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Motivation

Study duality of four dimensional N = 2 SCFT with following
properties: a): it has exact marginal deformations; b): Coulomb
branch operators have fractional scaling dimensions.

The space of such (Argyres-Douglas) theories is much larger than
those with integral scaling dimensions.

Previous studies on S duality mainly focus on SCFTs with integral
scaling dimension and mainly use class S construction. We will find a
two discrete parameter generalization of duality (in fact class S sits at
the bottom). These new examples should provide us more insights in
understanding duality.
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Known examples

N = 4 SYM theory (Montonen, Olive, Osborn), N = 2 SU(2) theory
with Nf = 4 (Seiberg-Witten 94).

N = 2 SU(3) theory with Nf = 6: the dual involves strongly coupled
matter (Argyres-Seiberg 07).

Class S theory using 6d (2, 0) construction (Gaiotto, 09)

Two examples involving matter with fractional scaling dimensions (
Buican, Giacomelli, Nishinaka, Papageorgakis, 2014).

Several infinite sequence of self-dual examples involving matter with
fractional scaling dimensions using F theory construction (Del Zetto,
Vafa, Xie,2015)
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The most well understood examples are class S theories thanks to 6d
construction, and the Coulomb branch operators all have the integral
scaling dimension.

SCFTs with fractional scaling dimension seems to be much more general,
and indeed huge class of examples are found using 6d (2,0) theory (DX 12,
Y.Wang, DX 15) , singularity theory (Shapere, Vafa, 98, DX, S.T.Yau 15).
Many theories do have exact marginal deformations.
What is the S duality behavior for those general class of theories? We
knew very few examples, here we will provide an answer for those SCFTs
engineered using 6d (2, 0) theory.
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Generalities of N = 2 conformal deformations

The N = 2 preserving conformal deformations are classified by operator
Er ,(0,0) with r = 2 (Dolan, Osborn, 02, Argyres, Lotito, Lu, Martone, 15,
Cordorva, Dumitrescu, Intriligator 16):

δS = τ

∫
d4θE2,(0,0) + c .c (1)

Given a N = 2 SCFT, we would like to answer following questions about
conformal manifold (stack):

The dimension of conformal manifold.

The metric on conformal manifold: tt∗ equation (Papadodimas 09),
relation to S4 partition function (Gomis, Hsin, Komargodski,
Schwimmer, Seiberg 15).

The duality group and the weakly coupled gauge theory description,
i.e. decomposing the theory into gauge groups and matters with
flavor symmetries.
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Models

Let’s consider 6d AN−1 (2, 0) theory, and compactify it on a sphere with
following irregular singularity (DX, 2012)

Φ =
Tn

zn
+

Tn−1

zn−1
+ . . .+

T1

z
+ . . . (2)

here Ti are diagonal matrices whose eigenvalue degeneracy is labeled by a
Young Tableaux Yi , we have the following constraint

Yn ⊂ Yn−1 ⊂ . . . ⊂ Y1 (3)

We can add an extra regular singularity which is also labeled by a Young
Tableaux Y0.
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The SW curve and Coulomb branch spectrum can be found from the
defining data of the irregular and regular singularities. They can have
fractional scaling and integral scaling.

Not all theories are SCFT, we will classify them later.

If the theory is SCFT, the parameters in Tn might be identified with
the exact marginal deformations. The parameters in Ti

(i = n − 1, . . . , 2) are relevant coupling constants. The paramaters in
T1 are mass parameters.

These theories all have Lagrangian 3d mirror (Boalch 10; DX 12).
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AD matter

We call an isolated SCFT AD matter if it has fractional scaling dimension
and non-abelian flavor symmetry. The AD matter in our models is found
by imposing the following condition: the Coulomb branch spectrum does
not have dimension two operators. Interestingly, we find the following
matters (whose 3d mirror is shown):

n
1

n
2

n
3

A B

n−2
n

1
n

2

n
3

They can have three non-abelian flavor symmetries: an infinite
sequence of generalization of TN theory.
The flavor central charges for three non-abelian favor symmetries are:

kSU(n1) = n1 +
1

n − 1
, kSU(n2) = n2 +

1

n − 1
, kSU(n3) = n3 +

n − 2

n − 1
(4)
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SCFT

The SCFT is found by imposing condition: the number of parameters in
Tn is larger than the number of dimension two operators. We found the
following condition: Yn = Yn−1 = . . . = Y2. The 3d Mirrors for those
theories look like:

a

a
a

a

a
a

n
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a=n−2
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S duality

Interestingly, we found an infinite sequence of matter and SCFT labeled by
an integer n. n = 2 case are nothing but the Class S theory. The S duality
of class S theory is interpreted as the degeneration of a punctured Riemann
surface into three punctured sphere which represents the TN matter.

