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@ Introduction

The main purpose of this talk is to study operational

aspects of quantum entanglement in CFTs, which have
not been well investigated so far.

Indeed, quantum information theory is originally
formulated in an operational way.

In this talk, we will describe three operations in 2d CFTs:

(i) Projecting States Locally
(ii)) Adding Entanglement locally between Two CFTs
(iii) Swapping locally between Two CFTs

— A CFT model of quantum teleportation



Example of an operational aspect of Ql: LOCC
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This includes projections and unitary trfs.

CC (=Classical Communications between A and B)
=These operations are combined and called LOCC.



Operational Meaning of Entanglement entropy (EE)

The unit of entanglement = EPR pair
1
[EPR) =—=(0) 0), +[1),[1),).

Reduced density matrix
= P, :TrBﬂ‘IJX‘P

Entanglement Entropy (EE) LOCC
=8, =-Tr, p,logp, )

~ Maximal # of EPR pairs ? %
obtained by LOCC.
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Quantum Teleportation
[Bennett et.al 1993] \V Alice Bob

Initial state: ‘ ‘ ‘
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@) Local Projection in a CFT

In QFTs, we can consider a local projection measurement
where the state at each point in a region P is projected:

PC
p:[l‘[\m(%]@[ng] cobos
xeP xeP® v

Note that after the projection, there is no real space

entanglement in the region P.



In CFTs, an important class of such states with no real
space entanglement is given by

boundary state \ B> (Cardy state). [Miyaji-Ryu-Wen-TT 2014]

ey R |
6—0
Boundary . - =

(Ble™?"O(x)O(%,)---O(x,)e ™" |B)

<B‘e—25-H B> =~ 1;[<O(XI)>

Thus a local projection measurement can be
described by a boundary state | B). [Rajabpour 2015]
(More generally, we have | [U,|B).)



Consider a local projection of a 2d CFT on an interval P.

This is described by an Euclidean
path-integral as follows:

tE=0 ‘qj>:e_pH'uB><B‘pHTo>

 —— A Real time evolution
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/ Lorentzian
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Conformal Maps
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EE in Free Dirac Fermion CFT ,=06, p=0.5, ¢=53
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3 Partially Entangling and Swapping in two CFTs

(3-1) Partially Entangling of Two CFTs

In Ql operations, it is also very important to prepare
EPR states (maximally entangled states).

Thus we would like to create EPR states between two
identical CFTs (CFT1 and CFT2) on an interval A.

This is realized in the
Euclidean path-integral:

p-(TZlnn. [TTE . A

xed n,

o[ 12,

CFT1 CFT2
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Since each plane with two cuts is conformal to a cylinder,
our doubled geometry is conformal to a torus.

Torus moduli
@+@= »T:Tl_l_iz-z.
vy

The entanglement entropy between .
two CFTs is given by (assume 7, >>1. |S =-—7,
In AdS/CFT, only need 7, >1.): 3

In our setup (g>>p), this leads to I g

- EE is extensive as expected. Sent — 6 ' p ‘

(i.e. Volume law)



(3-2) Partial Swapping Two CFTs

We cut out A1 and A2 from CFT1 and CFT2. After

we exchange them, we glue them again.

CFT1 CFT2

I I
A1; " A2

N

CFT1

-g+ip  Cy q+ip

-g-ip g-ip

\ 4

A torus with a different period
than the previous one



EE after partial swapping

EllipticCurve:
qtip Cy qip V' =(x—ip-q)x—ip+q)(x+ip—q)x+ip+q)

C Period of the torus:
- dx

-g-ip g-ip JCy Y

When p/q <<1, wefind

S

Interval

2
. %—clog[i]. = 2-§
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C

Interval —

[
Reproduce the formula § 10g[—] I [Holzhey-Larsen-Wilczek 1994]
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@ Holographic Descriptions and Time evolutions
(4-1) Holographic dual of BCFT [17 11, Fujita-Tonni-TT 11]

