = ) δ(δ(q, σ1), σ2 δ(δ(q, σ2), σ1

… C-RASP (Part III)

 layers for all ;    layers for solvable .O(log T ) 𝒜 O( |Q |2 log |Q | ) 𝒜

Simulating  steps of sequential transitions in .T 𝒜

Solutions with fewer layers?

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a), upper bound — automata
[Liu et al. 2023a]

No, if we allow arbitrary automaton .𝒜

 layers for all ;    layers for solvable .O(log T ) 𝒜 O( |Q |2 log |Q | ) 𝒜

Simulating  steps of sequential transitions in .T 𝒜

…  is a lower bound.O(log T )

Solutions with fewer layers?

• Non-solvable: e.g.  (permutation of 5 elements)S5

[revisit in the lower bound part]

𝒜 := (Q, Σ, δ)
qt = δ(σt, qt−1)



Part I(a) — Tools

1. Upper bounds: “Construct a solution to do some task…”

2. Lower bounds: “Any solution needs to be as large as…”

• Case-by-case: parity, Dyck [Hahn 20, Yao et al. 21]. 

• A class of tasks: finite-state automata:  and  layers. 

• Another perspective: “Think like Transformers” — RASP(-L) in Part III.

O(log T ) O|Q|(1)

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.

Model size needed to solve a task?
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Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

Idea: using a (conditional) lower bound:

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

C2

C1𝒜

strict
Transformer

 -layer Transformer (conjectured) cannot simulate .∴ O|Q|(1) 𝒜

• 2 classes , differing by depth.C2 ⊂ C1

• Some  is the hardest task in .𝒜 C1

• -layer Transformer  .O|Q|(1) ⊂ C2

• Conjectured: .C2 ⊊ C1



Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

Idea: using a (conditional) lower bound: 

• Step 1: two classes , differing by depth (and gates).C2 ⊂ C1

 
const depth 

TC0

O(1)

 
log depth 

NC1

O(log T )



Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

Idea: using a (conditional) lower bound: 

• Step 2: some  is the hardest task in .𝒜 NC1

 
const depth 

TC0

O(1)

 
log depth 

NC1

O(log T )

 
(permutation)

S5

… non-solvable



Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

Idea: using a (conditional) lower bound: 

• Step 3: -layer, log-precision Transformer   [Merrill & Sabharwal 22].O(1) ⊂ TC0

Transformer 
log-precision, const depth

Intuition: the operations (e.g. add, multi) are in .TC0

Lower bound (assuming )TC0 ≠ NC1

Merrill & Sabharwal 22: The Parallelism Tradeoff

 
const depth 

TC0

O(1)

 
log depth 

NC1

O(log T )

 
(permutation)

S5



Idea: using a (conditional) lower bound: 

• Step 3: -layer, log-precision Transformer   [Merrill & Sabharwal 22].O(1) ⊂ TC0

Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

* constant-precision:   [Li et al. 24]⊂ AC0

 
const depth

AC0

Transformer 
const-precision, const depth

parity, majorityLower 
bound

Li et al. 24: Chain of Thought Empowers Transformers 

 
const depth 

TC0

O(1)

 
log depth 

NC1

O(log T )

 
(permutation)

S5



Part I(a), depth lower bound — circuit complexity

Why can’t we simulate every automaton with  layers?O|Q|(1)

[Merrill & Sabharwal 22, Hao et al. 22, Li et al. 24, Strobl et al. 24]

Idea: using a (conditional) lower bound.

• These (conditional) lower bounds are asymptotic (i.e. ). 
i.e. “can’t represent instances larger than some (unknown) threshold.”

T → ∞

• It’s possible that smaller instances can be represented. 
— problems in practice? Part III.

TL;DR: -layer Transformer cannot simulate some automata.O(1)



Part I(a) — Tools

1. Upper bounds: “Construct a solution to do some task…”

2. Lower bounds: “Any solution needs to be as large as…”

• Case-by-case: parity, Dyck [Hahn 20, Yao et al. 21]. 

• A class of tasks: finite-state automata:  and  layers. 

• Another perspective: “Think like Transformers” — RASP(and variants) in Part III.

O(log T ) O|Q|(1)

Model size needed to solve a task?

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.

(depth  separation)→



Part I(a) — Tools

1. Upper bounds: “Construct a solution to do some task…”

2. Lower bounds: “Any solution needs to be as large as…”

• Case-by-case: parity, Dyck [Hahn 20, Yao et al. 21]. 

• A class of tasks: finite-state automata:  and  layers. 

• Another perspective: “Think like Transformers” — RASP(and variants) in Part III.

O(log T ) O|Q|(1)

Model size needed to solve a task?

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.



Part I(a), width lower bound — communication complexity

“How many bits need to be communicated among the parties to solve a task?”

[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]

Communication complexity: a common technique for lower bounds.
[Karchmer & Wigderson 88; Ben-David et al. 02; Martens et al. 13; Vardi et al. 21]

Key ideas: 

1. Turn a task into a known communication problem. 

2. Make the width the communication bottleneck.



Part I(a), width lower bound — communication complexity

“How many bits need to be communicated among the parties to solve a task?”

A known problem: e.g. set disjointness (2-party): 

Alice:                        ,S = Bob:                        ,T =• :n = 4 .DISJn(S, T ) = 0

• Known lower bound [Yao 1979]:  requires  bits.DISJn(S, T ) n

[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]

Communication complexity: a common technique for lower bounds.
[Karchmer & Wigderson 88; Ben-David et al. 02; Martens et al. 13; Vardi et al. 21]

, . DISJn(S, T ) := 1[S ∩ T = ∅] S, T ∈ {0,1}n



1. A reduction

Known lower bound (e.g. for )   Minimal size for a new task?DISJn →

• Recall: Problem B reduces to Problem A ≈
transform A

B

“B is no harder than A.”

Idea: given a function   (e.g. RNN) that solves the new task, show:f

2. An efficient communication protocol

… e.g. solve  by solving the new task.DISJn

… info to be sent for computing  .f

• Make the size of  interest the communication bottleneck.

Part I(a), width lower bound — communication complexity
[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]



Min size for a new task: reduction + communication protocol (bottleneck).

Part I(a), width lower bound — communication complexity
[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]

• RNN: the two parties = first vs second half of the positions.

 Lower bound on the size of , i.e.  (e.g.  for ).→ hi width ⋅ precision T DISJT

hi+1 = f(hi , xi+1)

hi+1hih1 hT ⋯

Alice Bob

xi+1xi

⋯ ⋯
x1 xT ⋯

Min size for a new task: reduction + communication protocol (bottleneck).



Part I(a), width lower bound — communication complexity
[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]

• Transformer: the two parties = some positions vs the rest.

x2 xi+1⋯ ⋯x1 xT ⋯

Alice Bob

xi

Recall:  yT = ϕ( ∑
j≤T

αT,j ⋅ Vxj ) .= ϕ ∑
j≤T

exp(⟨Q(xT), K(xj)⟩)
∑i exp(⟨Q(xT), K(xi)⟩

⋅ Vxj

bottleneck

Min size for a new task: reduction + communication protocol (bottleneck).



∑
Bob's i

exp(⟨Q(xn), K(xi)⟩) ⋅ V(xi) +

∑
Bob's i

exp(⟨Q(xn), K(xi)⟩) +

∑
Alice's j

exp(⟨Q(xn), K(xj)⟩) ⋅ V(xj)

∑
Alice's j

exp(⟨Q(xn), K(xj)⟩)

Part I(a), width lower bound — communication complexity
[Sanford et al. 23, 24, Peng et al. 24, Chen et al. 24, Arora et al. 24]

• Transformer: the two parties = some positions vs the rest.

x2 xi+1⋯ ⋯x1 xn ⋯

Alice Bob

xi

∈ ℝwidth

∈ ℝ

  Lower bound on the size of , i.e.  (e.g.  for ).→ Q(xn), V(xi) width ⋅ precision T DISJT

Min size for a new task: reduction + communication protocol (bottleneck).



Part I(a) — Tools

1. Upper bounds: “Construct a solution to do some task…”

2. Lower bounds: “Any solution needs to be as large as…”

• Case-by-case: parity, Dyck [Hahn 20, Yao et al. 21]. 

• A class of tasks: finite-state automata:  and  layers. 

• Another perspective: “Think like Transformers” — RASP(and variants) in Part III.

O(log T ) O|Q|(1)

Model size needed to solve a task?

• Depth lower bound — circuit complexity. 

• Width (& precision) lower bound — communication complexity.
( size  bottleneck )↔



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”



Part I(b), implication: depth-width tradeoff
[Sanford et al. 24, Bietti et al. 23, Zhang et al. 23]

Induction head [Elhage et al. 21, Olsson et al. 22]: a conditional copying task.

[Mr] [and] [Mrs] [Durs] [ley] [,] [of] [number] [four] [,] [Pri] [vet] [Drive] [,] 
… [they] [just] [didn] ['t] [hold] [with] [such] [nonsense] [.] [Mr] [Durs] [???].

… A B … A  B→

• Ubiquitous and important: e.g. in-context learning.

Sanford et al. 24: 1-layer transformers fail to solve induction head
Bietti et al. 23: Birth of a Transformer

Zhang et al. 23: Unveiling transformers with lego



Part I(b), implication: depth-width tradeoff
[Sanford et al. 24, Bietti et al. 23, Zhang et al. 23]

Induction head [Elhage et al. 21, Olsson et al. 22]: a conditional copying task.

• 2 layers suffice [Bietti et al. 23, Zhang et al. 23, Liu et al. 23b].

… A B … A  B→

• Length-  input: #heads , width , precision .T h = O(1) m = O(1) p = O(log T )



Part I(b), implication: depth-width tradeoff
[Sanford et al. 24, Bietti et al. 23, Zhang et al. 23]

Induction head [Elhage et al. 21, Olsson et al. 22]: a conditional copying task.

… A B … A  B→

What about 1-layer? 1 fewer layer  more parameters:  [Sanford et al. 24].→ Hmp = Ω(T )

Proof using communication complexity: 

• Reduce a communication problem (e.g. INDEX) to induction head. 

• Design the protocol: sending the key & value vectors. 

• 2 layers suffice [Bietti et al. 23, Zhang et al. 23, Liu et al. 23b].

• Length-  input: #heads , width , precision .T h = O(1) m = O(1) p = O(log T )

Sanford et al. 24: 1-layer transformers fail to solve induction head



• Representational power (circuit complexity; e.g. ).S5

Also for looped Transformers [Dehghani et al. 18, Yang et al. 23, Merrill et al. 24].

• Parameter efficiency (communication complexity; e.g. induction head)

Part I(b), implication: depth-width tradeoff

Benefit of depth?



• Representational power (circuit complexity; e.g. ).S5

Also for looped Transformers [Dehghani et al. 18, Yang et al. 23, Merrill et al. 24].

• Parameter efficiency (communication complexity; e.g. induction head)

Part I(b), implication: depth-width tradeoff

Benefit of depth?

Other complexity notions?

• separation rank [Levine et al. 20].

• formal logic [Chiang et al. 23, Barceló et al. 24].
❖ C-RASP [Yang et al. 24] 



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”



Part I(b), implication: comparison

Transformer > RNN: RNN is bottlenecked by the hidden state size.

A > B: 1) a lower bound for B; 2) a (more efficient) construction of A.

• e.g. retrieval / copying / associative recall / ( -hop) induction head.k
[Arora et al. 24; Bhattamishra et al. 24; Jelassi et al. 24; Sanford et al. 24; Wen et al. 24]

RNN > (limited depth) Transformer: insufficient “effective depth”.

Efficient models? 
e.g. subquadratic Transformers [Alman & Yu 24]; SSMs [Sarrof et al. 2024, Grazzi et al. 2024].

• e.g. , bounded Dyck [Merrill & Sabharwal 22, Liu et al. 23, Bhattamishra et al. 24]).S5



Part I(b), implication: comparison

Transformer > RNN: RNN is bottlenecked by the hidden state size.

A > B: 1) a lower bound for B; 2) a (more efficient) construction of A.

• e.g. retrieval / copying / associative recall / ( -hop) induction head.k
[Arora et al. 24; Bhattamishra et al. 24; Jelassi et al. 24; Sanford et al. 24; Wen et al. 24]

RNN > (limited depth) Transformer: insufficient “effective depth”.

Efficient models? 
e.g. subquadratic Transformers [Alman & Yu 24]; SSMs [Sarrof et al. 2024, Grazzi et al. 2024].

• e.g. , bounded Dyck [Merrill & Sabharwal 22, Liu et al. 23, Bhattamishra et al. 24]).S5

Albert Gu’s blog: https://goombalab.github.io/blog/2025/tradeoffs/ 



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”



Transformers

• Representational limitations

• Quadratic cost 
(memory & compute)

• Representational advantages  
(param. efficiency over RNN/GNN)

• Linear cost 
(memory & compute)

RNNs/SSMs

 (2) Hybrid→
Combining RNN + Transformer layers [Wen et al. 24]

 (1) Chain of Thought 
[Feng et al. 23; Malach 23, Merrill et al. 23, Li et al. 24]
→

• Representational limitations. 
(e.g. copying; parity)
[Jelassi et al. 24, Arora et al. 24, 
Sarrof et al. 24, Grazzi et al. 24]

Part I(b), implication: improvement



Chain of Thought (Wei et al. 22): solving a task step-by-step.

Part I(b), implication: improvement



Huge boost!

Empirically 

Chain of Thought (Wei et al. 22): solving a task step-by-step.

Theoretically
[Feng et al. 23; Malach 23; Merrill et al. 23; Li et al. 24]

(Informal) Circuits of  gates can be 
simulated by  steps of CoT.

M
O(M)

Idea: simulating 1 gate with  steps: 

• Attention to collect inputs. 

• MLP to compute the gate.

O(1)

Part I(b), implication: improvement



[Wei et al. 22; Feng et al. 23; Malach 23; Merrill et al. 23; Li et al. 24]

Increasing power via 1) more depth or 2) more CoT steps?

1. # sequential steps?

2. “Uniformity” (  same construction for different )?≈ T

e.g. graph connectivity [Merrill & Sabharwal 24]:

 depth       CoT O(log T ) ✓ O(log T ) ×

Implication for length generalization: yes for both (log precision).

Part I(b), implication: improvement

(more in Part III)

Merrill & Sabharwal et al. 24: A little depth goes a long way

… depth “wins”.

… tied.



Part I(b), implication: improvement
[Wen et al. 2024]

How about improving RNNs? 

• CoT is not sufficient: the memory constraint remains.

Hybrid: 1 attention layer suffices.

Wen et al. 24: RNNs are not Transformers (Yet)

 low memory footprint, high quality.→

• e.g. Jamba [Lieber et al. 24]: 
     Transformer:Mamba = 1:7

Efficient alternatives to attention?

e.g. sliding window attn [Ren et al. 24]  

• conv layers in S4 /Mamba?

… quality & efficiency tradeoff



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds: “Construct a solution for …” 

• Lower bounds: “Any solution needs to be as large as …”

(or depth?) (efficiency + performance )



Main question: the existence of an (efficient) solution to a task.

Part I - Representability

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds (“Construct a solution for …”): finite-state automata. 

• Lower bounds (“Any solution needs to be …”): communication/circuit.



Sandbox for the Blackbox
How language models learn structured data

Ashok Vardhan Makkuva
EPFL  Télécom Paris ( )



What can they represent? How do they learn?

Recap

Sequential data

How do they generalize?

Part I Part II Part III

Optimization
Model 



What can they represent? How do they learn?

Model Sequential data

How do they generalize?

Part I Part II Part III

Optimization

Recap



Part I: Representability
(aka. expressivity)



Main question: the existence of an (efficient) solution to a task.

Part I - Recap

Set of functions

Existence? 
(Part I)

(RNN or Transformer)
by sequence models



Main question: the existence of an (efficient) solution to a task.

Part I - Recap

*a prerequisite to learnability and generalization.

(b) Implications of representability: 

1. Understanding design choices: depth-width tradeoff. 

2. Comparing Transformers vs RNNs (SSMs). 

3. Improving with Chain-of-Thought and hybrid models.

(a) Tools for bounding the size of a solution. 

• Upper bounds (“Construct a solution for …”): finite-state automata. 

• Lower bounds (“Any solution needs to be …”): communication/circuit.



Main question: the existence of an (efficient) solution to a task.

Part I - Recap

Set of functions

Properties? 
(Part III)

Learning? 
(Part II)

Existence? 
(Part I)

(RNN or Transformer)
by sequence models



What can they represent? How do they learn?

Sequential data

How do they generalize?

Part I Part II

Optimization
Model

Today



How do they learn?

Sequential data
Optimization

Model

Transformers

Markov/n-gram

Topic models

Factual recall



How do they learn?

Sequential data
Optimization

Model

Transformers

Optimization landscape

Learning dynamics

Markov/n-gram

Topic models

Factual recall



How do they learn?

Sequential data
Optimization

Model

Markov Transformers

[Makkuva et al. 2024, Makkuva et al. 2024, Nichani et al. 2024, Bietti et al. 2023, Guo et al. 
2024, Chen et al. 2024, Edelman et al. 2024, Rajaraman et al. 2024, Ekbote et al. 2025]



Grammar
Syntax

Markovian

Shannon, 1948

Why Markovian?



How do they learn?

Sequential data
Optimization

Model

Markov Transformers



Sequential data
Optimization

Model

Markov Transformers

Recipe

• Find the structure in the solutions learnt by gradient-based methods 

• Reparametrize the transformer parameters using this structure 

• Go with the flow! (or GD)



Markovian inputs Transformer
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory
<latexit sha1_base64="xwB1Y/n3OVh8HTzhjn/5asiZ4cs=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJ6MFjBPOAZAmzk04yZHZ2nekNhiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AiGN1O/MQJtRKQecByDH7K+Ej3BGVrJbyM8YXoLMQ7opFMsuWV3BrpMvIyUSIZqp/jV7kY8CUEhl8yYlufG6KdMo+ASJoV2YiBmfMj60LJUsRCMn86OntATq3RpL9K2FNKZ+nsiZaEx4zCwnSHDgVn0puJ/XivB3pWfChUnCIrPF/USSTGi0wRoV2jgKMeWMK6FvZXyAdOMo82pYEPwFl9eJvWzsndRPr8/L1Wuszjy5Igck1PikUtSIXekSmqEk0fyTF7JmzNyXpx352PemnOymUPyB87nD+eWki8=</latexit>

Depth



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

[Makkuva et al. 2024, Makkuva et al. 2024]

Outline



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

[Nichani et al. 2024, Bietti et al. 2023, Edelman et al. 2024]

Outline



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k
<latexit sha1_base64="3051+qIc89vT9ArJeTVpvaymt2I=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KolI9VjUg8cK9gOaUDbbabt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuh8yAFAoaKFBCO9HAolBCKxzdTP3WI2gjYvWA4wSCiA2U6AvO0Eq+j/CE2S0kOJx0S2W34s5Al4mXkzLJUe+WvvxezNMIFHLJjOl4boJBxjQKLmFS9FMDCeMjNoCOpYpFYIJsdvOEnlqlR/uxtqWQztTfExmLjBlHoe2MGA7NojcV//M6KfavgkyoJEVQfL6on0qKMZ0GQHtCA0c5toRxLeytlA+ZZhxtTEUbgrf48jJpnle8aqV6f1GuXedxFMgxOSFnxCOXpEbuSJ00CCcJeSav5M1JnRfn3fmYt644+cwR+QPn8wePQ5IL</latexit>

Depth

[Rajaraman et al. 2024, Chen et al. 2024, Ekbote et al. 2025]

Outline



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

[Makkuva et al. 2024, Makkuva et al. 2024]



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Single-layer transformers sometimes fail 

to learn even first-order Markov chains!