Interestingly, for n > 2, things also works perfectly in the same way: SCFT
is represented by a punctured sphere, and matter is represented by a three
punctured sphere. S duality is interpreted as different decompositions.
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Examples

Consider AN−1 (2, 0) theory on an irregular singularity with n = 3 and Ti

are all regular semi-simple.

There are a total of N − 2 parameters in T3, but there are only N − 3
dimension two operators.

The same theory can be engineered using type IIB string on 3-fold
singularity x21 + x22 + xN3 + xN4 = 0 (Cecotti, Neitzke, Vafa, 12).

The SCFT can be represented by a sphere with N marked points, and
different S duality frame is interpreted as different decomposition:
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Consider n = 4 and Ti all regular semi-simple. The same theory can be
engineered using singularity x21 + x22 + xN3 + x2N4 = 0.
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Checks

There are some checks one can do:

Vanishing of β function.

Coulomb branch spectrum, Higgs branch dimension, etc.

Central charges a, c .

Index computation (D.X, W.B.Yan, S.T. Yau).

The number of cusp singularities of the moduli of singularity is equal
to that of duality frame.
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Generalizations

We found a sequence of SCFTs labeled by an integer n whose S
duality is interpreted as the degeneration of Riemann sphere.

In fact, there are families of SCFTs labeled by a pair of co-prime
integers (p, q) (previous example is labeled as (n, 1)). Again one can
classify the matter and SCFTs and understand S duality as the
degeneration of the Riemann sphere. The story is pretty similar.

The theory can be generalized to SCFTs engineered using other type
of 6d (2, 0) theory.
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“Higher genus” and other theories

We decompose the known SCFT with exact marginal deformations into
various matters. On the other hand, we can get new SCFT by gauging AD
matter.

Higher genus: we can gauge the flavor symmetries of a single AD
matter. i.e.

n n−2

N−1 N

We can gauge more than two AD matters for a single gauge group.

The classification of SCFTs and S duality of those theories deserve further
study.

Dan Xie (Center for Mathematical Sciences and Applications, Harvard University Based on D.Xie and S.T Yau: Arxiv: 1602.03529,1608.xxxxx )Argyres-Douglas Matter and New N = 2 dualities August 3, 2016 18 / 19



“Higher genus” and other theories

We decompose the known SCFT with exact marginal deformations into
various matters. On the other hand, we can get new SCFT by gauging AD
matter.

Higher genus: we can gauge the flavor symmetries of a single AD
matter. i.e.

n n−2

N−1 N

We can gauge more than two AD matters for a single gauge group.

The classification of SCFTs and S duality of those theories deserve further
study.

Dan Xie (Center for Mathematical Sciences and Applications, Harvard University Based on D.Xie and S.T Yau: Arxiv: 1602.03529,1608.xxxxx )Argyres-Douglas Matter and New N = 2 dualities August 3, 2016 18 / 19



“Higher genus” and other theories

We decompose the known SCFT with exact marginal deformations into
various matters. On the other hand, we can get new SCFT by gauging AD
matter.

Higher genus: we can gauge the flavor symmetries of a single AD
matter. i.e.

n n−2

N−1 N

We can gauge more than two AD matters for a single gauge group.

The classification of SCFTs and S duality of those theories deserve further
study.

Dan Xie (Center for Mathematical Sciences and Applications, Harvard University Based on D.Xie and S.T Yau: Arxiv: 1602.03529,1608.xxxxx )Argyres-Douglas Matter and New N = 2 dualities August 3, 2016 18 / 19



Open questions

There are many open questions:

A string theory interpretation of S duality?

Any other matter system?

Duality group and metric on conformal manifold, and the relation to
moduli of singularity?

Consequences for observables such as partition function, index: 2d/4d
correspondence? TQFT?

What about S duality for more general theories engineered using
3-fold singularity?

Better understanding of duality. Still very mysterious.
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