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Entanglement and inequalities

Quantum inequalities of entanglement play important roles
Strong subadditivity
Monotonicity and positivity of relative entropy

Constraints on RG flows
Entroic c-theorem in 2d [Casini-Huerta 04]
F -theorem in 3d [Myers-Sinha 10, Jafferis-Klebanov-Pufu-Safdi
11, Casini-Huerta 12, Liu-Mezei 12, · · · ]

Bounds for entropy and energy
Generalized second law, Quantum Bousso bound [Wall 10,11,
Bousso-Casini-Fisher-Maldacena 14,
Bousso-Fisher-Koeller-Leichenauer-Wall 15, · · · ]
1st law of entanglement [Bhattacharya-Nozaki-Takayanagi-Ugajin
12, Blanco-Casini-Hung-Myers 13, · · · ]
Averaged null energy condition [Faulkner-Leigh-Parrikar-Wang 16]
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Entanglement entropy

Divide a system to A and B = Ā:

Htot = HA ⊗HB

A
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Entanglement entropy

Divide a system to A and B = Ā:

Htot = HA ⊗HB

Entanglement entropy
SA = −TrA ρA log ρA

(ρA ≡ TrB ρtot)

Holographic formula [Ryu-Takayanagi 06]

SA =
Area(γA)
4GN

A

AdS space

z
z = ε

γA
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Holographic entanglement entropy

The Ryu-Takayanagi formula simplifies the proof of
[Headrick-Takayanagi 07, Headrick 13]

Strong subadditivity inequality [Lieb-Ruskai 73]

SAB + SBC ≥ SB + SABC
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Inequalities of Rényi entropies

A one-parameter generalization of entanglement entropy

Rényi entropy

Sn[ρ] ≡ − 1

n− 1
log Tr[ρn]

They are known to satisfy

Inequalities of Rényi entropy [e.g. Beck-Schögle 93, Zyczkowski 03]

∂nSn ≤ 0

∂n

(
n− 1

n
Sn

)
≥ 0

∂n ((n− 1)Sn) ≥ 0

∂2
n ((n− 1)Sn) ≤ 0
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Holographic formula of Rényi entropies

A
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Holographic formula of Rényi entropies

Holographic formula [Dong 16]

S̃n =
Area(γ(n)A )

4GN

A

Cosmic brane

z
z = ε

γ
(n)
A
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Holographic formula of Rényi entropies

Holographic formula [Dong 16]

S̃n =
Area(γ(n)A )

4GN

Improved Rényi entropy:

S̃n ≡ n2∂n

(
n− 1

n
Sn

)

Does this formula satisfy the inequalities
of Rényi entropies?

A

Cosmic brane

z
z = ε

γ
(n)
A
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Outline

1 Thermodynamic interpretation of the inequalities

2 A holographic proof of Rényi inequalities
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Analogy to statistical mechanics

We regard Z(n) ≡ Tr[ρn] as a thermal partition function at an
inverse temperature β ≡ n
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partition function Z(n) = Tr
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inverse temperature β = n (Rényi parameter)

Hamiltonian H = − log ρ (modular Hamiltonian)
partition function Z(n) = Tr

[
e−β H

]
free energy F (n) = −β−1 logZ

energy E(n) = −∂β logZ

entropy S̃n = β2∂βF

heat capacity C(n) = −β∂βS̃
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Improved Rényi entropy and capacity of entanglement

The “thermal" entropy is not the Rényi entropy

Sn = − 1

n− 1
logZ(n)

The capacity C(n) (capacity of entanglement [Yao-Qi 10]) is
non-negative

C(n) = n2〈(H − 〈H〉n)2〉n ≥ 0

(〈X〉n ≡ Tr [X ρn] /Z(n))
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Rényi inequalities in thermodynamic form

The Rényi inequalities can be written in concise forms:

For a spherical entangling surface in CFT, the inequalities
imply the stability of AdS black hole in the dual gravity
[Hung-Myers-Smolkin-Yale 11]
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Bulk replica trick

The replica trick:

log Tr[ρn] = logZ[Mn]− n logZ[M1]

Extending to a smooth bulk Bn with ∂Bn = Mn

Z[Mn] ∼ e−Ibulk[Bn]

Mn A
· · ·
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Bulk replica trick

The replica trick:

log Tr[ρn] = logZ[Mn]− n logZ[M1]

Extending to a smooth bulk Bn with ∂Bn = Mn

Z[Mn] ∼ e−Ibulk[Bn]