Markovian switching and initialization 

play a key role in the learning dynamics

Key Takeaways



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1



 First-order Markov chain (Global)



<latexit sha1_base64="eBnC4HRh22txIvNY+X9cAQntBhU=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgtSEmkqLiQghuXFewDmhAm02k7dDKJMxOxhPyLG3/FjQuluHHhvzhps6itB4Y5nHMv997jR4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PbjO//USEpCF/UOOIuAEacNqnGCkteeZ1+dnjFS/h0BmQR2in0JE0gGXHD1lPjgP9JU5E0zM4rzRSWIGeWbKq1hRwmdg5KYEcDc+cOL0QxwHhCjMkZde2IuUmSCiKGUmLTixJhPAIDUhXU44CIt1kemMKT7XSg/1Q6McVnKrzHQkKZLadrgyQGspFLxP/87qx6l+5CeVRrAjHs0H9mEEVwiww2KOCYMXGmiAsqN4V4iESCCsda1GHYC+evExa51X7olq7r5XqN3kcBXAMTkAZ2OAS1MEdaIAmwOAFvIEP8Gm8Gu/GxPiala4Yec8R+APj5xeyjqO2</latexit>

(xn)n�1 ⇠ (⇡,P ) 0 1

p

q

1� p 1� q

<latexit sha1_base64="uBlMZ4hMMFr4JNr4S2THBGlukng="></latexit>

⇡ = (⇡0,⇡1) =

✓
q

p+ q
,

p

p+ q

◆
,

<latexit sha1_base64="Bk9JlYbJSUZdfh2rOh2P59EKePA="></latexit>

P = (P ij) =


1� p p
q 1� q

�
.

 First-order Markov chain



First-order Markov chain

<latexit sha1_base64="eBnC4HRh22txIvNY+X9cAQntBhU=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgtSEmkqLiQghuXFewDmhAm02k7dDKJMxOxhPyLG3/FjQuluHHhvzhps6itB4Y5nHMv997jR4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PbjO//USEpCF/UOOIuAEacNqnGCkteeZ1+dnjFS/h0BmQR2in0JE0gGXHD1lPjgP9JU5E0zM4rzRSWIGeWbKq1hRwmdg5KYEcDc+cOL0QxwHhCjMkZde2IuUmSCiKGUmLTixJhPAIDUhXU44CIt1kemMKT7XSg/1Q6McVnKrzHQkKZLadrgyQGspFLxP/87qx6l+5CeVRrAjHs0H9mEEVwiww2KOCYMXGmiAsqN4V4iESCCsda1GHYC+evExa51X7olq7r5XqN3kcBXAMTkAZ2OAS1MEdaIAmwOAFvIEP8Gm8Gu/GxPiala4Yec8R+APj5xeyjqO2</latexit>

(xn)n�1 ⇠ (⇡,P ) 0 1

p

q

1� p 1� q

<latexit sha1_base64="uBlMZ4hMMFr4JNr4S2THBGlukng="></latexit>

⇡ = (⇡0,⇡1) =

✓
q

p+ q
,

p

p+ q

◆
,

<latexit sha1_base64="Bk9JlYbJSUZdfh2rOh2P59EKePA="></latexit>

P = (P ij) =


1� p p
q 1� q

�
.

<latexit sha1_base64="qKG1g8v8NFCpqCzKSYjIQ8BCs0M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnqSgBePEc0DkhBmJ7PJkNnZdaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7y4+lMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5up33zi2ohIPeA45t2QDpQIBKNopfv47LFXLLlldwayTLyMlCBDrVf86vQjloRcIZPUmLbnxthNqUbBJJ8UOonhMWUjOuBtSxUNuemms1Mn5MQqfRJE2pZCMlN/T6Q0NGYc+rYzpDg0i95U/M9rJxhcdVOh4gS5YvNFQSIJRmT6N+kLzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsXZQrd5VS9TqLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/EzaNqQ==</latexit>

p+ q



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1



Transformers



Single-layer Transformer

[Vaswani et. al., 2017]
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Single-layer Transformer

x1 . . . xn . . . xN 2 {0, 1}

Embedding Embedding Embedding

Attention

x1 xn xN. . . . . .

FF

y1

FF

yn

FF

yN. . . . . .

Linear

z1

Linear

zn

Linear

zN. . . . . .

�(·)

logit1

�(·)

logitn

�(·)

logitN. . . . . .

f✓̄(x
1
1) f✓̄(x

n
1 ) f✓̄(x

N
1 ). . . . . .

<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer Transformer
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer Transformer
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<latexit sha1_base64="2ibs6vVE+wSflC4Jek2WAugM/74=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFHVZdOPCRQX7gHYomTRtQ5PMkGSEOvRL3LhQxK2f4s6/MdPOQlsPBA7n3JucnDDmTBvP+3YKa+sbm1vF7dLO7t5+2T04bOkoUYQ2ScQj1QmxppxJ2jTMcNqJFcUi5LQdTm4yv/1IlWaRfDDTmAYCjyQbMoKNlfpuuSewGSuR3tkLsJr13YpX9eZAq8TPSQVyNPruV28QkURQaQjHWnd9LzZBipVhhNNZqZdoGmMywSPatVRiQXWQzoPP0KlVBmgYKXukQXP190aKhdZTEdrJLKZe9jLxP6+bmOFVkDIZJ4ZKsnhomHBkIpS1gAZMUWL41BJMFLNZERljhYmxXZVsCf7yl1dJ67zqX1Rr97VK/TqvowjHcAJn4MMl1OEWGtAEAgk8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AEiek4I=</latexit>

Linear

<latexit sha1_base64="LEbyhRKxd/PuIc0CspAvrbhKBlE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS1GVRBJcV7APaUCaTaTt0ZhJmJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs+cIGZUadf9tkpr6xubW+Xtys7u3v6BfVjtqCiRmLRxxCLZC5AijArS1lQz0oslQTxgpBtMb3K/+0ikopF40LOY+ByNBR1RjLSRhnZ1wJGeSJ7e8oCEIRXjbGjX3Lo7h7NKvILUoEBraH8NwggnnAiNGVKq77mx9lMkNcWMZJVBokiM8BSNSd9QgThRfjrPnjmnRgmdUSTNE9qZq783UsSVmvHATOZJ1bKXi/95/USPrvyUijjRRODFoVHCHB05eRFOSCXBms0MQVhSk9XBEyQR1qauiinBW/7yKumc172LeuO+UWteF3WU4RhO4Aw8uIQm3EEL2oDhCZ7hFd6szHqx3q2PxWjJKnaO4A+szx+FwpTE</latexit>

Embedding

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
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<latexit sha1_base64="2ibs6vVE+wSflC4Jek2WAugM/74=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFHVZdOPCRQX7gHYomTRtQ5PMkGSEOvRL3LhQxK2f4s6/MdPOQlsPBA7n3JucnDDmTBvP+3YKa+sbm1vF7dLO7t5+2T04bOkoUYQ2ScQj1QmxppxJ2jTMcNqJFcUi5LQdTm4yv/1IlWaRfDDTmAYCjyQbMoKNlfpuuSewGSuR3tkLsJr13YpX9eZAq8TPSQVyNPruV28QkURQaQjHWnd9LzZBipVhhNNZqZdoGmMywSPatVRiQXWQzoPP0KlVBmgYKXukQXP190aKhdZTEdrJLKZe9jLxP6+bmOFVkDIZJ4ZKsnhomHBkIpS1gAZMUWL41BJMFLNZERljhYmxXZVsCf7yl1dJ67zqX1Rr97VK/TqvowjHcAJn4MMl1OEWGtAEAgk8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AEiek4I=</latexit>

Linear

<latexit sha1_base64="LEbyhRKxd/PuIc0CspAvrbhKBlE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS1GVRBJcV7APaUCaTaTt0ZhJmJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs+cIGZUadf9tkpr6xubW+Xtys7u3v6BfVjtqCiRmLRxxCLZC5AijArS1lQz0oslQTxgpBtMb3K/+0ikopF40LOY+ByNBR1RjLSRhnZ1wJGeSJ7e8oCEIRXjbGjX3Lo7h7NKvILUoEBraH8NwggnnAiNGVKq77mx9lMkNcWMZJVBokiM8BSNSd9QgThRfjrPnjmnRgmdUSTNE9qZq783UsSVmvHATOZJ1bKXi/95/USPrvyUijjRRODFoVHCHB05eRFOSCXBms0MQVhSk9XBEyQR1qauiinBW/7yKumc172LeuO+UWteF3WU4RhO4Aw8uIQm3EEL2oDhCZ7hFd6szHqx3q2PxWjJKnaO4A+szx+FwpTE</latexit>

Embedding
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<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer Transformer



First-order Markov chain + Single-layer transformer

Input: First-order Markov chain Model: Depth = 1

0 1

p

q

1� p 1� q

<latexit sha1_base64="jtHGvE7zu3ib7rcrh3PIJZVixig=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AE8pmu2mXbnbD7kYpoX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u49UaSbFg5kmNIjxSLCIEWys5PuKjcYGKyWfKoNqza27c6BV4hWkBgVag+qXP5QkjakwhGOt+56bmCDDyjDC6azip5ommEzwiPYtFTimOsjmN8/QmVWGKJLKljBorv6eyHCs9TQObWeMzVgve7n4n9dPTXQdZEwkqaGCLBZFKUdGojwANGSKEsOnlmCimL0VkTFWmBgbUx6Ct/zyKulc1L3LeuO+UWveFHGU4QRO4Rw8uIIm3EEL2kAggWd4hTcndV6cd+dj0Vpyiplj+APn8wf9OpGm</latexit>

!

<latexit sha1_base64="JIKySpI0n7GzaJqO5MDZcVHfdK0=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREinqSghePFewHtCFstpt26WYTdzdqif0pXjwo4tVf4s1/Y9LmoK0PBh7vzTAzz4s4U9qyvo3Cyura+kZxs7S1vbO7Z5b32yqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxxleZ37mnUrFQ3OpJRJ0ADwXzGcE6lVyzXH10xYmbCNQf0jtkT0uuWbFq1gxomdg5qUCOpmt+9QchiQMqNOFYqZ5tRdpJsNSMcDot9WNFI0zGeEh7KRU4oMpJZqdP0XGqDJAfyrSERjP190SCA6UmgZd2BliP1KKXif95vVj7F07CRBRrKsh8kR9zpEOU5YAGTFKi+SQlmEiW3orICEtMdJpWFoK9+PIyaZ/W7LNa/aZeaVzmcRThEI6gCjacQwOuoQktIPAAz/AKb8aT8WK8Gx/z1oKRzxzAHxifP2P+ksk=</latexit>

(xn)n�1



Next-token prediction loss



Next-token Prediction Loss

<latexit sha1_base64="I/tV46Casf1IxsHkpiyyymXMXx4="></latexit>

L(✓) = � 1

N

NX

n=1

Exn+1
1

[xn+1 · log f✓(xn
1 ) + (1� xn+1) · log(1� f✓(x

n
1 ))]

Cross-entropy loss between
<latexit sha1_base64="gsqq5flvHHTrNQiTlqFJygy7GjY=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7ArQa0kYGMZwTwgWZfZyWwyZHZ2mbkrhmVLG3/FxkIRWz/Bzr9x8ig08cAwh3Pu5d57/FhwDbb9beWWlldW1/LrhY3Nre2d4u5eU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vBr7rXumNI/kLYxi5oakL3nAKQEjecXDwEu7fiR6ehSaL+3CgAHJsvKD59zJE+wVS3bFngAvEmdGSmiGulf86vYimoRMAhVE645jx+CmRAGngmWFbqJZTOiQ9FnHUElCpt10ckiGj43Sw0GkzJOAJ+rvjpSEeryoqQwJDPS8Nxb/8zoJBBduymWcAJN0OihIBIYIj1PBPa4YBTEyhFDFza6YDogiFEx2BROCM3/yImmeVpyzSvWmWqpdzuLIowN0hMrIQeeohq5RHTUQRY/oGb2iN+vJerHerY9pac6a9eyjP7A+fwDxLZnl</latexit>

f✓(x
n
1 )

<latexit sha1_base64="aU5uVF7hZCKCu6EvOAXwux3qJ+g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqCcpePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZercm/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kDCCCPXg==</latexit>xn+1  and prediction probability



Ideally…

<latexit sha1_base64="I/tV46Casf1IxsHkpiyyymXMXx4="></latexit>

L(✓) = � 1

N

NX

n=1

Exn+1
1

[xn+1 · log f✓(xn
1 ) + (1� xn+1) · log(1� f✓(x

n
1 ))]

Cross-entropy loss between
<latexit sha1_base64="gsqq5flvHHTrNQiTlqFJygy7GjY=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7ArQa0kYGMZwTwgWZfZyWwyZHZ2mbkrhmVLG3/FxkIRWz/Bzr9x8ig08cAwh3Pu5d57/FhwDbb9beWWlldW1/LrhY3Nre2d4u5eU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vBr7rXumNI/kLYxi5oakL3nAKQEjecXDwEu7fiR6ehSaL+3CgAHJsvKD59zJE+wVS3bFngAvEmdGSmiGulf86vYimoRMAhVE645jx+CmRAGngmWFbqJZTOiQ9FnHUElCpt10ckiGj43Sw0GkzJOAJ+rvjpSEeryoqQwJDPS8Nxb/8zoJBBduymWcAJN0OihIBIYIj1PBPa4YBTEyhFDFza6YDogiFEx2BROCM3/yImmeVpyzSvWmWqpdzuLIowN0hMrIQeeohq5RHTUQRY/oGb2iN+vJerHerY9pac6a9eyjP7A+fwDxLZnl</latexit>

f✓(x
n
1 )

<latexit sha1_base64="aU5uVF7hZCKCu6EvOAXwux3qJ+g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqCcpePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZercm/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kDCCCPXg==</latexit>xn+1 and prediction probability

<latexit sha1_base64="2ozPkLD0mhOA/S+n9KNIhJv6ab4="></latexit>

f✓(x
n
1 ) ⇡ P(xn+1 = 1 | xn)

1st-order Markov kernelPrediction probability



But…



But…

Single-layer transformers sometimes fail 

to learn even first-order Markov chains! *



✓⇤ ✓⇡

✓

L(✓)

Gets stuck at local minima!



✓⇤ ✓⇡

✓

L(✓)

Escapes saddle



weight-tying



✓⇤ ✓⇡

✓

L(✓)
weight-tying



✓⇤ ✓⇡

✓

L(✓)

global minima

<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

weight-tying



✓⇤ ✓⇡

✓

L(✓)

global minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

<latexit sha1_base64="Ge4NZDp8Dy61EvmL0QeJjQYduwI="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

weight-tying

bad local-minima



Interestingly…

global minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

✓⇤ ✓⇡

✓

L(✓)

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

<latexit sha1_base64="Ge4NZDp8Dy61EvmL0QeJjQYduwI="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

no weight-tying

saddle point



Theoretical results



Theoretical Results

 

 Bad local minima (weight tying)

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point



 

 Bad local minima (weight tying)

Theoretical Results

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point

 

 Saddle point (no weight tying)
<latexit sha1_base64="/NMi3hlEULVc77jLXl1VzQV6RKo="></latexit>

Under the same setting as above with the weights not tied,
<latexit sha1_base64="cqVLrkkd6JQ24nJzZbwxv0nxK5U="></latexit>

✓⇡ becomes a saddle point. It satisfies the same properties.



 

 Bad local minima (weight tying)

Theoretical Results

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point

 

 Saddle point (no weight tying)
<latexit sha1_base64="/NMi3hlEULVc77jLXl1VzQV6RKo="></latexit>

Under the same setting as above with the weights not tied,
<latexit sha1_base64="cqVLrkkd6JQ24nJzZbwxv0nxK5U="></latexit>

✓⇡ becomes a saddle point. It satisfies the same properties.



Intuition
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x1 xn xN. . . . . .

FF

y1

FF

yn

FF

yN. . . . . .

Linear

z1

Linear

zn

Linear

zN. . . . . .
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f✓̄(x
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1) f✓̄(x
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1 ) f✓̄(x

N
1 ). . . . . .

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="2LvM+7tHzBUprUxqMam5UFUPrj8=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZmRom6UghuXFewD2qFkMpk2NDMZkoxQh+KvuHGhiFv/w51/Y6adhbYeCDmccy85OX7CmdKO820tLa+srq2XNsqbW9s7u/befkuJVBLaJIIL2fGxopzFtKmZ5rSTSIojn9O2P7rJ/fYDlYqJ+F6PE+pFeBCzkBGsjdS3D7OeL3igxpG5EJ6gK+Sgvl1xqs4UaJG4BalAgUbf/uoFgqQRjTXhWKmu6yTay7DUjHA6KfdSRRNMRnhAu4bGOKLKy6bpJ+jEKAEKhTQn1miq/t7IcKTyfGYywnqo5r1c/M/rpjq89DIWJ6mmMZk9FKYcaYHyKlDAJCWajw3BRDKTFZEhlphoU1jZlODOf3mRtM6q7nm1dler1K+LOkpwBMdwCi5cQB1uoQFNIPAIz/AKb9aT9WK9Wx+z0SWr2DmAP7A+fwAVvZRR</latexit>

a = 0

<latexit sha1_base64="e8x/lR4jX9gYhmBpzH400m3Spj4=">AAACGnicbVDLSgMxFM3UV62vqks3wSLUTZmRom6UghuXFewDOnXIpJk2NJMZkjtiGfodbvwVNy4UcSdu/BszbRfaeiDkcM693HuPHwuuwba/rdzS8srqWn69sLG5tb1T3N1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vKHV5nfumdK80jewihm3ZD0JQ84JWAkr+gEXur6kejpUWg+7MKAARmXHzznTh7jC+xq3g9J2Z/wmHuOVyzZFXsCvEicGSmhGepe8dPtRTQJmQQqiNYdx46hmxIFnAo2LriJZjGhQ9JnHUMlCZnuppPTxvjIKD0cRMo8CXii/u5ISaiz1U1lSGCg571M/M/rJBCcd1Mu4wSYpNNBQSIwRDjLCfe4YhTEyBBCFTe7YjogilAwaRZMCM78yYukeVJxTivVm2qpdjmLI48O0CEqIwedoRq6RnXUQBQ9omf0it6sJ+vFerc+pqU5a9azj/7A+voB9UmfgA==</latexit>

f✓(x
n
1 ) = �(b) = ⇡1



Intuition

x1 . . . xn . . . xN 2 {0, 1}

Embedding Embedding Embedding
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FF

yn

FF
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Linear
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Linear
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f✓̄(x
1
1) f✓̄(x

n
1 ) f✓̄(x

N
1 ). . . . . .