Our model of

A gravity dual of a CFT on local projection
a space M with a boundary:
Q
Kab — O
Note: The bdy Q backreacts Projection - Reduce Entanglement
in general, as opposed to HEE. - Making a hole in

holographic spacetime



(4-2) Holographic Local Projection

Simple example:

Holographic Computation:

B e OgZ(L+2q)L.
4G, 6 &

‘ This agrees with the general
N

— CFT result in [Rajabpour 2015].
"\

| Note also if q~ ¢ — 0, thisis
| -
reduced to the familiar formula

-
-
.
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Transformation S, = %10g[£] :
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(4-3) Holographic Partial Entangling of Two CFTs

@ Partial Entangling of o T o

Two CFTs
—

=> Torus geometry A1 'Azp ::::;:;:;

& BTZ black hole By || ™

/Zq/ —

@ A local projection v

= Cylinder geometry o "
& A half of BTZ black hole .
Disconnected Connected Geodesic

Geodesics

BH Horizon



HEE for a single interval att=0 /=06, p=05, ¢=53
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0 =0.6,
p=05 g=53

Time Evolutions of HEE for a single interval

After we fix x1 and x2, we study the time evolutions.

P(entangled) A ASA (t) [x1,x2] =[20,60]
B — —

t= t=x2—
9 0 g9 x1 x2 G Yo
CFT1
<= —> Relativistic
CFT2 EPR pairs Propagation
t=xl—gq

In the limit x2>>t>>B and x1=0, we find a log growth:

?
AS, ~ = log ﬂsmh(\/_ ;z,g) = Why log t growth
6 S No quasi-particle picture ?

Similar to locally excited states in hol. CFTs [Caputa-Nozaki-Numasawa-TT 13,14].
Cf. Integrable CFTs show only a finite growth of EE [He-Numasawa-Watanabe-TT 14].



® Holographic Quantum Teleportation

(5-1) Quantum Teleportation in CFTs

Local Projection Measurement

(

O(x) -9 1| cFT1
J

C

*
Entangled CFT2

‘ Local PrOJectlon‘wa‘

Measurement
CFT1
O'( ) IV’ /1
X
AL CFT2
~ J

Unitary Transformation

We teleport the operator
O(x) from CFT1 to CFT2:

O(x) = a,0,(x) + a,0,(x),

where |a, |* +|a, [’=1.

0,())0),
02 (x)| 0>1

<[0)
<),

> 1 Qubit




Path-integral formulation and Conformal transformation

After the projection measurement, we obtain the state:
_gH —?H
W) =N-e* (,0,+a,0,)e* |y),

(B=2]logp]). Q\l

This satisfies the linearity

CFT1 CFT2 ! ! |
- w.r.t. al and a2 if

e > (w|0/0)|w)={w|0;0]w)=0.
Projection
), P Jl'
S0, 1P _ This is satisfied by
R v assuming a U(1) charge
/z/q such that Q(01)=1

Q(02)=-1.



(5-2) Holographic Quantum Teleportation

Partially entangled CFT1+CFT2
< An eternal BTZ black hole [Maldacena 2001 + argument here] .
= The two AdS boundaries are causally disconnected.

After the local projection, a
boundary (CFT1) is removed.
= CFT2 can access to O(x)

via the Einstein-Rosen bridge.
[See also Susskind 2014 for earlier work]

Two sided AdS BH One sided AdS BH

CFT1
¢11D

Collapse of wave functions

= Collapse of hol. spacetimes
(thus can change topology)

Eff. temperature reduced
by a half



®) Conclusions

 We introduced quantum information theoretic operations in
CFTs and their holographic duals:

(i) Local projection Lab. for Thought

(i) Partial Entangling of two CFTs Experiments
(iii) Swapping of two CFTs of Ql in CFTs

e We presented a CFT and Hol. model of quantum teleportation.
A projection measurement eliminates a part of spacetime. The

information is teleported through the Einstein-Rosen bridge.

Future problems A candidate: 2(S, —S™®)_I(4: B)
¢ Higher dim. generalizations/'

¢ Multi-partite entanglement measures using projections ?
¢ Explicit analysis of quantum teleportations in CFTs



Thank you very much |
%t !
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