Hessian is (almost) positive-definite

Hessian is indefinite

weight-tying

no weight-tying



Main Results

✓⇤ ✓⇡

✓

L(✓)
weight-tying

global minima

bad local-minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="s2QtprXyBSlp2iug1ozoWDiJ5MY="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn

1 )

<latexit sha1_base64="H0nS2ngsfPcxokguNSJeNWXbi68="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

✓⇤ ✓⇡

✓

L(✓)

no weight-tying

saddle point

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1



Weight tying
<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

Gets stuck at local minima!



<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

<latexit sha1_base64="ErNoUHj5uAEcnN0zZqrcTbLA6aw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCG0vSRXVZdOOygn1AG8pkOkmGTiZh5kaJofgrblwo4tb/cOffOH0stPXAhcM593LvPV4iuAbb/rYKK6tr6xvFzdLW9s7uXnn/oK3jVFHWorGIVdcjmgkuWQs4CNZNFCORJ1jHG11P/M49U5rH8g6yhLkRCST3OSVgpEH5qMMhjFPAD4wHIZxDxmUwKFfsqj0FXibOnFTQHM1B+as/jGkaMQlUEK17jp2AmxMFnAo2LvVTzRJCRyRgPUMliZh28+n1Y3xqlCH2Y2VKAp6qvydyEmmdRZ7pjAiEetGbiP95vRT8SzfnMkmBSTpb5KcCQ4wnUeAhV4yCyAwhVHFzK6YhUYSCCaxkQnAWX14m7VrVqVfrt7VK42oeRxEdoxN0hhx0gRroBjVRC1H0iJ7RK3qznqwX6936mLUWrPnMIfoD6/MHw8iVcA==</latexit>

Without weight-tying

Without Weight tying

Converges to global minima



✓⇤ ✓⇡

✓

L(✓)
weight-tying

global minima

bad local-minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="s2QtprXyBSlp2iug1ozoWDiJ5MY="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn

1 )

<latexit sha1_base64="H0nS2ngsfPcxokguNSJeNWXbi68="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

✓⇤ ✓⇡

✓

L(✓)

no weight-tying

saddle point

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1



TransformersMarkovian inputs

Learning dynamics

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Optimization landscape



TransformersMarkovian inputs

Learning dynamics

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Optimization landscape



TransformersMarkovian inputs

Learning dynamics

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Optimization landscape

Gradient-flow



Gradient Flow



Gradient Flow

<latexit sha1_base64="li4tJ7jWIyRFI48ZihD4ZzRUf14="></latexit>

dωt

dt
= →↑L(ωt)



Gradient Flow

<latexit sha1_base64="li4tJ7jWIyRFI48ZihD4ZzRUf14="></latexit>

dωt

dt
= →↑L(ωt)

Transformer parameters

Next-token prediction loss
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Recall
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Low-rank Structure
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Reparametrization

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="Lu4TL/ilUkoInEkFDqUCQ+Qd+/w=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bp7ibsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2VHrDrDipVr+bNgVaJX5AqFGgOKl/9YUxSQaUhHGvd873EBBlWhhFOZ24/1TTBZIJHtGepxILqIJufOkNnVhmiKFa2pEFz9fdEhoXWUxHaToHNWC97ufif10tNdB1kTCapoZIsFkUpRyZG+d9oyBQlhk8twUQxeysiY6wwMTadPAR/+eVV0r6o+fVa/f6y2rgp4ijDCZzCOfhwBQ24gya0gMAInuEV3hzuvDjvzseiteQUM8fwB87nDy/kjRg=</latexit>a

<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Reparametrization

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="Lu4TL/ilUkoInEkFDqUCQ+Qd+/w=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bp7ibsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2VHrDrDipVr+bNgVaJX5AqFGgOKl/9YUxSQaUhHGvd873EBBlWhhFOZ24/1TTBZIJHtGepxILqIJufOkNnVhmiKFa2pEFz9fdEhoXWUxHaToHNWC97ufif10tNdB1kTCapoZIsFkUpRyZG+d9oyBQlhk8twUQxeysiY6wwMTadPAR/+eVV0r6o+fVa/f6y2rgp4ijDCZzCOfhwBQ24gya0gMAInuEV3hzuvDjvzseiteQUM8fwB87nDy/kjRg=</latexit>a

<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w

<latexit sha1_base64="bnnGNzwAP8OmOOFDu1xQCaWzDf4=">AAACGHicbVBNSwMxEM36bf2qevQSLIJCqbsq6kUoevFYxWqhW0s2ndrQbHZJZpWy9Gd48a948aCIV2/+G7O1B20dCHm8N8O8eUEshUHX/XImJqemZ2bn5nMLi0vLK/nVtWsTJZpDlUcy0rWAGZBCQRUFSqjFGlgYSLgJumeZfnMP2ohIXWEvhkbI7pRoC87QUs38rh9EsmV6of1SHzuArE9P6DYUH4psh/pCUT9k2AmC9LJ/u59r5gtuyR0UHQfeEBTIsCrN/KffingSgkIumTF1z42xkTKNgkvo5/zEQMx4l91B3ULFQjCNdHBYn25ZpkXbkbZPIR2wvydSFprMu+3MTJpRLSP/0+oJto8bqVBxgqD4z6J2IilGNEuJtoQGjrJnAeNaWK+Ud5hmHG2WWQje6Mnj4Hqv5B2WDi8OCuXTYRxzZINskm3ikSNSJuekQqqEk0fyTF7Jm/PkvDjvzsdP64QznFknf8r5/AbvgZ8O</latexit>

ω = (e, w, a) → R3



Gradient Flow

<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3



<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3

How does the flow look like?



<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3

How does the flow look like?

<latexit sha1_base64="0sHCR3QQcCKR68IU6gS5xsGtbzI=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdursJuxuhhP4ILx4U8erv8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjpQ5GN8hz3UGl6tW8OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6cztp5ommEzwiPYslVhQHWTzc2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpia6DjMkkNVSSxaIo5cjEKP8dDZmixPCpJZgoZm9FZIwVJsYmlIfgL7+8StoXNb9eqz9cVhu3RRxlOIFTOAcfrqAB99CEFhCYwDO8wpuTOC/Ou/OxaC05xcwx/IHz+QPNq43t</latexit>

a = 0
<latexit sha1_base64="P23mU5dBSKpUNveqCnO0upJiQ3Q=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCBAm7ItGLEPTiMYJ5QBLC7KSTDJl9MNOrhCUnL/6KFw+KePUbvPk3ziY5aLRgmKKqm+4uL5JCo+N8WZmFxaXllexqbm19Y3PL3t6p6TBWHKo8lKFqeEyDFAFUUaCERqSA+Z6Euje8Sv36HSgtwuAWRxG0fdYPRE9whkbq2PstL5RdPfLNl7RwAMjG9IIW4Pj+KJfr2Hmn6ExA/xJ3RvJkhkrH/mx1Qx77ECCXTOum60TYTphCwSWMc61YQ8T4kPWhaWjAfNDtZHLGmB4apUt7oTIvQDpRf3YkzNfppqbSZzjQ814q/uc1Y+ydtxMRRDFCwKeDerGkGNI0E9oVCjjKkSGMK2F2pXzAFONokktDcOdP/ktqJ0W3VCzdnObLl7M4smSPHJACcckZKZNrUiFVwskDeSIv5NV6tJ6tN+t9WpqxZj275Besj29chpe/</latexit>

ω = (e, w)



p+q < 1

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w



p+q < 1

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w



p+q < 1 Gaussian init. converges to global minima



p+q > 1



p+q > 1 Gets stuck at local minima!

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w



Can we escape it? Initialize here



Gets stuck at local minima!Converges to global minima

<latexit sha1_base64="TCzWOstZxrhO9H9eNBcn1F+UlCY=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj14KHrxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNtzNre2d3eLefkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgz8ZtPVGkWy3szSmggcF+yiBFsrPSQnD6iK+S7brdY8sreFGiR+DkpQY5at/jV6cUkFVQawrHWbd9LTJBhZRjhdOx2Uk0TTIa4T9uWSiyoDrLpwWN0bJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpiS6DjMkkNVSS2aIo5cjEaPI96jFFieEjSzBRzN6KyAArTIzNaBKCP//yImmclf1KuXJ3Xqpe53EU4BCO4AR8uIAq3EIN6kBAwDO8wpujnBfn3fmYtS45+cwB/IHz+QMf4o6s</latexit>

p+ q < 1
<latexit sha1_base64="S91iHj0mOvBBKvM5n5/lEAFG3FU=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj1J0YvHCvZD2qVk02wbmmTXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dpeWV1bb2w4W5ube/sFvf2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw5uJ33yiSrNY3ptRQgOB+5JFjGBjpYfk9BFdId91u8WSV/amQIvEz0kJctS6xa9OLyapoNIQjrVu+15iggwrwwinY7eTappgMsR92rZUYkF1kE0PHqNjq/RQFCtb0qCp+nsiw0LrkQhtp8BmoOe9ifif105NdBlkTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGkxD8+ZcXSeOs7FfKlbvzUvU6j6MAh3AEJ+DDBVThFmpQBwICnuEV3hzlvDjvzsesdcnJZw7gD5zPHyLyjq4=</latexit>

p+ q > 1



<latexit sha1_base64="TCzWOstZxrhO9H9eNBcn1F+UlCY=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj14KHrxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNtzNre2d3eLefkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgz8ZtPVGkWy3szSmggcF+yiBFsrPSQnD6iK+S7brdY8sreFGiR+DkpQY5at/jV6cUkFVQawrHWbd9LTJBhZRjhdOx2Uk0TTIa4T9uWSiyoDrLpwWN0bJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpiS6DjMkkNVSS2aIo5cjEaPI96jFFieEjSzBRzN6KyAArTIzNaBKCP//yImmclf1KuXJ3Xqpe53EU4BCO4AR8uIAq3EIN6kBAwDO8wpujnBfn3fmYtS45+cwB/IHz+QMf4o6s</latexit>

p+ q < 1
<latexit sha1_base64="S91iHj0mOvBBKvM5n5/lEAFG3FU=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj1J0YvHCvZD2qVk02wbmmTXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dpeWV1bb2w4W5ube/sFvf2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw5uJ33yiSrNY3ptRQgOB+5JFjGBjpYfk9BFdId91u8WSV/amQIvEz0kJctS6xa9OLyapoNIQjrVu+15iggwrwwinY7eTappgMsR92rZUYkF1kE0PHqNjq/RQFCtb0qCp+nsiw0LrkQhtp8BmoOe9ifif105NdBlkTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGkxD8+ZcXSeOs7FfKlbvzUvU6j6MAh3AEJ+DDBVThFmpQBwICnuEV3hzlvDjvzsesdcnJZw7gD5zPHyLyjq4=</latexit>

p+ q > 1



TransformersMarkovian inputs

Learning dynamics

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Optimization landscape



TransformersMarkovian inputs

Learning dynamics

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Optimization landscape



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Single-layer transformers sometimes fail 

to learn even first-order Markov chains!

Markovian switching and initialization 

play a key role in the learning dynamics

Key Takeaways



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

[Nichani et al. 2024, Bietti et al. 2023, Chen et al. 2024]



TransformersMarkovian inputs

In-context learning (ICL) emerges!

<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

Depth plays a critical role in transformer 

functionality

Key Takeaways



ICL — Induction Heads

Mr and Mrs Dursley, of number four, Privet Drive, were 
proud to say that they were perfectly normal, thank you 
very much. They were the last people you'd expect to be 
involved in anything strange or mysterious, because they 
just didn't hold with such nonsense. Mr Dursley was the 
director of a firm called Grunnings, which made drills. He 
was a big, beefy man with hardly any neck, although he 
did have a very large moustache. Mrs Durs___

[Olsson et al. 2022]



Induction Head for Markov inputs

<latexit sha1_base64="0cPlePUpuKy0C0f1oE3NX7eQW2M=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBHqJSS11vYgFL14rGDaQhvKZrtpl242YXcjlNDf4MWDIl79Qd78N27bgFp9MPB4b4aZeX7MqFS2/WmsrK6tb2zmtvLbO7t7+4WDw5aMEoGJiyMWiY6PJGGUE1dRxUgnFgSFPiNtf3wz89sPREga8Xs1iYkXoiGnAcVIacktja/KZ/1C0bYuavVK/dy0LXuOb+JkpAgZmv3CR28Q4SQkXGGGpOw6dqy8FAlFMSPTfC+RJEZ4jIakqylHIZFeOj92ap5qZWAGkdDFlTlXf06kKJRyEvq6M0RqJJe9mfif101UUPNSyuNEEY4Xi4KEmSoyZ5+bAyoIVmyiCcKC6ltNPEICYaXzyesQnOWX/5JW2XKqVvWuUmxcZ3Hk4BhOoAQOXEIDbqEJLmCg8AjP8GJw48l4Nd4WrStGNnMEv2C8fwHHuY4I</latexit>

(k = 2)Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution



Induction Head for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

Main idea: Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1

<latexit sha1_base64="0cPlePUpuKy0C0f1oE3NX7eQW2M=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBHqJSS11vYgFL14rGDaQhvKZrtpl242YXcjlNDf4MWDIl79Qd78N27bgFp9MPB4b4aZeX7MqFS2/WmsrK6tb2zmtvLbO7t7+4WDw5aMEoGJiyMWiY6PJGGUE1dRxUgnFgSFPiNtf3wz89sPREga8Xs1iYkXoiGnAcVIacktja/KZ/1C0bYuavVK/dy0LXuOb+JkpAgZmv3CR28Q4SQkXGGGpOw6dqy8FAlFMSPTfC+RJEZ4jIakqylHIZFeOj92ap5qZWAGkdDFlTlXf06kKJRyEvq6M0RqJJe9mfif101UUPNSyuNEEY4Xi4KEmSoyZ5+bAyoIVmyiCcKC6ltNPEICYaXzyesQnOWX/5JW2XKqVvWuUmxcZ3Hk4BhOoAQOXEIDbqEJLmCg8AjP8GJw48l4Nd4WrStGNnMEv2C8fwHHuY4I</latexit>

(k = 2)



Induction Head for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

Main idea: Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1

In-context estimator:
<latexit sha1_base64="NV4sMwWh4Gar25YAbw9qoFshAmc="></latexit>

P̂rk(x | x1, · · · , xt) ↭
∑t

i=k+1 I(xi = x, xi→1 = xt, . . . , xi→k = xt→k+1)
∑t

i=k+1 I(xi→1 = xn, . . . , xi→k = xt→k+1)



Induction Head for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

Main idea: Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1

In-context estimator:
<latexit sha1_base64="NV4sMwWh4Gar25YAbw9qoFshAmc="></latexit>

P̂rk(x | x1, · · · , xt) ↭
∑t

i=k+1 I(xi = x, xi→1 = xt, . . . , xi→k = xt→k+1)
∑t

i=k+1 I(xi→1 = xn, . . . , xi→k = xt→k+1)

Context-matching



How do Transformers implement Induction Heads?



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

[Nichani et al. 2024, Bietti et al. 2023, Chen et al. 2024]

How do Transformers implement Induction Heads?



Induction Heads via Two-layer Transformers

First-layer copies the previous token

Second-layer does pattern matching and prediction



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

[Nichani et al. 2024, Bietti et al. 2023, Chen et al. 2024]

How do Transformers learn Induction Heads?



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

In-context Markov chains



s1 s2 s3 s4 s5 s6

in-context Markov chain

To generate each sequence: 

‣ Sample a probability transition matrix or kernel  from some prior (e.g. Dirichlet) 

‣ Sample  from its stationary measure 

‣ For : sample 

π

s1

i = 1,…, T − 1 si+1 ∼ π( ⋅ |si)

In-context Markov chains



s1 s2 s3 s4 s5 s6

in-context Markov chain

To generate each sequence: 

• Sample a probability transition matrix or transition kernel  from some prior (e.g. Dirichlet) 

• Sample  from its stationary measure 

• For : sample 

π

s1

i = 1,…, T − 1 si+1 ∼ π( ⋅ |si)

Natural Estimator: compute the empirical transition counts in-context 

̂p(s′￼|s) =
#s → s′￼ transitions in the sequence

#s in the sequence

In-context Markov chains



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

In-context Markov chains



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

In-context Markov chains



The Disentangled Transformer



1. Use one-hot token+positional embeddings 
2. Replace linear projections with concatenation

[similar model considered in Friedman et al. 2023, Learning Transformer Programs]

The Disentangled Transformer



1. Use one-hot token+positional embeddings 
2. Replace linear projections with concatenation

The Disentangled Transformer




For :






Return 

xi = [onehot(si) |onehot(i)]

i = 1,…, L
xi ← [xi, attn(X)i]
xi ← [xi, mlp(X)i]

WOxT

⏟ ⏟token position
Theorem: 

Transformers with  heads and  
layers have the same expressive 
power as disentangled 
transformers with  heads and  

H L

H L



1. Use one-hot token+positional embeddings 
2. Replace linear projections with concatenation

The Disentangled Transformer

• Completely impractical: the embedding dimension doubles at every step

•  weights are directly interpretable 

•  easier to reason about the flow of information through the model 

• useful tool for theory and mechanistic interpretability



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1

In-context Markov chains Disentangled transformer



<latexit sha1_base64="TtI5ahBNTRADFt/m3Q9N3agt1XI=">AAAB+XicbVDLSgMxFM34rPU16tJNsAiuykyR6kYo6sJlBfuAdiiZ9LYNTTJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCWPOtPG8b2dtfWNza7uwU9zd2z84dI+OmzpKFIUGjXik2iHRwJmEhmGGQztWQETIoRWO7zK/NQGlWSSfzDSGQJChZANGibFSz3W7gpiREuk9xGY0u6n03JJX9ubAq8TPSQnlqPfcr24/ookAaSgnWnd8LzZBSpRhlMOs2E00xISOyRA6lkoiQAfpPPkMn1uljweRsk8aPFd/b6REaD0VoZ3McuplLxP/8zqJGVwHKZNxYkDSxaFBwrGJcFYD7jMF1PCpJYQqZrNiOiKKUGPLKtoS/OUvr5JmpexXy9XHy1LtNq+jgE7RGbpAPrpCNfSA6qiBKJqgZ/SK3pzUeXHenY/F6JqT75ygP3A+fwCCHpOX</latexit>

Depth = 2

TransformersMarkovian inputs
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Memory = 1

In-context Markov chains Disentangled transformer



How do Transformers solve this task?



How do Transformers solve this task?

Causal Graph First Attention Second Attention

Readout Layer
input first attention second attention

input attention 1
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How do Transformers solve this task?

Causal Graph First Attention Second Attention

Readout Layer
input first attention second attention

input attention 1

in
pu

t
at

te
nt

io
n 

1
The first attention matrix is the adjacency matrix for the causal graph!



How Transformers Solve This Task

a b a c b a
a b ca b

input

attention 1

First Attention: 
copy each parent



a b a c b ab a
a b ca

Second Attention: 
compare to each parent

b
a

b + c
2

a
a
b

b
input

attention 1

attention 2

How Transformers Solve This Task



attention 2

a b a c b a
a b ca

b
a

b + c
2

a
a
b

b

Readout Layer: output empirical counts

ℙ[sn+1 = b] =
1
2

, ℙ[sn+1 = c] =
1
2

attention 1

input



Gradient Descent Dynamics

Causal Graph First Attention Second Attention

Readout Layer
input first attention second attention

input attention 1
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Main Result
Loss: cross-entropy 

L(θ) = − 𝔼π,s1:T ∑
s′￼∈[S]

π(s′￼|sT)log( fθ(s1:T)s′￼)

Theorem (informal): If  almost surely over the prior , 

(1) There exists  such that GD returns  satisfying: 

 

(2) For any input sequence, the first attention pattern  satisfies: 

, 

     where  is the adjacency matrix of the causal graph.

min
s,s′￼

π(s |s′￼) ≥ γ/S Pπ

c > 0 θ

L(θ) − OPT ≲
1

Tcγ

A ∈ ℝT×T

∥A − G∥∞ ≲
1
T

G

Corollary: Transformers trained on in-context Markov chains learn an induction head



OOD Generalization

Corollary: 
Let  satisfy . Then with high probability over draw of : 

  

Note that  does not need to be in the support of .

π̃ min
s,s′￼

π̃(s′￼∣ s) ≥ γ/S s1:T

f ̂θ(s1:T) − π̃( ⋅ |sT)
∞

≲
1

Tcγ

π̃ Pπ

Mechanistic understanding leads to provable OOD generalization:

Even if you learn an induction head on a very restricted class of sequences, this 
circuit automatically generalizes out of distribution to arbitrary sequences



Proof Sketch

Key Lemma: For , the gradient of the first attention layer is approximately 

.

j < i

∇A(1)
ij

L(θ) ≈ − I2
χ (si; sj |π) where Iχ2(si; sj |π) := 𝔼π ∑

si,sj

ℙ[si, sj]2

ℙ[si]ℙ[sj]
− 1

 mutual information between the token 
at position  and the token at position 

χ2

i j

∇A(1)L(θ)

i

j

how much token  attends to token i j

Corollary: Each position  will 
eventually attend to the position  that 
maximizes the  mutual information 

i
j < i

χ2



Proof Sketch

Corollary: Each position  will eventually attend to the position  that 
maximizes the  mutual information between  and 

i j < i
χ2 si sj

s1 s2 s3 s4 s5 s6

in-context Markov chain

Data Processing Inequality: 

Passing through a channel can only decrease mutual information: 

… < I2
χ (s6; s3) < I2

χ (s6; s4) < I2
χ (s6; s5)

• Each token will attend to the token immediately before it 

• The transformer learns an induction head!



Corollary: Each position  will eventually attend to the position  that 
maximizes the  mutual information between  and 

i j < i
χ2 si sj

s1 s2 s3 s4 s5 s6

more complex causal structure

Data Processing Inequality: 

Passing through a channel can only decrease mutual information: 

 is maximized at , the parent of Iχ2(si, sj) j = p(i) i

• The first attention layer learns the causal graph 

• Special case of the well-known Chow-Liu algorithm (Chow & Liu, 1968) for learning 

tree-structured graphical models!
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Depth = 2

TransformersMarkovian inputs
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Memory = 1

How do Transformers learn Induction Heads?



TransformersMarkovian inputs
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Memory = k
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Depth/Heads

How do Transformers Implement Induction Heads?



Multiple Parents & k-grams

s1 s2 s3 s4 s5 s6

in-context 3-gram

• Each node can have multiple parents in the causal graph 

• Example: k-gram language models



Multiple Heads

s1 s2 s3 s4 s5 s6

in-context 3-gram

• Each node can have multiple parents in the causal graph 

• Example: n-gram language models

Construction & Experiments: Each head attends to a different parent

Causal Graph First Head Second Head



s1 s2 s3 s4 s5 s6

in-context 4-gram

Construction & Experiments: Each head attends to a different parent

Causal Graph First Head Second Head Third Head

• Each node can have multiple parents in the causal graph 

• Example: k-gram language models

Multiple Heads



s1 s2 s3 s4 s5 s6

in-context 4-gram

Causal Graph First Head Second Head Third Head

Multiple Head: Learning Dynamics

[Chen et al. 2024]



TransformersMarkovian inputs

Learning Dynamics

How gradient-descent learns induction heads



TransformersMarkovian inputs

Learning Dynamics

How gradient-descent learns induction heads

Stage-wise learning dynamics



Stage-wise Learning Dynamics

[Edelman et al. 2024]
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Depth = 2
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Memory = 1



[Varre et al. 2025]
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Memory = n→ 1
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Depth = 2,Heads = n
<latexit sha1_base64="kL9Tnf4zGOq7FhwEzeJux0odf68=">AAACKHicbVDLSgNBEJz1GeMr6tHLYBC8GHZF1JtBLx4VEhWSEHpnO8ng7Owy06uGJZ/jxV/xIqKIV7/EyePgq6ChqOqmuytMlbTk+x/e1PTM7Nx8YaG4uLS8slpaW7+0SWYE1kWiEnMdgkUlNdZJksLr1CDEocKr8OZ06F/dorEy0TXqp9iKoatlRwogJ7VLx03Ce8prd8mugj4aHkmLmkB3FUa8ZkDbTmJiZ9xJ6vEB13w8wXsIkR20S2W/4o/A/5JgQspsgvN26aUZJSKL3RKhwNpG4KfUysGQFAoHxWZmMQVxA11sOKohRtvKR48O+LZTIu4OcqWJj9TvEznE1vbj0HXGQD372xuK/3mNjDpHrVzqNCPUYryokylOCR+m5lIxKEj1HQFhpLuVix4YEOSyLboQgt8v/yWXe5XgoHJwsV+unkziKLBNtsV2WMAOWZWdsXNWZ4I9sCf2yt68R+/Ze/c+xq1T3mRmg/2A9/kFfQyndg==</latexit>

Two-layer disentangled Transformer with n heads

Stage-wise Learning Dynamics



Why does training linger at plateaus?

[Varre et al. 2025]



 

 Main result (Plateaus correspond to sub n-grams)

Plateaus correspond to sub n-grams

<latexit sha1_base64="LPvK5uSrQiDbq9u0LpZzBcMuPeQ="></latexit>

→ω→
k such that ω→

k represents a k-gram for k < n
<latexit sha1_base64="XbVRKBzywLNfu/l3GE9vGIIJdGo="></latexit>

ω→
k is a (near) stationary point in the limit (length, param norm) → ↑



Stage-wise Learning Dynamics



TransformersMarkovian inputs
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Memory = k

What we know so far
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Depth/Heads



TransformersMarkovian inputs
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Memory = k

What we know so far
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Depth/Heads

• Number of heads/layers should scale with
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k

[Edelman et al. 2024, Nichani et al. 2024, Chen et al. 2024]



But…

2-layer transformer 3-layer transformer



What’s happening?



Representation result

 

   Main result (Constant depth suffices)
<latexit sha1_base64="mQlb6WI9a0PI44mSZP/D+fxHr0Y="></latexit>

Any order k in-context estimator can be represented by a transformer
<latexit sha1_base64="k12mEoOF5mLRM7AGZFKEVr8JKa0="></latexit>

with 3 layers, 1 head per layer, relative positional encodings and layer norm.

[Rajaraman et al. 2024]



Representation result

 

 Main result (Constant depth suffices)
<latexit sha1_base64="mQlb6WI9a0PI44mSZP/D+fxHr0Y="></latexit>

Any order k in-context estimator can be represented by a transformer
<latexit sha1_base64="k12mEoOF5mLRM7AGZFKEVr8JKa0="></latexit>

with 3 layers, 1 head per layer, relative positional encodings and layer norm.

Without non-linearities, you need logarithmic depth

[Rajaraman et al. 2024]



Intuition

Layers 1 + 2

2

664

Emb(xn) Emb(xT )

· · · un
kunk2

· · · uT
kuT k2

vn
kvnk2

vT
kvT k2

3

775

Layer 3

⇥
· · · Emb(xn) · · · Emb(xT )

⇤

attT,n / exp
⇣
 hvn,uT i
kvnk2kuT k2

⌘

(realizes a kth-order induction head)

Emb

x1, · · · , xT

Capture context

Match contexts & count



Intuition

Layers 1 + 2

2

664

Emb(xn) Emb(xT )

· · · un
kunk2

· · · uT
kuT k2

vn
kvnk2

vT
kvT k2

3

775

Layer 3

⇥
· · · Emb(xn) · · · Emb(xT )

⇤

attT,n / exp
⇣
 hvn,uT i
kvnk2kuT k2

⌘

(realizes a kth-order induction head)

Emb

x1, · · · , xT

2 layers suffice!

[Ekbote et al. 2025]



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k

How Transformers exhibit In-Context Learning?

<latexit sha1_base64="rX9EpNY+5xfFTldmKjZLjUm67oQ=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1JmqlQ3QlEXLivYB7RDyaS3bWgmMyQZoQwFf8WNC0Xc+h3u/Bsz7Sy09UDgcM693JPjR5wp7TjfVm5peWV1Lb9e2Njc2t6xd/caKowlhToNeShbPlHAmYC6ZppDK5JAAp9D0x/dpH7zEaRioXjQ4wi8gAwE6zNKtJG69kEnIHoog+QWIj2c4CtcPj0rdO2iU3KmwIvEzUgRZah17a9OL6RxAEJTTpRqu06kvYRIzSiHSaETK4gIHZEBtA0VJADlJdP4E3xslB7uh9I8ofFU/b2RkECpceCbyTSsmvdS8T+vHev+pZcwEcUaBJ0d6scc6xCnXeAek0A1HxtCqGQmK6ZDIgnVprG0BHf+y4ukUS65lVLl/rxYvc7qyKNDdIROkIsuUBXdoRqqI4oS9Ixe0Zv1ZL1Y79bHbDRnZTv76A+szx9ciJRy</latexit>

Depth = 2, 3



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k

Key Takeaways

<latexit sha1_base64="rX9EpNY+5xfFTldmKjZLjUm67oQ=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1JmqlQ3QlEXLivYB7RDyaS3bWgmMyQZoQwFf8WNC0Xc+h3u/Bsz7Sy09UDgcM693JPjR5wp7TjfVm5peWV1Lb9e2Njc2t6xd/caKowlhToNeShbPlHAmYC6ZppDK5JAAp9D0x/dpH7zEaRioXjQ4wi8gAwE6zNKtJG69kEnIHoog+QWIj2c4CtcPj0rdO2iU3KmwIvEzUgRZah17a9OL6RxAEJTTpRqu06kvYRIzSiHSaETK4gIHZEBtA0VJADlJdP4E3xslB7uh9I8ofFU/b2RkECpceCbyTSsmvdS8T+vHev+pZcwEcUaBJ0d6scc6xCnXeAek0A1HxtCqGQmK6ZDIgnVprG0BHf+y4ukUS65lVLl/rxYvc7qyKNDdIROkIsuUBXdoRqqI4oS9Ixe0Zv1ZL1Y79bHbDRnZTv76A+szx9ciJRy</latexit>

Depth = 2, 3

Shallow depth suffices!



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k

Learning dynamics?

Open….

<latexit sha1_base64="rX9EpNY+5xfFTldmKjZLjUm67oQ=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF1JmqlQ3QlEXLivYB7RDyaS3bWgmMyQZoQwFf8WNC0Xc+h3u/Bsz7Sy09UDgcM693JPjR5wp7TjfVm5peWV1Lb9e2Njc2t6xd/caKowlhToNeShbPlHAmYC6ZppDK5JAAp9D0x/dpH7zEaRioXjQ4wi8gAwE6zNKtJG69kEnIHoog+QWIj2c4CtcPj0rdO2iU3KmwIvEzUgRZah17a9OL6RxAEJTTpRqu06kvYRIzSiHSaETK4gIHZEBtA0VJADlJdP4E3xslB7uh9I8ofFU/b2RkECpceCbyTSsmvdS8T+vHev+pZcwEcUaBJ0d6scc6xCnXeAek0A1HxtCqGQmK6ZDIgnVprG0BHf+y4ukUS65lVLl/rxYvc7qyKNDdIROkIsuUBXdoRqqI4oS9Ixe0Zv1ZL1Y79bHbDRnZTv76A+szx9ciJRy</latexit>

Depth = 2, 3



How do they learn?

Sequential data
Optimization

Model

Markov Transformers



Sequential data
Optimization

Model

Markov Transformers

More…

[Guo et al. 2024]• Attention sinks

[D’Angelo et al. 2025]• Interleaved Markov chains



How do they learn?

Sequential data
Optimization

Model

Topic models Transformers



Why topic models



Topical structure in BERT



 Latent Dirichlet Allocation (LDA) [Blei et al. 2003].

Topic models



 Latent Dirichlet Allocation (LDA) [Blei et al. 2003].

[Sontag & Roy, 2011; Awasthi & Risteski, 2015; Arora et al. 2016; Tosh et al. 2021; Luo et al., 
2022, Li et al. 2023; Reuter et al. 2024]

Topic models



Input data: LDA

To generate a document: 

1. Randomly sample a set of      distinct topics from      . 

2. For each word, 

1. Randomly sample a topic. 

2. Sample a word from the vocabulary of the topic .

<latexit sha1_base64="ioWBvdWq6pCzADcFh4lRBwPadzU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3btoctPpg4PHeDDPzwkRwg5735ZTW1jc2t8rblZ3dvf2D6uFRx8SppqxNYxHrXkgME1yxNnIUrJdoRmQoWDec3uZ+95Fpw2P1gLOEBZKMFY84JZhLAyTpsFrz6t4C7l/iF6QGBVrD6udgFNNUMoVUEGP6vpdgkBGNnAo2rwxSwxJCp2TM+pYqIpkJssWtc/fMKiM3irUthe5C/TmREWnMTIa2UxKcmFUvF//z+ilG10HGVZIiU3S5KEqFi7GbP+6OuGYUxcwSQjW3t7p0QjShaOOp2BD81Zf/ks5F3W/UG/eXteZNEUcZTuAUzsGHK2jCHbSgDRQm8AQv8OpI59l5c96XrSWnmDmGX3A+vgEji45P</latexit>ω
<latexit sha1_base64="39ieYwoWJYhOJKQBSVws458YHU4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyYmIClyPsbfaSJXt7x+6cEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWa8xRKZ6E5IDZdC8RYKlLyTak7jUPJ2OLqd+e0nro1IVBPHKQ9iOlAiEoyilR78ZtArV9yqOwdZJV5OKpCj0St/dfsJy2KukElqjO+5KQYTqlEwyaelbmZ4StmIDrhvqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//P8DKPrYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgrf88ip5vKh6tWrt/rJSv8njKMIJnMI5eHAFdbiDBrSAwQCe4RXeHOm8OO/Ox6K14OQzx/AHzucPEz+NqQ==</latexit>

[T ]

[Li et al. 2023, Lu et al. 2023]



Input data - assumption

To generate a document     : 

1. Randomly sample a set of      distinct topics from      . 

2. For each word, 

1. Randomly sample a topic. 

2. Sample a word from the vocabulary of the topic .

<latexit sha1_base64="ioWBvdWq6pCzADcFh4lRBwPadzU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3btoctPpg4PHeDDPzwkRwg5735ZTW1jc2t8rblZ3dvf2D6uFRx8SppqxNYxHrXkgME1yxNnIUrJdoRmQoWDec3uZ+95Fpw2P1gLOEBZKMFY84JZhLAyTpsFrz6t4C7l/iF6QGBVrD6udgFNNUMoVUEGP6vpdgkBGNnAo2rwxSwxJCp2TM+pYqIpkJssWtc/fMKiM3irUthe5C/TmREWnMTIa2UxKcmFUvF//z+ilG10HGVZIiU3S5KEqFi7GbP+6OuGYUxcwSQjW3t7p0QjShaOOp2BD81Zf/ks5F3W/UG/eXteZNEUcZTuAUzsGHK2jCHbSgDRQm8AQv8OpI59l5c96XrSWnmDmGX3A+vgEji45P</latexit>ω
<latexit sha1_base64="39ieYwoWJYhOJKQBSVws458YHU4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyYmIClyPsbfaSJXt7x+6cEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWa8xRKZ6E5IDZdC8RYKlLyTak7jUPJ2OLqd+e0nro1IVBPHKQ9iOlAiEoyilR78ZtArV9yqOwdZJV5OKpCj0St/dfsJy2KukElqjO+5KQYTqlEwyaelbmZ4StmIDrhvqaIxN8FkfuqUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//P8DKPrYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgrf88ip5vKh6tWrt/rJSv8njKMIJnMI5eHAFdbiDBrSAwQCe4RXeHOm8OO/Ox6K14OQzx/AHzucPEz+NqQ==</latexit>

[T ]

[Li et al. 2023, Lu et al. 2023]

<latexit sha1_base64="J52M6IS4OFjmqA1XdJpzT6texMs=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6sJFwY3LCvYB7VgymUwbmkmGJKOUof/hxoUibv0Xd/6NmXYW2nog5HDOveTkBAln2rjut7Oyura+sVnaKm/v7O7tVw4O21qmitAWkVyqboA15UzQlmGG026iKI4DTjvB+Cb3O49UaSbFvZkk1I/xULCIEWys9NAPJA/1JLZX1p0OKlW35s6AlolXkCoUaA4qX/1QkjSmwhCOte55bmL8DCvDCKfTcj/VNMFkjIe0Z6nAMdV+Nks9RadWCVEklT3CoJn6eyPDsc6j2ckYm5Fe9HLxP6+XmujKz5hIUkMFmT8UpRwZifIKUMgUJYZPLMFEMZsVkRFWmBhbVNmW4C1+eZm0z2tevVa/u6g2ros6SnAMJ3AGHlxCA26hCS0goOAZXuHNeXJenHfnYz664hQ7R/AHzucPJHCS7g==</latexit>

X

Assumption: Each word belongs to exactly one topic.



Input data - masking

Randomly mask the tokens in the document.



Input data - masking

Randomly mask the tokens in the document.

Bangalore’s traffic is like Reviewer #2. Always pleasant to deal with.



Randomly mask the tokens in the document.

Input data - masking

Bangalore’s traffic is like Reviewer #2. Always pleasant to deal with.



Randomly mask the tokens in the document

<latexit sha1_base64="0XbsavLLDP64u+9OKxZrk2abZaY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVBcuCm5cVrAPaEKZTCbt0MlMmJkoJcSNv+LGhSJu/Qt3/o2TNgttPTDM4Zx7ufeeIGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/e0+kooLf6UlC/BgNOY0oRtpIA/vQe6AhGSGdeYFgoZrE5st6eT6wa07dmQIuErckNVCiNbC/vFDgNCZcY4aU6rtOov0MSU0xI3nVSxVJEB6jIekbylFMlJ9NL8jhiVFCGAlpHtdwqv7uyFCsit1MZYz0SM17hfif1091dOlnlCepJhzPBkUpg1rAIg4YUkmwZhNDEJbU7ArxCEmEtQmtakJw509eJJ2zutuoN27Pa82rMo4KOALH4BS44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TErXbLKngPwB9bnD8Rll70=</latexit>

X̂

Input data - masking

Bangalore’s traffic is like Reviewer #2. Always pleasant to deal with.



Transformer

Bangalore’s traffic is like Reviewer #2. Always pleasant to deal with.
<latexit sha1_base64="0XbsavLLDP64u+9OKxZrk2abZaY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVBcuCm5cVrAPaEKZTCbt0MlMmJkoJcSNv+LGhSJu/Qt3/o2TNgttPTDM4Zx7ufeeIGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMrwu/e0+kooLf6UlC/BgNOY0oRtpIA/vQe6AhGSGdeYFgoZrE5st6eT6wa07dmQIuErckNVCiNbC/vFDgNCZcY4aU6rtOov0MSU0xI3nVSxVJEB6jIekbylFMlJ9NL8jhiVFCGAlpHtdwqv7uyFCsit1MZYz0SM17hfif1091dOlnlCepJhzPBkUpg1rAIg4YUkmwZhNDEJbU7ArxCEmEtQmtakJw509eJJ2zutuoN27Pa82rMo4KOALH4BS44AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TErXbLKngPwB9bnD8Rll70=</latexit>

X̂

Transformer

Predict the masked tokens using the unmasked ones

Masked language modeling



How do they learn?

Sequential data
Optimization

Model

Topic models Transformers



How do they learn?

Sequential data
Optimization

Model

Topic models Transformers



Single-layer transformer

Encoder model. Embedding and attention layer without MLP. 



Single-layer transformer

<latexit sha1_base64="4KfvSJvSrYKFRq2gH4wscb1QpYM="></latexit>

f(Z) = WO (W V Z) SoftMax
(
(WKZ)→WQZ

)
+ b

<latexit sha1_base64="3sdENb+T0jtz7Nkqup3HbD/5qYI=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRKRKohSEMFlBfvAJoTJZNoOnUzCzEQpIR/jxl9x48IHLtz4LU7aLGr1wDCHc+7l3nv8mFGpLOvLKC0sLi2vlFcra+sbm1vm9k5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMvc790RIGvFbNY6JG6IBp32KkdKSZ545fsQCOQ71l95l8BzOCp3Mu4LOAw3IEKl01ulmGfTMqlWzJoB/iV2QKijQ9Mx3J4hwEhKuMENS9mwrVm6KhKKYkaziJJLECI/QgPQ05Sgk0k0nR2bwQCsB7EdCP67gRJ3tSFEo8+V0ZYjUUM57ufif10tU/9RNKY8TRTieDuonDKoI5onBgAqCFRtrgrCgeleIh0ggrHSuFR2CPX/yX9I+qtn1Wv3muNq4KOIogz2wDw6BDU5AA1yDJmgBDB7BM3gFb8aT8WJ8GJ/T0pJR9OyCXzC+fwD9rqZF</latexit>

Z = WEX̂

Attention layer 

Embedding layer 



Single-layer transformer

<latexit sha1_base64="4KfvSJvSrYKFRq2gH4wscb1QpYM="></latexit>

f(Z) = WO (W V Z) SoftMax
(
(WKZ)→WQZ

)
+ b

<latexit sha1_base64="3sdENb+T0jtz7Nkqup3HbD/5qYI=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRKRKohSEMFlBfvAJoTJZNoOnUzCzEQpIR/jxl9x48IHLtz4LU7aLGr1wDCHc+7l3nv8mFGpLOvLKC0sLi2vlFcra+sbm1vm9k5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oMvc790RIGvFbNY6JG6IBp32KkdKSZ545fsQCOQ71l95l8BzOCp3Mu4LOAw3IEKl01ulmGfTMqlWzJoB/iV2QKijQ9Mx3J4hwEhKuMENS9mwrVm6KhKKYkaziJJLECI/QgPQ05Sgk0k0nR2bwQCsB7EdCP67gRJ3tSFEo8+V0ZYjUUM57ufif10tU/9RNKY8TRTieDuonDKoI5onBgAqCFRtrgrCgeleIh0ggrHSuFR2CPX/yX9I+qtn1Wv3muNq4KOIogz2wDw6BDU5AA1yDJmgBDB7BM3gFb8aT8WJ8GJ/T0pJR9OyCXzC+fwD9rqZF</latexit>

Z = WEX̂

Key parameters
<latexit sha1_base64="s8qXqLtFT9nRolyDp+yG3/SZRLw=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZEqispiOCygn1AOwyZTNqGZjJDklHK2E9x40IRt36JO//GTDsLbT0QcjjnXnJygoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Dr3Ow9UKhaLez1JqBfhoWADRrA2km9X+kHMQzWJzJV1pv4N8u2qU3NmQMvELUgVCjR9+6sfxiSNqNCEY6V6rpNoL8NSM8LptNxPFU0wGeMh7RkqcESVl82iT9GJUUI0iKU5QqOZ+nsjw5HK05nJCOuRWvRy8T+vl+rBpZcxkaSaCjJ/aJBypGOU94BCJinRfGIIJpKZrIiMsMREm7bKpgR38cvLpH1Wc+u1+t15tXFV1FGCIziGU3DhAhpwC01oAYFHeIZXeLOerBfr3fqYj65Yxc4h/IH1+QNGT5QC</latexit>

WE

<latexit sha1_base64="3vhkAfV9yhd4Mo7NwkcIRts+yVM=">AAACH3icbVDLSsNAFJ34rPUVdelmsAgVSklEqispuBHctGAf0IYwmUzaoZNMmJkIJfRP3PgrblwoIu76N07aLDT1wDCHc+7l3nu8mFGpLGturK1vbG5tl3bKu3v7B4fm0XFX8kRg0sGccdH3kCSMRqSjqGKkHwuCQo+Rnje5y/zeExGS8uhRTWPihGgU0YBipLTkmo2hx5kvp6H+0t7M7dZgtSA91GBBaV+4ZsWqWwvAVWLnpAJytFzze+hznIQkUpghKQe2FSsnRUJRzMisPEwkiRGeoBEZaBqhkEgnXdw3g+da8WHAhX6Rggv1d0eKQpltpytDpMay6GXif94gUcGNk9IoThSJ8HJQkDCoOMzCgj4VBCs21QRhQfWuEI+RQFjpSMs6BLt48irpXtbtRr3Rvqo0b/M4SuAUnIEqsME1aIJ70AIdgMEzeAXv4MN4Md6MT+NrWbpm5D0n4A+M+Q/GpKNs</latexit>

W V , (WK ,WQ)



How do they learn?

Sequential data
Optimization

Model

Topic models Transformers



Analysis 

Freeze the embedding weights to one-hot encodings.



Analysis 

Freeze the embedding weights to one-hot encodings

Two-stage dynamics of value and (key, query) matrices



Stage 1: 

• Value matrix 
grows. 

• (Key, Query) 
near zero.

Stage 2: 

• Value matrix 
stays constant. 

• (Key, Query) 
grow.



Main result - Stage 1

 

 Value vectors encode the topic structure (informal)

Assuming the attention-weights to be frozen to uniform and token 
embeddings to one-hot, training only the value matrix           is a convex 
problem. The optimal solution  satisfies that 

<latexit sha1_base64="T0udfRwcje3xLcH15CJTJgVsdmo=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6koKblxWsA9oQ5hMJu3QyUyYmRRK6J+4caGIW//EnX/jpM1CWw8MczjnXubMCVNGlXbdb6uysbm1vVPdre3tHxwe2ccnXSUyiUkHCyZkP0SKMMpJR1PNSD+VBCUhI71wcl/4vSmRigr+pGcp8RM04jSmGGkjBbY9DAWL1CwxV96bB93ArrsNdwFnnXglqUOJdmB/DSOBs4RwjRlSauC5qfZzJDXFjMxrw0yRFOEJGpGBoRwlRPn5IvncuTBK5MRCmsO1s1B/b+QoUUU4M5kgPVarXiH+5w0yHd/6OeVppgnHy4fijDlaOEUNTkQlwZrNDEFYUpPVwWMkEdamrJopwVv98jrpXjW8ZqP5eF1v3ZV1VOEMzuESPLiBFjxAGzqAYQrP8ApvVm69WO/Wx3K0YpU7p/AH1ucPA+yT6Q==</latexit>

W V

<latexit sha1_base64="Wp93F1rQKgA6R1nJxyixQGrNsw0="></latexit>

(W →
V )same-topic = (W →

V )di!-topic + c, c > 0.



Main result - Stage 1

 

 Value vectors encode the topic structure (informal)

Assuming the attention-weights to be frozen to uniform and token 
embeddings to one-hot, training only the value matrix           is a convex 
problem. The optimal solution  satisfies that 

<latexit sha1_base64="T0udfRwcje3xLcH15CJTJgVsdmo=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6koKblxWsA9oQ5hMJu3QyUyYmRRK6J+4caGIW//EnX/jpM1CWw8MczjnXubMCVNGlXbdb6uysbm1vVPdre3tHxwe2ccnXSUyiUkHCyZkP0SKMMpJR1PNSD+VBCUhI71wcl/4vSmRigr+pGcp8RM04jSmGGkjBbY9DAWL1CwxV96bB93ArrsNdwFnnXglqUOJdmB/DSOBs4RwjRlSauC5qfZzJDXFjMxrw0yRFOEJGpGBoRwlRPn5IvncuTBK5MRCmsO1s1B/b+QoUUU4M5kgPVarXiH+5w0yHd/6OeVppgnHy4fijDlaOEUNTkQlwZrNDEFYUpPVwWMkEdamrJopwVv98jrpXjW8ZqP5eF1v3ZV1VOEMzuESPLiBFjxAGzqAYQrP8ApvVm69WO/Wx3K0YpU7p/AH1ucPA+yT6Q==</latexit>

W V

<latexit sha1_base64="Wp93F1rQKgA6R1nJxyixQGrNsw0="></latexit>

(W →
V )same-topic = (W →

V )di!-topic + c, c > 0.

<latexit sha1_base64="XXbiXgpwW5r1w+WwopGgSMX4taY=">AAAB8nicbVBNT8JAEN3iF+IX6tFLIzHx1LSKCDeiF49oBElKQ7bLFjZsd5vdqYYQfoYXDxrj1V/jzX/jAk1U9CWTvLw3k5l5YcKZBtf9tHJLyyura/n1wsbm1vZOcXevpWWqCG0SyaVqh1hTzgRtAgNO24miOA45vQuHl1P/7p4qzaS4hVFCgxj3BYsYwWAkv3PD+gPASsmHbrHkOmfVWrl2aruOO8M38TJSQhka3eJHpydJGlMBhGOtfc9NIBhjBYxwOil0Uk0TTIa4T31DBY6pDsazkyf2kVF6diSVKQH2TP05Mcax1qM4NJ0xhoFe9Kbif56fQlQNxkwkKVBB5ouilNsg7en/do8pSoCPDMFEMXOrTQZYYQImpYIJwVt8+S9pnThexalcl0v1iyyOPDpAh+gYeegc1dEVaqAmIkiiR/SMXiywnqxX623emrOymX30C9b7F80IkZ4=</latexit>

→
While predicting masked token, unmasked tokens of similar topic contribute more



Main result - Stage 2

 

 Attention weights encode the topic structure (informal)

Assuming value matrix to be frozen at the optimum from Stage 1 and 
token embeddings to one-hot, training the (key, query) matrices yield 
attention matrices that have higher attention across words of same 
topic than those from different ones. 



Key takeaways

Topic structure can be encoded in either 

token embeddings and self-attention

(Consistent pattern for different loss functions, optimizers, and 

real-world datasets)

Attention layer encodes this structure in a 

two stage process



How do they learn?

Sequential data
Optimization

Model

Topic models Transformers



How do they learn?

Sequential data
Optimization

Model

Factual recall Transformers

[Nichani et al. 2024]



How do they learn?

Sequential data
Optimization

Model

Factual recall Transformers



What is Factual recall?

What is the capital of France? Paris

In which country was Marie 
Curie born?

Poland

The association (France, capital, Paris) is stored somewhere within the weights



Factual recall

Motivating Questions: 

• How do LLMs learn to store such facts within their parameters? 

• What is the relationship between parameter count and the number of facts?



Factual recall

Motivating Questions: 

• How do LLMs learn to store such facts within their parameters? 

• What is the relationship between parameter count and the number of facts?

Main results

•  Theoretical model for analyzing factual recall via associative memories 

•  Proving that transformers can memorize facts with near-optimal capacity

[Nichani et al. 2024]



 Associative memories

• Input vocabulary        and output vocabulary        

• Ground truth association function   

• Embedding vectors                      and unembedding 
vectors                      , sampled uniformly on sphere 

• Transformer model               

• Argmax decoding:  

• Perfect memorization:  

• How many parameters does     need to achieve 
perfect memorization? 

<latexit sha1_base64="EcdGrXFamh7E9ZDAvQr242zfm+M=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9THUjBTeupKJ9wHQomTTThmYyQ5IRSuknuHGhiFu/yJ1/Y6atoKIHLhzOuZd77wkSzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFl5nfuqVQsFnd6klA/wkPBQkawNtKtd+33iyVko6pTrSCI7Eq5cl6vZcRxnZoLHRvNUQJLNPvF994gJmlEhSYcK+U5KNH+FEvNCKezQi9VNMFkjIfUM1TgiCp/Oj91Bk+MMoBhLE0JDefq94kpjpSaRIHpjLAeqd9eJv7leakOz/wpE0mqqSCLRWHKoY5h9jccMEmJ5hNDMJHM3ArJCEtMtEmnYEL4+hT+T9pl23Ft96Zaalws48iDI3AMToED6qABrkATtAABQ/AAnsCzxa1H68V6XbTmrOXMIfgB6+0TZXSN5A==</latexit>

[N ]
<latexit sha1_base64="R+S5nNo1lu9w4sVBqkUNmT/rvmU=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaynyTgxYsQ0SwwGUJPp5M06ekZunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1gpgzpR3nw8qsrW9sbmW3czu7e/sH+cOjtooSSWiLRDyS3QArypmgLc00p91YUhwGnHaCyeXc79xTqVgk7vQ0pn6IR4INGcHaSLfetd/PFxy7VikVXRc5drFaL9dKhjj1UtmpINd2FijACs1+/r03iEgSUqEJx0p5rhNrP8VSM8LpLNdLFI0xmeAR9QwVOKTKTxenztCZUQZoGElTQqOF+n0ixaFS0zAwnSHWY/Xbm4t/eV6ih3U/ZSJONBVkuWiYcKQjNP8bDZikRPOpIZhIZm5FZIwlJtqkkzMhfH2K/iftou1W7epNudC4WMWRhRM4hXNwoQYNuIImtIDACB7gCZ4tbj1aL9brsjVjrWaO4Qest09tHI3p</latexit>

[M ]
<latexit sha1_base64="BFseuvRJA9hht3uvYzpXBq/qx4s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiVVxIwY0bpYJ9QBLLZDpph04ezNwIIdRfceNCEbd+iDv/xmmbhVYPXDiccy/33uMngiuwrC+jtLS8srpWXq9sbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fHl1O8+MKl4HN1BljAvJMOIB5wS0FLfrAb3LlFwjp0bD7sQY+fa65s1q27NgP8SuyA1VKDVNz/dQUzTkEVABVHKsa0EvJxI4FSwScVNFUsIHZMhczSNSMiUl8+On+BDrQxwEEtdEeCZ+nMiJ6FSWejrzpDASC16U/E/z0khOPNyHiUpsIjOFwWpwPrJaRJ4wCWjIDJNCJVc34rpiEhCQedV0SHYiy//JZ3jut2oN25Pas2LIo4y2kcH6AjZ6BQ10RVqoTaiKENP6AW9Go/Gs/FmvM9bS0YxU0W/YHx8AwrTk7w=</latexit>

f→ : [N ] → [M ]
<latexit sha1_base64="zRZthGUhwspIvQlE1zV5s8fd5lY=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHpUzdScONKKtgHpCFMptN26GQSZiZiCQF/xY0LRdz6He78G6cPQUUP3MvhnHuZOyeIGZXKtj+M3NLyyupafr2wsbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvpn7nlghJI36jJjHxQjTkdEAxUlryzYNeCol/B3uZn+pOOXSvvMw3i7ZlV5xK2Ya2VS6Vz+rVKXFqTrUGHcueoQgWaPrme68f4SQkXGGGpHQdO1ZeioSimJGs0EskiREeoyFxNeUoJNJLZ+dn8FgrfTiIhC6u4Ez9vpGiUMpJGOjJEKmR/O1Nxb88N1GDUy+lPE4U4Xj+0CBhUEVwmgXsU0GwYhNNEBZU3wrxCAmElU6soEP4+in8n7RLllOzateVYuN8EUceHIIjcAIcUAcNcAmaoAUwSMEDeALPxr3xaLwYr/PRnLHY2Qc/YLx9AoAnlTc=</latexit>

{ex}x→[N ]
<latexit sha1_base64="2dqJcDtDUap+mVBY3TBb9X601sM=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHpeyUFN26ECrYVkhAm02k7dDIJMxMhhIK/4saFIm79Dnf+jdOHoKIH7uVwzr3MnRMmjEpl2x9GYWV1bX2juFna2t7Z3TP3D3oyTgUmXRyzWNyGSBJGOekqqhi5TQRBUchIP5xczPz+HRGSxvxGZQnxIzTidEgxUloKzCMvh2mQQW8a5LpTDt0rfxqYZdtq1qsVx4G2VWm0as2qJnarWrPr0LHsOcpgiU5gvnuDGKcR4QozJKXr2InycyQUxYxMS14qSYLwBI2IqylHEZF+Pj9/Ck+1MoDDWOjiCs7V7xs5iqTMolBPRkiN5W9vJv7luakatvyc8iRVhOPFQ8OUQRXDWRZwQAXBimWaICyovhXiMRIIK51YSYfw9VP4P+lVLKdhNa5r5fb5Mo4iOAYn4Aw4oAna4BJ0QBdgkIMH8ASejXvj0XgxXhejBWO5cwh+wHj7BKQ+lU4=</latexit>

{uy}y→[M ]
<latexit sha1_base64="g0bobJtJSIjzpNSPnL5s678aQZE=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQiVVxIQRCXVewDmlgmk0k7dPJgZiKU0K0bf8WNC0Xc+gfu/BunbRa29cDA4Zx7mXuOl3AmlWX9GIWl5ZXVteJ6aWNza3vH3N1ryjgVhDZIzGPR9rCknEW0oZjitJ0IikOP05Y3uBr7rUcqJIujezVMqBviXsQCRrDSUtdE1xfICbHqe152N3rwkaPiGaFrlq2KNQFaJHZOypCj3jW/HT8maUgjRTiWsmNbiXIzLBQjnI5KTippgskA92hH0wiHVLrZJMkIHWnFR0Es9IsUmqh/NzIcSjkMPT05vlHOe2PxP6+TquDczViUpIpGZPpRkHKk045rQT4TlCg+1AQTwfStiPSxwETp8kq6BHs+8iJpnlTsaqV6e1quXeZ1FOEADuEYbDiDGtxAHRpA4Ale4A3ejWfj1fgwPqejBSPf2YcZGF+/t8eZvQ==</latexit>

F : Rd → Rd

<latexit sha1_base64="tFyfU7uXiWxKk7d07ATF6c4RZXM="></latexit>

f̂(x) = arg max
y→[M ]

u↑
y F (ex)

<latexit sha1_base64="VKnXJm4DfgGpiPbQ09p/qAFowM8=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAUJOyKqBcl4MWTRDBRyK6hdzJrBmdnl5leSVjyDV78FS8eFPHqyZt/4+Rx8FUwUFPVTXdXmEph0HU/nYnJqemZ2cJccX5hcWm5tLLaMEmmGa+zRCb6KgTDpVC8jgIlv0o1hziU/DK8PRn4l3dcG5GoC+ylPIjhRolIMEArtUrb0bUPBre62/SI+h3APOrbzw71o0SDlLRLfaFo8yxolcpuxR2C/iXemJTJGLVW6cNvJyyLuUImwZim56YY5KBRMMn7RT8zPAV2Cze8aamCmJsgH57Up5tWaVO7g30K6VD93pFDbEwvDm1lDNgxv72B+J/XzDA6DHKh0gy5YqNBUSYpJnSQD20LzRnKniXAtLC7UtYBDQxtikUbgvf75L+ksVvx9iv753vl6vE4jgJZJxtki3jkgFTJKamROmHknjySZ/LiPDhPzqvzNiqdcMY9a+QHnPcvPS+b8w==</latexit>

f→(x) = f̂(x), →x ↑ [N ]
<latexit sha1_base64="aLrO7f6ce1ZBYgqEkSCt+WZoUPc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8SEMRjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e96xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKlfplqXqTxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH5zPjNE=</latexit>

F



 Associative memories

• Input vocabulary        and output vocabulary        

• Ground truth association function   

• Embedding vectors                      and unembedding 
vectors                      , sampled uniformly on sphere 

• Model:                

• Argmax decoding:  

• Perfect memorization:  

• How many parameters does     need to achieve 
perfect memorization? 

<latexit sha1_base64="EcdGrXFamh7E9ZDAvQr242zfm+M=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9THUjBTeupKJ9wHQomTTThmYyQ5IRSuknuHGhiFu/yJ1/Y6atoKIHLhzOuZd77wkSzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFl5nfuqVQsFnd6klA/wkPBQkawNtKtd+33iyVko6pTrSCI7Eq5cl6vZcRxnZoLHRvNUQJLNPvF994gJmlEhSYcK+U5KNH+FEvNCKezQi9VNMFkjIfUM1TgiCp/Oj91Bk+MMoBhLE0JDefq94kpjpSaRIHpjLAeqd9eJv7leakOz/wpE0mqqSCLRWHKoY5h9jccMEmJ5hNDMJHM3ArJCEtMtEmnYEL4+hT+T9pl23Ft96Zaalws48iDI3AMToED6qABrkATtAABQ/AAnsCzxa1H68V6XbTmrOXMIfgB6+0TZXSN5A==</latexit>

[N ]
<latexit sha1_base64="R+S5nNo1lu9w4sVBqkUNmT/rvmU=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaynyTgxYsQ0SwwGUJPp5M06ekZunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1gpgzpR3nw8qsrW9sbmW3czu7e/sH+cOjtooSSWiLRDyS3QArypmgLc00p91YUhwGnHaCyeXc79xTqVgk7vQ0pn6IR4INGcHaSLfetd/PFxy7VikVXRc5drFaL9dKhjj1UtmpINd2FijACs1+/r03iEgSUqEJx0p5rhNrP8VSM8LpLNdLFI0xmeAR9QwVOKTKTxenztCZUQZoGElTQqOF+n0ixaFS0zAwnSHWY/Xbm4t/eV6ih3U/ZSJONBVkuWiYcKQjNP8bDZikRPOpIZhIZm5FZIwlJtqkkzMhfH2K/iftou1W7epNudC4WMWRhRM4hXNwoQYNuIImtIDACB7gCZ4tbj1aL9brsjVjrWaO4Qest09tHI3p</latexit>

[M ]
<latexit sha1_base64="BFseuvRJA9hht3uvYzpXBq/qx4s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiVVxIwY0bpYJ9QBLLZDpph04ezNwIIdRfceNCEbd+iDv/xmmbhVYPXDiccy/33uMngiuwrC+jtLS8srpWXq9sbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fHl1O8+MKl4HN1BljAvJMOIB5wS0FLfrAb3LlFwjp0bD7sQY+fa65s1q27NgP8SuyA1VKDVNz/dQUzTkEVABVHKsa0EvJxI4FSwScVNFUsIHZMhczSNSMiUl8+On+BDrQxwEEtdEeCZ+nMiJ6FSWejrzpDASC16U/E/z0khOPNyHiUpsIjOFwWpwPrJaRJ4wCWjIDJNCJVc34rpiEhCQedV0SHYiy//JZ3jut2oN25Pas2LIo4y2kcH6AjZ6BQ10RVqoTaiKENP6AW9Go/Gs/FmvM9bS0YxU0W/YHx8AwrTk7w=</latexit>

f→ : [N ] → [M ]
<latexit sha1_base64="zRZthGUhwspIvQlE1zV5s8fd5lY=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHpUzdScONKKtgHpCFMptN26GQSZiZiCQF/xY0LRdz6He78G6cPQUUP3MvhnHuZOyeIGZXKtj+M3NLyyupafr2wsbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvpn7nlghJI36jJjHxQjTkdEAxUlryzYNeCol/B3uZn+pOOXSvvMw3i7ZlV5xK2Ya2VS6Vz+rVKXFqTrUGHcueoQgWaPrme68f4SQkXGGGpHQdO1ZeioSimJGs0EskiREeoyFxNeUoJNJLZ+dn8FgrfTiIhC6u4Ez9vpGiUMpJGOjJEKmR/O1Nxb88N1GDUy+lPE4U4Xj+0CBhUEVwmgXsU0GwYhNNEBZU3wrxCAmElU6soEP4+in8n7RLllOzateVYuN8EUceHIIjcAIcUAcNcAmaoAUwSMEDeALPxr3xaLwYr/PRnLHY2Qc/YLx9AoAnlTc=</latexit>

{ex}x→[N ]
<latexit sha1_base64="2dqJcDtDUap+mVBY3TBb9X601sM=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyHpeyUFN26ECrYVkhAm02k7dDIJMxMhhIK/4saFIm79Dnf+jdOHoKIH7uVwzr3MnRMmjEpl2x9GYWV1bX2juFna2t7Z3TP3D3oyTgUmXRyzWNyGSBJGOekqqhi5TQRBUchIP5xczPz+HRGSxvxGZQnxIzTidEgxUloKzCMvh2mQQW8a5LpTDt0rfxqYZdtq1qsVx4G2VWm0as2qJnarWrPr0LHsOcpgiU5gvnuDGKcR4QozJKXr2InycyQUxYxMS14qSYLwBI2IqylHEZF+Pj9/Ck+1MoDDWOjiCs7V7xs5iqTMolBPRkiN5W9vJv7luakatvyc8iRVhOPFQ8OUQRXDWRZwQAXBimWaICyovhXiMRIIK51YSYfw9VP4P+lVLKdhNa5r5fb5Mo4iOAYn4Aw4oAna4BJ0QBdgkIMH8ASejXvj0XgxXhejBWO5cwh+wHj7BKQ+lU4=</latexit>

{uy}y→[M ]
<latexit sha1_base64="g0bobJtJSIjzpNSPnL5s678aQZE=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQiVVxIQRCXVewDmlgmk0k7dPJgZiKU0K0bf8WNC0Xc+gfu/BunbRa29cDA4Zx7mXuOl3AmlWX9GIWl5ZXVteJ6aWNza3vH3N1ryjgVhDZIzGPR9rCknEW0oZjitJ0IikOP05Y3uBr7rUcqJIujezVMqBviXsQCRrDSUtdE1xfICbHqe152N3rwkaPiGaFrlq2KNQFaJHZOypCj3jW/HT8maUgjRTiWsmNbiXIzLBQjnI5KTippgskA92hH0wiHVLrZJMkIHWnFR0Es9IsUmqh/NzIcSjkMPT05vlHOe2PxP6+TquDczViUpIpGZPpRkHKk045rQT4TlCg+1AQTwfStiPSxwETp8kq6BHs+8iJpnlTsaqV6e1quXeZ1FOEADuEYbDiDGtxAHRpA4Ale4A3ejWfj1fgwPqejBSPf2YcZGF+/t8eZvQ==</latexit>

F : Rd → Rd

<latexit sha1_base64="tFyfU7uXiWxKk7d07ATF6c4RZXM="></latexit>

f̂(x) = arg max
y→[M ]

u↑
y F (ex)

<latexit sha1_base64="VKnXJm4DfgGpiPbQ09p/qAFowM8=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAUJOyKqBcl4MWTRDBRyK6hdzJrBmdnl5leSVjyDV78FS8eFPHqyZt/4+Rx8FUwUFPVTXdXmEph0HU/nYnJqemZ2cJccX5hcWm5tLLaMEmmGa+zRCb6KgTDpVC8jgIlv0o1hziU/DK8PRn4l3dcG5GoC+ylPIjhRolIMEArtUrb0bUPBre62/SI+h3APOrbzw71o0SDlLRLfaFo8yxolcpuxR2C/iXemJTJGLVW6cNvJyyLuUImwZim56YY5KBRMMn7RT8zPAV2Cze8aamCmJsgH57Up5tWaVO7g30K6VD93pFDbEwvDm1lDNgxv72B+J/XzDA6DHKh0gy5YqNBUSYpJnSQD20LzRnKniXAtLC7UtYBDQxtikUbgvf75L+ksVvx9iv753vl6vE4jgJZJxtki3jkgFTJKamROmHknjySZ/LiPDhPzqvzNiqdcMY9a+QHnPcvPS+b8w==</latexit>

f→(x) = f̂(x), →x ↑ [N ]

<latexit sha1_base64="aLrO7f6ce1ZBYgqEkSCt+WZoUPc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8SEMRjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e96xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKlfplqXqTxZGHEziFc/DgCqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH5zPjNE=</latexit>

F



Associative memories: Main results

Linear associative memory:
<latexit sha1_base64="Sia3RaZ2MBPiDmAbagSCOFoBhfs=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqhulIIjLKvYBTSyTybQdOpmEmYnQhnyDG3/FjQtF3Lpy5984abvQ1gMzHM65l3vv8SJGpbKsb2NhcWl5ZTW3ll/f2NzaNnd2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BpeZ33wgQtKQ36lhRNwA9TjtUoyUljpm6ao4KsFz2ISjI/05lEMnQKrvecltep/40FE0IBL6accsWGVrDDhP7CkpgClqHfPL8UMcB4QrzJCUbduKlJsgoShmJM07sSQRwgPUI21NOdJz3GR8UgoPteLDbij04wqO1d8dCQqkHAaerszWlbNeJv7ntWPVPXMTyqNYEY4ng7oxgyqEWT7Qp4JgxYaaICyo3hXiPhIIK51iXodgz548TxrHZbtSrtycFKoX0zhyYB8cgCKwwSmogmtQA3WAwSN4Bq/gzXgyXox342NSumBMe/bAHxifP+j/m9E=</latexit>

F (z) = Wz,W → Rd→d

Theorem: Assume       is injective. If                       , then with high probability 
there exists a       such that                              

<latexit sha1_base64="tHzL1LsyAi3lSWwYJmSQHHel4VI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx4r2A9oY9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqHscJ9yM6UCIUjKKVmuFDlxrslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmucVr1qp3l2Ua9d5HAU4hhM4Aw8uoQa3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD5bajyU=</latexit>

f→ <latexit sha1_base64="Kf6lAEKtmK3PYwSf0Qn/g32oKtQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCvITdINGLEvDiSSOYByRrmJ2dJENmH8zMimHZX/HiQRGv/og3/8ZJsgdNLGgoqrrp7nIjzqSyrG8jt7K6tr6R3yxsbe/s7pn7xZYMY0Fok4Q8FB0XS8pZQJuKKU47kaDYdzltu+Orqd9+pEKyMLhXk4g6Ph4GbMAIVlrqm8UbdIF6inGPJrdp2XuonvTNklWxZkDLxM5ICTI0+uZXzwtJ7NNAEY6l7NpWpJwEC8UIp2mhF0saYTLGQ9rVNMA+lU4yuz1Fx1rx0CAUugKFZurviQT7Uk58V3f6WI3kojcV//O6sRqcOwkLoljRgMwXDWKOVIimQSCPCUoUn2iCiWD6VkRGWGCidFwFHYK9+PIyaVUrdq1Suzst1S+zOPJwCEdQBhvOoA7X0IAmEHiCZ3iFNyM1Xox342PemjOymQP4A+PzBw6rkys=</latexit>

N = Õ(d2)
<latexit sha1_base64="9JXIv+OYEcd4jx1YSHtK6IoDCes=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrtfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/tpOM4g==</latexit>

W
<latexit sha1_base64="lxNlarSLsxju8y30/ynS1unRtd8=">AAACE3icbZA9SwNBEIb3/DZ+RS1tFoOgIuFOJNoogo2VKJgo5M4wt9kzS/b2jt05STjyH2z8KzYWitja2Plv3MQUGn1h4eGdGXbmDVMpDLrupzM2PjE5NT0zW5ibX1hcKi6v1EySacarLJGJvg7BcCkUr6JAya9TzSEOJb8K2yf9+tUd10Yk6hK7KQ9iuFUiEgzQWo3itt8CzKPeZmeLHtLoxgeDlneoHyUapKQd6gtF62dBuVEsuWV3IPoXvCGUyFDnjeKH30xYFnOFTIIxdc9NMchBo2CS9wp+ZngKrA23vG5RQcxNkA9u6tEN6zSpXcI+hXTg/pzIITamG4e2MwZsmdFa3/yvVs8wOghyodIMuWLfH0WZpJjQfkC0KTRnKLsWgGlhd6WsBRoY2hgLNgRv9OS/UNste5Vy5WKvdHw0jGOGrJF1skk8sk+OySk5J1XCyD15JM/kxXlwnpxX5+27dcwZzqySX3LevwC455wr</latexit>

f̂(x) = f→(x), →x ↑ [N ].

• Obtained by construction                                          Superposition of outer products
<latexit sha1_base64="YC4RHCQ0zSW+Klam0Twcf6VmOV4=">AAACFnicbVDLSsNAFJ34rPVVdelmsAi6sCQi1Y1ScONKKtgHNDFMppM6dDIJMzfSEvoVbvwVNy4UcSvu/Bunj4W2HrhwOOde7r0nSATXYNvf1tz8wuLScm4lv7q2vrFZ2Nqu6zhVlNVoLGLVDIhmgktWAw6CNRPFSBQI1gi6l0O/8cCU5rG8hX7CvIh0JA85JWAkv3DUwOfY1WnkZz3scolb194Ap34W3rlEw0HvcICZ38N3LsRJyS8U7ZI9Ap4lzoQU0QRVv/DltmOaRkwCFUTrlmMn4GVEAaeCDfJuqllCaJd0WMtQSSKmvWz01gDvG6WNw1iZkoBH6u+JjERa96PAdEYE7vW0NxT/81ophGdexmWSApN0vChMBYYYDzPCba4YBdE3hFDFza2Y3hNFKJgk8yYEZ/rlWVI/LjnlUvnmpFi5mMSRQ7toDx0gB52iCrpCVVRDFD2iZ/SK3qwn68V6tz7GrXPWZGYH/YH1+QMQuJ4V</latexit>

W =
∑

x→[N ]

uf→(x)e
↑
x .



Associative memories: Main results

Linear associative memory:
<latexit sha1_base64="Sia3RaZ2MBPiDmAbagSCOFoBhfs=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtSElEqhulIIjLKvYBTSyTybQdOpmEmYnQhnyDG3/FjQtF3Lpy5984abvQ1gMzHM65l3vv8SJGpbKsb2NhcWl5ZTW3ll/f2NzaNnd2GzKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0BpeZ33wgQtKQ36lhRNwA9TjtUoyUljpm6ao4KsFz2ISjI/05lEMnQKrvecltep/40FE0IBL6accsWGVrDDhP7CkpgClqHfPL8UMcB4QrzJCUbduKlJsgoShmJM07sSQRwgPUI21NOdJz3GR8UgoPteLDbij04wqO1d8dCQqkHAaerszWlbNeJv7ntWPVPXMTyqNYEY4ng7oxgyqEWT7Qp4JgxYaaICyo3hXiPhIIK51iXodgz548TxrHZbtSrtycFKoX0zhyYB8cgCKwwSmogmtQA3WAwSN4Bq/gzXgyXox342NSumBMe/bAHxifP+j/m9E=</latexit>

F (z) = Wz,W → Rd→d

Theorem: Assume       is injective. If                       , then with high probability 
there exists a       such that                              

<latexit sha1_base64="tHzL1LsyAi3lSWwYJmSQHHel4VI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx4r2A9oY9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqHscJ9yM6UCIUjKKVmuFDlxrslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmucVr1qp3l2Ua9d5HAU4hhM4Aw8uoQa3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD5bajyU=</latexit>

f→ <latexit sha1_base64="Kf6lAEKtmK3PYwSf0Qn/g32oKtQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCvITdINGLEvDiSSOYByRrmJ2dJENmH8zMimHZX/HiQRGv/og3/8ZJsgdNLGgoqrrp7nIjzqSyrG8jt7K6tr6R3yxsbe/s7pn7xZYMY0Fok4Q8FB0XS8pZQJuKKU47kaDYdzltu+Orqd9+pEKyMLhXk4g6Ph4GbMAIVlrqm8UbdIF6inGPJrdp2XuonvTNklWxZkDLxM5ICTI0+uZXzwtJ7NNAEY6l7NpWpJwEC8UIp2mhF0saYTLGQ9rVNMA+lU4yuz1Fx1rx0CAUugKFZurviQT7Uk58V3f6WI3kojcV//O6sRqcOwkLoljRgMwXDWKOVIimQSCPCUoUn2iCiWD6VkRGWGCidFwFHYK9+PIyaVUrdq1Suzst1S+zOPJwCEdQBhvOoA7X0IAmEHiCZ3iFNyM1Xox342PemjOymQP4A+PzBw6rkys=</latexit>

N = Õ(d2)
<latexit sha1_base64="9JXIv+OYEcd4jx1YSHtK6IoDCes=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrtfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/tpOM4g==</latexit>

W
<latexit sha1_base64="lxNlarSLsxju8y30/ynS1unRtd8=">AAACE3icbZA9SwNBEIb3/DZ+RS1tFoOgIuFOJNoogo2VKJgo5M4wt9kzS/b2jt05STjyH2z8KzYWitja2Plv3MQUGn1h4eGdGXbmDVMpDLrupzM2PjE5NT0zW5ibX1hcKi6v1EySacarLJGJvg7BcCkUr6JAya9TzSEOJb8K2yf9+tUd10Yk6hK7KQ9iuFUiEgzQWo3itt8CzKPeZmeLHtLoxgeDlneoHyUapKQd6gtF62dBuVEsuWV3IPoXvCGUyFDnjeKH30xYFnOFTIIxdc9NMchBo2CS9wp+ZngKrA23vG5RQcxNkA9u6tEN6zSpXcI+hXTg/pzIITamG4e2MwZsmdFa3/yvVs8wOghyodIMuWLfH0WZpJjQfkC0KTRnKLsWgGlhd6WsBRoY2hgLNgRv9OS/UNste5Vy5WKvdHw0jGOGrJF1skk8sk+OySk5J1XCyD15JM/kxXlwnpxX5+27dcwZzqySX3LevwC455wr</latexit>

f̂(x) = f→(x), →x ↑ [N ].

• Obtained by construction                                          Superposition of outer products
<latexit sha1_base64="YC4RHCQ0zSW+Klam0Twcf6VmOV4=">AAACFnicbVDLSsNAFJ34rPVVdelmsAi6sCQi1Y1ScONKKtgHNDFMppM6dDIJMzfSEvoVbvwVNy4UcSvu/Bunj4W2HrhwOOde7r0nSATXYNvf1tz8wuLScm4lv7q2vrFZ2Nqu6zhVlNVoLGLVDIhmgktWAw6CNRPFSBQI1gi6l0O/8cCU5rG8hX7CvIh0JA85JWAkv3DUwOfY1WnkZz3scolb194Ap34W3rlEw0HvcICZ38N3LsRJyS8U7ZI9Ap4lzoQU0QRVv/DltmOaRkwCFUTrlmMn4GVEAaeCDfJuqllCaJd0WMtQSSKmvWz01gDvG6WNw1iZkoBH6u+JjERa96PAdEYE7vW0NxT/81ophGdexmWSApN0vChMBYYYDzPCba4YBdE3hFDFza2Y3hNFKJgk8yYEZ/rlWVI/LjnlUvnmpFi5mMSRQ7toDx0gB52iCrpCVVRDFD2iZ/SK3qwn68V6tz7GrXPWZGYH/YH1+QMQuJ4V</latexit>

W =
∑

x→[N ]

uf→(x)e
↑
x .

MLP associative memory:

Theorem:  If                          , then with high probability there exists a       such 
that                              

<latexit sha1_base64="9JXIv+OYEcd4jx1YSHtK6IoDCes=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrtfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/tpOM4g==</latexit>

W
<latexit sha1_base64="lxNlarSLsxju8y30/ynS1unRtd8=">AAACE3icbZA9SwNBEIb3/DZ+RS1tFoOgIuFOJNoogo2VKJgo5M4wt9kzS/b2jt05STjyH2z8KzYWitja2Plv3MQUGn1h4eGdGXbmDVMpDLrupzM2PjE5NT0zW5ibX1hcKi6v1EySacarLJGJvg7BcCkUr6JAya9TzSEOJb8K2yf9+tUd10Yk6hK7KQ9iuFUiEgzQWo3itt8CzKPeZmeLHtLoxgeDlneoHyUapKQd6gtF62dBuVEsuWV3IPoXvCGUyFDnjeKH30xYFnOFTIIxdc9NMchBo2CS9wp+ZngKrA23vG5RQcxNkA9u6tEN6zSpXcI+hXTg/pzIITamG4e2MwZsmdFa3/yvVs8wOghyodIMuWLfH0WZpJjQfkC0KTRnKLsWgGlhd6WsBRoY2hgLNgRv9OS/UNste5Vy5WKvdHw0jGOGrJF1skk8sk+OySk5J1XCyD15JM/kxXlwnpxX5+27dcwZzqySX3LevwC455wr</latexit>

f̂(x) = f→(x), →x ↑ [N ].

• Improvement over one-hot embeddings, which can only store                 associations

<latexit sha1_base64="jo+Q+F46xEpeilSzyAgHdwxukus="></latexit>

F (z) = V →ω(Wz) for V,W → Rm↑d

<latexit sha1_base64="tCl4j3PRBPUoOk4R5G5nGOdlX5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIVC9KwYsnrWA/oA1ls5m2S3eTsLtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/yYM6Ud59taWl5ZXVvPbeQ3t7Z3du3CXkNFiaRQpxGPZMsnCjgLoa6Z5tCKJRDhc2j6w6uJ33wAqVgU3utRDJ4g/ZD1GCXaSF27cIMvcEczHkB6Oy6J4LhrF52yMwVeJG5GiihDrWt/dYKIJgJCTTlRqu06sfZSIjWjHMb5TqIgJnRI+tA2NCQClJdOTx/jI6MEuBdJU6HGU/X3REqEUiPhm05B9EDNexPxP6+d6N65l7IwTjSEdLaol3CsIzzJAQdMAtV8ZAihkplbMR0QSag2aeVNCO78y4ukcVJ2K+XK3WmxepnFkUMH6BCVkIvOUBVdoxqqI4oe0TN6RW/Wk/VivVsfs9YlK5vZR39gff4ArumS/g==</latexit>

N = Õ(md)

<latexit sha1_base64="C0IPFAb2hjB6Kk4XvDB7j5/8AQA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePEkFewHNKFsNpt26Sa77G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvFBypo3rfjultfWNza3ydmVnd2//oHp41NEiU4S2ieBC9UKsKWcpbRtmOO1JRXESctoNx7czv/tElWYifTQTSYMED1MWM4KNlfx75EslpBEoQoNqza27c6BV4hWkBgVag+qXHwmSJTQ1hGOt+54rTZBjZRjhdFrxM00lJmM8pH1LU5xQHeTzm6fozCoRioWylRo0V39P5DjRepKEtjPBZqSXvZn4n9fPTHwd5CyVmaEpWSyKM47sj7MAUMQUJYZPLMFEMXsrIiOsMDE2pooNwVt+eZV0Lupeo954uKw1b4o4ynACp3AOHlxBE+6gBW0gIOEZXuHNyZwX5935WLSWnGLmGP7A+fwBC7CRCw==</latexit>

N → d

• Matching lower bounds



Synthetic task for Factual recall



Synthetic task for Factual recall

How many parameters do Transformers need to solve this?
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Sequential data
Optimization

Model

Factual recall Transformers



Single layer transformer with MLP

• Random embeddings 

• Embedding dimension    , head dimension      , MLP width     ,      heads 
<latexit sha1_base64="W+Q5GLRq2+Qd6mBEPkhL2GiNXJ8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTNq1m03Y3Qil9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSq4Nq777aytb2xubRd2irt7+weHpaPjlk4yxbDJEpGoTkA1Ci6xabgR2EkV0jgQ2A5GdzO//YRK80Q+mHGKfkwHkkecUWOlRtgvld2KOwdZJV5OypCj3i999cKEZTFKwwTVuuu5qfEnVBnOBE6LvUxjStmIDrBrqaQxan8yP3RKzq0SkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYlu/AmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/ykeM7w==</latexit>

d
<latexit sha1_base64="oTXPFRPBU1m3mb6j/l3WB6/l+qk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pms2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmBakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnYAaLoXiTRQoeSfVnMaB5O1gdDvz209cG5GoRxyn3I/pQIlIMIpWegj7w3654lbdOcgq8XJSgRyNfvmrFyYsi7lCJqkxXc9N0Z9QjYJJPi31MsNTykZ0wLuWKhpz40/mp07JmVVCEiXalkIyV39PTGhszDgObGdMcWiWvZn4n9fNMLr2J0KlGXLFFouiTBJMyOxvEgrNGcqxJZRpYW8lbEg1ZWjTKdkQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQGA3iGV3hzpPPivDsfi9aCk88cwx84nz9C8o3K</latexit>

dh
<latexit sha1_base64="AxoTcIy1vzwRncOYapT0GIQSobs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1u0nY3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ch5h03AjsJMopDIQ2A7GdzO//YRK8zh6MJMEfUmHEQ85o8ZKDdkvld2KOwdZJV5OypCj3i999QYxSyVGhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFraUQlaj+bHzol51YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeGNn/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8f1+uM+A==</latexit>m

<latexit sha1_base64="fFfrRZVOCquu7MwIJaVMP9WaPls=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8JJjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZ/77SdUmkfywUxj9EM6knzIGTVWatT6xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDWz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVV9irlSuO6VL3L4sjDGZzDJXhwA1WoQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB5/XjNM=</latexit>

H
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 How many parameters to they need?

Theorem (informal) 

• Attention + MLP:                             and                     suffices
<latexit sha1_base64="hc3x/bq/BYlvSOyswNwbqSlM1wA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsgCGVGpLqSgpsu66MPaIchk8m0oUlmSDJKGfspblwo4tYvceffmLaz0NYDgcM553JvTpAwqrTjfFuFldW19Y3iZmlre2d3zy7vt1WcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRtdTv/NApKKxuNfjhHgcDQSNKEbaSL5dboT+EPYH2kQ4vDuFt75dcarODHCZuDmpgBxN3/7qhzFOOREaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DBeJEedns9Ak8NkoIo1iaJzScqb8nMsSVGvPAJDnSQ7XoTcX/vF6qo0svoyJJNRF4vihKGdQxnPYAQyoJ1mxsCMKSmlshHiKJsDZtlUwJ7uKXl0n7rOrWqrWb80r9Kq+jCA7BETgBLrgAddAATdACGDyCZ/AK3qwn68V6tz7m0YKVzxyAP7A+fwCf8pLx</latexit>

Hdh ↭ S +R
<latexit sha1_base64="w3afwsU4/Z8CFPvY78Qs5dJZsy8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxPvKAZAmzs7PJkJnZdWY2EJZ8hxcPinj1Y7z5N06SPWi0oKGo6qa7K0g408Z1v5zCyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjK5nfntMlWaxfDCThPoCDySLGMHGSr4IUW9grC3Q/V2/XHGr7hzoL/FyUoEcjX75sxfGJBVUGsKx1l3PTYyfYWUY4XRa6qWaJpiM8IB2LZVYUO1n86On6MQqIYpiZUsaNFd/TmRYaD0Rge0U2Az1sjcT//O6qYku/YzJJDVUksWiKOXIxGiWAAqZosTwiSWYKGZvRWSIFSbG5lSyIXjLL/8lrbOqV6vWbs8r9as8jiIcwTGcggcXUIcbaEATCDzCE7zAqzN2np03533RWnDymUP4BefjGxnDkas=</latexit>

md ↭ SR
<latexit sha1_base64="PlBE0FBUOQfhPwA+YOANNySX5RA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEqiupuHFZxT6gDWEynbRDZ5IwcyMtoeDGX3HjQhG3/oQ7/8bpY6GtBy4czrmXe+8JEsE1OM63tbC4tLyymlvLr29sbm3bO7s1HaeKsiqNRawaAdFM8IhVgYNgjUQxIgPB6kHveuTXH5jSPI7uYZAwT5JOxENOCRjJt/fbuNUB40t8d3LlZy1gfcgk6Q+Hvl1wis4YeJ64U1JAU1R8+6vVjmkqWQRUEK2brpOAlxEFnAo2zLdSzRJCe6TDmoZGRDLtZeMfhvjIKG0cxspUBHis/p7IiNR6IAPTKQl09aw3Ev/zmimEF17GoyQFFtHJojAVGGI8CgS3uWIUxMAQQhU3t2LaJYpQMLHlTQju7MvzpHZadEvF0u1ZoXw5jSOHDtAhOkYuOkdldIMqqIooekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB/XJl8A=</latexit>

d ↭ R+Amax
<latexit sha1_base64="sg+6ELCFDF2Nao9Eegos4PvE944=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6koKbrqsaB/QjiWTybShSWZIMkoZ+h9uXCji1n9x59+YtrPQ1gOBwznncm9OkHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywupn67UeqNIvlvRkn1Bd4IFnECDZWeqiH/SHqDYwNCHTXL5XdijsDWiZeTsqQo9EvffXCmKSCSkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUSC6r9bHb1BJ1aJURRrOyTBs3U3xMZFlqPRWCTApuhXvSm4n9eNzXRlZ8xmaSGSjJfFKUcmRhNK0AhU5QYPrYEE8XsrYgMscLE2KKKtgRv8cvLpHVe8aqV6u1FuXad11GAYziBM/DgEmpQhwY0gYCCZ3iFN+fJeXHenY95dMXJZ47gD5zPH7uPkgU=</latexit>

Hdh ↭ S• Attention-only:                              and                    suffices 
<latexit sha1_base64="sV4oTSEfTI2JI29YnDlu7hXzPBg=">AAACHXicbVBNS8NAEN34bf2qevSyWAS9lERK9SSKF48KVoWmhM12Whc3m7g7kZaYP+LFv+LFgyIevIj/xk3tQVsfLLx9b4aZeWEihUHX/XImJqemZ2bn5ksLi0vLK+XVtQsTp5pDg8cy1lchMyCFggYKlHCVaGBRKOEyvDku/Ms70EbE6hz7CbQi1lWiIzhDKwXl2vZRkPkIPcwi1stz6qMWTHUl3FLfKoGm9wXBa85kdpQX/52gXHGr7gB0nHhDUiFDnAblD78d8zQChVwyY5qem2ArYxoFl5CX/NRAwvgN60LTUsUiMK1scF1Ot6zSpp1Y26eQDtTfHRmLjOlHoa0s9jSjXiH+5zVT7Oy3MqGSFEHxn0GdVFKMaREVbQsNHGXfEsa1sLtSfs0042gDLdkQvNGTx8nFbtWrV+tntcrhwTCOObJBNsk28cgeOSQn5JQ0CCcP5Im8kFfn0Xl23pz3n9IJZ9izTv7A+fwG8/qicA==</latexit>

(Amax ↭ max
r

|Ar|)



 How many parameters to they need?

Theorem (informal) 

• Attention + MLP:                             and                     suffices
<latexit sha1_base64="hc3x/bq/BYlvSOyswNwbqSlM1wA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsgCGVGpLqSgpsu66MPaIchk8m0oUlmSDJKGfspblwo4tYvceffmLaz0NYDgcM553JvTpAwqrTjfFuFldW19Y3iZmlre2d3zy7vt1WcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRtdTv/NApKKxuNfjhHgcDQSNKEbaSL5dboT+EPYH2kQ4vDuFt75dcarODHCZuDmpgBxN3/7qhzFOOREaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DBeJEedns9Ak8NkoIo1iaJzScqb8nMsSVGvPAJDnSQ7XoTcX/vF6qo0svoyJJNRF4vihKGdQxnPYAQyoJ1mxsCMKSmlshHiKJsDZtlUwJ7uKXl0n7rOrWqrWb80r9Kq+jCA7BETgBLrgAddAATdACGDyCZ/AK3qwn68V6tz7m0YKVzxyAP7A+fwCf8pLx</latexit>

Hdh ↭ S +R
<latexit sha1_base64="w3afwsU4/Z8CFPvY78Qs5dJZsy8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxPvKAZAmzs7PJkJnZdWY2EJZ8hxcPinj1Y7z5N06SPWi0oKGo6qa7K0g408Z1v5zCyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjK5nfntMlWaxfDCThPoCDySLGMHGSr4IUW9grC3Q/V2/XHGr7hzoL/FyUoEcjX75sxfGJBVUGsKx1l3PTYyfYWUY4XRa6qWaJpiM8IB2LZVYUO1n86On6MQqIYpiZUsaNFd/TmRYaD0Rge0U2Az1sjcT//O6qYku/YzJJDVUksWiKOXIxGiWAAqZosTwiSWYKGZvRWSIFSbG5lSyIXjLL/8lrbOqV6vWbs8r9as8jiIcwTGcggcXUIcbaEATCDzCE7zAqzN2np03533RWnDymUP4BefjGxnDkas=</latexit>

md ↭ SR
<latexit sha1_base64="PlBE0FBUOQfhPwA+YOANNySX5RA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEqiupuHFZxT6gDWEynbRDZ5IwcyMtoeDGX3HjQhG3/oQ7/8bpY6GtBy4czrmXe+8JEsE1OM63tbC4tLyymlvLr29sbm3bO7s1HaeKsiqNRawaAdFM8IhVgYNgjUQxIgPB6kHveuTXH5jSPI7uYZAwT5JOxENOCRjJt/fbuNUB40t8d3LlZy1gfcgk6Q+Hvl1wis4YeJ64U1JAU1R8+6vVjmkqWQRUEK2brpOAlxEFnAo2zLdSzRJCe6TDmoZGRDLtZeMfhvjIKG0cxspUBHis/p7IiNR6IAPTKQl09aw3Ev/zmimEF17GoyQFFtHJojAVGGI8CgS3uWIUxMAQQhU3t2LaJYpQMLHlTQju7MvzpHZadEvF0u1ZoXw5jSOHDtAhOkYuOkdldIMqqIooekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB/XJl8A=</latexit>

d ↭ R+Amax
<latexit sha1_base64="sg+6ELCFDF2Nao9Eegos4PvE944=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6koKbrqsaB/QjiWTybShSWZIMkoZ+h9uXCji1n9x59+YtrPQ1gOBwznncm9OkHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywupn67UeqNIvlvRkn1Bd4IFnECDZWeqiH/SHqDYwNCHTXL5XdijsDWiZeTsqQo9EvffXCmKSCSkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUSC6r9bHb1BJ1aJURRrOyTBs3U3xMZFlqPRWCTApuhXvSm4n9eNzXRlZ8xmaSGSjJfFKUcmRhNK0AhU5QYPrYEE8XsrYgMscLE2KKKtgRv8cvLpHVe8aqV6u1FuXad11GAYziBM/DgEmpQhwY0gYCCZ3iFN+fJeXHenY95dMXJZ47gD5zPH7uPkgU=</latexit>

Hdh ↭ S• Attention-only:                              and                    suffices 
<latexit sha1_base64="sV4oTSEfTI2JI29YnDlu7hXzPBg=">AAACHXicbVBNS8NAEN34bf2qevSyWAS9lERK9SSKF48KVoWmhM12Whc3m7g7kZaYP+LFv+LFgyIevIj/xk3tQVsfLLx9b4aZeWEihUHX/XImJqemZ2bn5ksLi0vLK+XVtQsTp5pDg8cy1lchMyCFggYKlHCVaGBRKOEyvDku/Ms70EbE6hz7CbQi1lWiIzhDKwXl2vZRkPkIPcwi1stz6qMWTHUl3FLfKoGm9wXBa85kdpQX/52gXHGr7gB0nHhDUiFDnAblD78d8zQChVwyY5qem2ArYxoFl5CX/NRAwvgN60LTUsUiMK1scF1Ot6zSpp1Y26eQDtTfHRmLjOlHoa0s9jSjXiH+5zVT7Oy3MqGSFEHxn0GdVFKMaREVbQsNHGXfEsa1sLtSfs0042gDLdkQvNGTx8nFbtWrV+tntcrhwTCOObJBNsk28cgeOSQn5JQ0CCcP5Im8kFfn0Xl23pz3n9IJZ9izTv7A+fwG8/qicA==</latexit>

(Amax ↭ max
r

|Ar|)



Theorem (informal) 

• Attention + MLP:                             and                     suff
<latexit sha1_base64="hc3x/bq/BYlvSOyswNwbqSlM1wA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsgCGVGpLqSgpsu66MPaIchk8m0oUlmSDJKGfspblwo4tYvceffmLaz0NYDgcM553JvTpAwqrTjfFuFldW19Y3iZmlre2d3zy7vt1WcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRtdTv/NApKKxuNfjhHgcDQSNKEbaSL5dboT+EPYH2kQ4vDuFt75dcarODHCZuDmpgBxN3/7qhzFOOREaM6RUz3US7WVIaooZmZT6qSIJwiM0ID1DBeJEedns9Ak8NkoIo1iaJzScqb8nMsSVGvPAJDnSQ7XoTcX/vF6qo0svoyJJNRF4vihKGdQxnPYAQyoJ1mxsCMKSmlshHiKJsDZtlUwJ7uKXl0n7rOrWqrWb80r9Kq+jCA7BETgBLrgAddAATdACGDyCZ/AK3qwn68V6tz7m0YKVzxyAP7A+fwCf8pLx</latexit>

Hdh ↭ S +R
<latexit sha1_base64="w3afwsU4/Z8CFPvY78Qs5dJZsy8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxPvKAZAmzs7PJkJnZdWY2EJZ8hxcPinj1Y7z5N06SPWi0oKGo6qa7K0g408Z1v5zCyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdjK5nfntMlWaxfDCThPoCDySLGMHGSr4IUW9grC3Q/V2/XHGr7hzoL/FyUoEcjX75sxfGJBVUGsKx1l3PTYyfYWUY4XRa6qWaJpiM8IB2LZVYUO1n86On6MQqIYpiZUsaNFd/TmRYaD0Rge0U2Az1sjcT//O6qYku/YzJJDVUksWiKOXIxGiWAAqZosTwiSWYKGZvRWSIFSbG5lSyIXjLL/8lrbOqV6vWbs8r9as8jiIcwTGcggcXUIcbaEATCDzCE7zAqzN2np03533RWnDymUP4BefjGxnDkas=</latexit>

md ↭ SR
<latexit sha1_base64="PlBE0FBUOQfhPwA+YOANNySX5RA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEqiupuHFZxT6gDWEynbRDZ5IwcyMtoeDGX3HjQhG3/oQ7/8bpY6GtBy4czrmXe+8JEsE1OM63tbC4tLyymlvLr29sbm3bO7s1HaeKsiqNRawaAdFM8IhVgYNgjUQxIgPB6kHveuTXH5jSPI7uYZAwT5JOxENOCRjJt/fbuNUB40t8d3LlZy1gfcgk6Q+Hvl1wis4YeJ64U1JAU1R8+6vVjmkqWQRUEK2brpOAlxEFnAo2zLdSzRJCe6TDmoZGRDLtZeMfhvjIKG0cxspUBHis/p7IiNR6IAPTKQl09aw3Ev/zmimEF17GoyQFFtHJojAVGGI8CgS3uWIUxMAQQhU3t2LaJYpQMLHlTQju7MvzpHZadEvF0u1ZoXw5jSOHDtAhOkYuOkdldIMqqIooekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB/XJl8A=</latexit>

d ↭ R+Amax
<latexit sha1_base64="sg+6ELCFDF2Nao9Eegos4PvE944=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6koKbrqsaB/QjiWTybShSWZIMkoZ+h9uXCji1n9x59+YtrPQ1gOBwznncm9OkHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpeNUEdokMY9VJ8CaciZp0zDDaSdRFIuA03Ywupn67UeqNIvlvRkn1Bd4IFnECDZWeqiH/SHqDYwNCHTXL5XdijsDWiZeTsqQo9EvffXCmKSCSkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUSC6r9bHb1BJ1aJURRrOyTBs3U3xMZFlqPRWCTApuhXvSm4n9eNzXRlZ8xmaSGSjJfFKUcmRhNK0AhU5QYPrYEE8XsrYgMscLE2KKKtgRv8cvLpHVe8aqV6u1FuXad11GAYziBM/DgEmpQhwY0gYCCZ3iFN+fJeXHenY95dMXJZ47gD5zPH7uPkgU=</latexit>

Hdh ↭ S• Attention-only:                              and                    suff
<latexit sha1_base64="sV4oTSEfTI2JI29YnDlu7hXzPBg=">AAACHXicbVBNS8NAEN34bf2qevSyWAS9lERK9SSKF48KVoWmhM12Whc3m7g7kZaYP+LFv+LFgyIevIj/xk3tQVsfLLx9b4aZeWEihUHX/XImJqemZ2bn5ksLi0vLK+XVtQsTp5pDg8cy1lchMyCFggYKlHCVaGBRKOEyvDku/Ms70EbE6hz7CbQi1lWiIzhDKwXl2vZRkPkIPcwi1stz6qMWTHUl3FLfKoGm9wXBa85kdpQX/52gXHGr7gB0nHhDUiFDnAblD78d8zQChVwyY5qem2ArYxoFl5CX/NRAwvgN60LTUsUiMK1scF1Ot6zSpp1Y26eQDtTfHRmLjOlHoa0s9jSjXiH+5zVT7Oy3MqGSFEHxn0GdVFKMaREVbQsNHGXfEsa1sLtSfs0042gDLdkQvNGTx8nFbtWrV+tntcrhwTCOObJBNsk28cgeOSQn5JQ0CCcP5Im8kFfn0Xl23pz3n9IJZ9izTv7A+fwG8/qicA==</latexit>

(Amax ↭ max
r

|Ar|)

Number of facts stored scale linearly with parameter size

[Allen-Zhu et al. 2024]
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 How do they learn?

Theorem (informal) 

• Global convergence to zero loss

• Intermediate phase where model predicts with                instead of  

• Linear attention, one-hot embeddings

• Gradient flow with initialization 
<latexit sha1_base64="D8O1ohnBiTmPrg00qwQjsRg7sBI=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoUMqMiLqSghvBhS3YB7RluJOmbWhmJiQZtR36C278FTcuFHHrzp1/Y/pYaPXA5R7OuZfkHl9wprTjfFmphcWl5ZX0amZtfWNzy97eqaooloRWSMQjWfdBUc5CWtFMc1oXkkLgc1rz+xdjv3ZLpWJReKMHgrYC6IaswwhoI3l2ruYl19VRDvLDwzy+85Kr8ig3PMRNEEJG96Zz0QN87nh21ik4E+C/xJ2RLJqh5NmfzXZE4oCGmnBQquE6QrcSkJoRTkeZZqyoANKHLm0YGkJAVSuZXDTCB0Zp404kTYUaT9SfGwkESg0C30wGoHtq3huL/3mNWHfOWgkLRaxpSKYPdWKOdYTH8eA2k5RoPjAEiGTmr5j0QALRJsSMCcGdP/kvqR4V3JPCSfk4WzyfxZFGe2gf5ZCLTlERXaISqiCCHtATekGv1qP1bL1Z79PRlDXb2UW/YH18A4jim5Q=</latexit>

WOV (a, z), wKQ(z) → ω > 0

<latexit sha1_base64="Epd7sAce33Lumy1Hgu0rOsilxlM=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEqicpePFYwX5AGspms2mX7mbD7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1PBDbjut7O2vrG5tV3aKe/u7R8cVo6OO0ZlmrI2VULpXkgMEzxhbeAgWC/VjMhQsG44vpv53SemDVfJI0xSFkgyTHjMKQEr+WmN4L7kEdYXg0rVrbtz4FXiFaSKCrQGla9+pGgmWQJUEGN8z00hyIkGTgWblvuZYSmhYzJkvqUJkcwE+fzkKT63SoRjpW0lgOfq74mcSGMmMrSdksDILHsz8T/PzyC+CXKepBmwhC4WxZnAoPDsfxxxzSiIiSWEam5vxXRENKFgUyrbELzll1dJ57LuNeqNh6tq87aIo4RO0RmqIQ9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWtecYuYE/YHz+QPidpBZ</latexit>

p(a | r)
<latexit sha1_base64="GZJbyM0ENfA1lkdeTJK2L/ue718=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkepJCl48VrAf0K4lm03b0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5ldW19Y38ZmFre2d3r7h/0NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYjVZpF8t6MY+oLPJCszwg2VnqIyxh1BQuRPkPqtFcsuRV3BrRMvIyUIEO9V/zqhhFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns6gk6sUqI+pGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3E9K/8lMk4MVSS+aJ+wpGJ0DQCFDJFieFjSzBRzN6KyBArTIwNqmBD8BZfXibN84pXrVTvLkq16yyOPBzBMZTBg0uowS3UoQEEFDzDK7w5T86L8+58zFtzTjZzCH/gfP4AffuRNg==</latexit>

p(a | s, r)



 How do they learn?

Theorem (informal) 

• Global convergence to zero loss

• Intermediate phase where model predicts with                instead of  
<latexit sha1_base64="Epd7sAce33Lumy1Hgu0rOsilxlM=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEqicpePFYwX5AGspms2mX7mbD7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1PBDbjut7O2vrG5tV3aKe/u7R8cVo6OO0ZlmrI2VULpXkgMEzxhbeAgWC/VjMhQsG44vpv53SemDVfJI0xSFkgyTHjMKQEr+WmN4L7kEdYXg0rVrbtz4FXiFaSKCrQGla9+pGgmWQJUEGN8z00hyIkGTgWblvuZYSmhYzJkvqUJkcwE+fzkKT63SoRjpW0lgOfq74mcSGMmMrSdksDILHsz8T/PzyC+CXKepBmwhC4WxZnAoPDsfxxxzSiIiSWEam5vxXRENKFgUyrbELzll1dJ57LuNeqNh6tq87aIo4RO0RmqIQ9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWtecYuYE/YHz+QPidpBZ</latexit>

p(a | r)
<latexit sha1_base64="GZJbyM0ENfA1lkdeTJK2L/ue718=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkepJCl48VrAf0K4lm03b0CS7JFmlLP0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXhBzpo3rfju5ldW19Y38ZmFre2d3r7h/0NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1M/dYjVZpF8t6MY+oLPJCszwg2VnqIyxh1BQuRPkPqtFcsuRV3BrRMvIyUIEO9V/zqhhFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns6gk6sUqI+pGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3E9K/8lMk4MVSS+aJ+wpGJ0DQCFDJFieFjSzBRzN6KyBArTIwNqmBD8BZfXibN84pXrVTvLkq16yyOPBzBMZTBg0uowS3UoQEEFDzDK7w5T86L8+58zFtzTjZzCH/gfP4AffuRNg==</latexit>

p(a | s, r)

Hallucination stage where 
prediction is only based on 
the relation

Stage-wise with sub-n grams



Key Takeaways

Transformers memorize facts with near-

optimal capacity

Sequential learning behavior—first using only 

the relation, then both subject and relation 



How many parameters to they need?

Sequential data
Optimization

Model

Factual recall Transformers

How do they learn?



How do they learn?

Sequential data
Optimization

Model

Transformers

Markov/n-gram

Topic models

Factual recall



Sequential data Model

Compositional/Multi-hop reasoning Transformers

More…

[Wang et al. 2025, Guo et al. 2024]



What can they represent? How do they learn?

Sequential data

How do they generalize?

Part I Part II

Optimization
Model



What can they represent? How do they learn?

Sequential data

How do they generalize?

Part I Part II

Optimization
Model

Part III



Part III 
Generalization
(properties of practical solutions)



Recap

Part I: representability — existence of solutions? 

• Upper bound: e.g. automata; induction head. 

• Lower bound: depth (Transformer) and width (Transformer + RNNs).

Part II: optimization — searching for solutions? 

• Can find (local) optima for e.g. Markov data, topic model, linear regression.

Provable benefit of depth/CoT: length generalization

• Caution: different optimal solutions may generalize differently.



1. Length generalization 

• Setup: train on small, test on large.

Part III — (a tiny bit about) generalization

• Challenging — causes & mitigations?

• Proper measure of size: e.g. parity:  matters (more than ).∑
i

xi T

• RASP-L conjecture: short RASP-L program  length generalize .→ ✓

• Takeaways:  1) positions cause issues;   2) potential new “hierarchy”.

e.g. RASP-L is more fine-grained

parity ( ), majority ( ) × ✓ ∈ TC0∖AC0

[Zhou et al. 23]



1. Length generalization 

• Setup: train on small, test on large.

Part III — (a tiny bit about) generalization

• Challenging — causes & mitigations?

• Proper measure of size: e.g. parity:  matters (more than ).∑
i

xi T

• RASP-L conjecture: short RASP-L program  length generalize .→ ✓

• Takeaways:  1) positions cause issues;   2) potential new “hierarchy”.

e.g. RASP-L is more fine-grained

parity ( ), majority ( ) × ✓ ∈ TC0∖AC0

❖ C-RASP [Yang et al. 24] 



Part III — (a tiny bit about) generalization

2. Same-length generalization 

• Setup: same-length OOD sequences.

• Can the model always learn a robust solution?

• No, even for a naive task (2-layer representation; easy to learn).



Part III — (a tiny bit about) generalization

2. Same-length generalization 

• Setup: same-length OOD sequences.

• Can the model always learn a robust solution?

• No, even for a naive task (2-layer representation; easy to learn).

Flip-flop: a task that’s easy to represent and learn.

2-layer, constant-size
(Part I)

great in-distribution accuracy
(Part II)

… yet with imperfect OOD generalization.

[Liu et al. 23]



Part III — (a tiny bit about) generalization

2. Same-length generalization 

• Setup: same-length OOD sequences.

• Can the model always learn a robust solution?

• No, even for a naive task — inherent limitations of attention.

Flip-flop: a task that’s easy to represent and learn.

2-layer, constant-size
(Part I)

great in-distribution accuracy
(Part II)

… yet with imperfect OOD generalization.

[Liu et al. 23]



Part III… why & how models (fail to) generalize? 

• Length generalization: proper measure of size; RASP-L. 

• Same-length OOD generalization: inherent limitations of attention.

Summary

Part I … what are the solutions in practice? 

• Tools for upper and lower bounds on the solution size. 

• Implications: depth-width tradeoff; architecture comparison & improvement.

via studying sandboxes

Part II … how well can the solutions be found? 

• Implicit bias of gradient-based methods, canonical reparametrization. 

• Simplicity bias, stage-wise training.



Summary
benefits of sandboxes

Algorithm design 

• e.g. hybrid models (Part I); structured assumptions to improve OOD.

Understanding & clarity 

• e.g. architecture choice (Part I); length generalization (Part I & III). 

• e.g. training dynamics (Part II).

Diagnoses & stress test 

• e.g. 1-layer models fail to learn 1st-order Markov chains (Part II) 

• e.g. attention’s limitations revealed by flip-flop (Part III).



Summary
limitations of sandboxes

Gap between sandboxes and real-world

Model: 

• What architectures choices are essential? 
e.g. layers? tokenization? 

• Assumptions on pretrained models? 
e.g. (Fourier) features? ICL/emergence?

Data: 

• Which data structures to use? 

• Single sandbox  a mixture?→



Learning from Sandboxes
A lot of more to do! We need you :)

Algorithm design 

• e.g. hybrid models (Part I); structured assumptions to improve OOD.

Understanding & clarity 

• e.g. architecture choice (Part I); length generalization (Part I & III). 

• e.g. training dynamics (Part II).

Diagnoses & stress test 

• e.g. 1-layer models fail to learn 1st-order Markov chains (Part II) 

• e.g. attention’s limitations revealed by flip-flop (Part III).



Thank You!
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0 1