Mn A
· · ·

z Bn τ
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Bulk per replica

Bulk per replica

B̂n ≡ Bn/Zn

with ∂B̂n = M1

[Lewkowycz-Maldacena 13, Dong 13]

A codimension-two fixed locus γ
(n)
A with a deficit angle

∆φ = 2π(1− 1/n)

B̂n has a curvature singularity at γ(n)A

R(B̂n) ∼ ∆φ δ
(
γ
(n)
A

)
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Holographic formula of Rényi entropy

Bulk action per replica

I(n) ≡ Ibulk[Bn]/n

Free energy

F (n) = I(n)− I(1)

Improved Rényi entropy [Dong 16]

S̃n ≡ n2∂nF (n)
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8πGN
Area(γ(n)A )

Free energy

F (n) = I(n)− I(1)

Improved Rényi entropy [Dong 16]

S̃n ≡ n2∂nF (n)

=
A

4GN
+ (term ∝ eom)(

A = Area(γ(n)A )
)
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Holographic proof of Rényi inequalities

S̃n

E

C
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Holographic proof of Rényi inequalities

S̃n =
A

4GN
≥ 0

E = Ibulk[B̂n]− Ibulk[B1] +
A

4GN

C
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Holographic proof of Rényi inequalities

S̃n =
A

4GN
≥ 0

E = Ibulk[B̂n]− Ibulk[B1] +
A

4GN
≥ 0

B1 : on-shell solution with ∂B̂n = ∂B1 = M1

C
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Holographic proof of Rényi inequalities

S̃n =
A

4GN
≥ 0

E = Ibulk[B̂n]− Ibulk[B1] +
A

4GN
≥ 0

B1 : on-shell solution with ∂B̂n = ∂B1 = M1

C =∫
Bn

dd+1Xdd+1X ′ δGµν(X)

δn

δ2Ibulk[Bn]

δGµν(X)δGαβ(X ′)

δGαβ(X
′)

δn
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B1 : on-shell solution with ∂B̂n = ∂B1 = M1

C =∫
Bn

dd+1Xdd+1X ′ δGµν(X)

δn

δ2Ibulk[Bn]

δGµν(X)δGαβ(X ′)

δGαβ(X
′)

δn

≥ 0

Bn: on-shell solution with non-negative Hessian [Nakaguchi-TN
16]
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Capacity of entanglement in CFT

For an interval of length L in CFT2 [Holzhey-Larsen-Wilczek 94,
Calabrese-Cardy 04]

For a spherical entangling surface in CFTd [Perlmutter 13]
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(
1 +

1

n

)
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Capacity of entanglement in CFT

For an interval of length L in CFT2 [Holzhey-Larsen-Wilczek 94,
Calabrese-Cardy 04]

C(n) =
c

3n
log(L/ε)

For a spherical entangling surface in CFTd [Perlmutter 13]

C(1) = Vol(Hd−1)
2πd/2+1(d− 1)Γ(d/2)

Γ(d+ 2)
CT

〈Tab(x)Tcd(0)〉 ∝ CT
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Capacity of entanglement in gravity duals

The gravity dual of a spherical entangling surface
A variant of our formula for C(n) gives

C(1) =
Vol(Hd−1)

4GN

Consistent with the CFT result as

CT |gravity =
1

8πGN

Γ(d+ 2)

πd/2(d− 1)Γ(d/2)
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Capacity of entanglement in gravity duals

The gravity dual of a spherical entangling surface
= AdS topological black hole [Hung-Myers-Smolkin-Yale 11]

ds2d+1 =
dr2

fn(r)
+ fn(r)dτ

2 + r2(du2 + sinh2 u dΩ2
d−2)

fn(r) = r2 − 1− rdn − rd−2
n

rd−2
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= AdS topological black hole [Hung-Myers-Smolkin-Yale 11]

ds2d+1 =
dr2

fn(r)
+ fn(r)dτ

2 + r2(du2 + sinh2 u dΩ2
d−2)

fn(r) = r2 − 1− rdn − rd−2
n

rd−2

A variant of our formula for C(n) gives

C(1) =
Vol(Hd−1)

4GN

Consistent with the CFT result as

CT |gravity =
1
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Summary

Rewrite the Rényi inequalities in a thermodynamical way

S̃ ≥ 0 , E ≥ 0 , C ≥ 0

Prove them by the holographic formula (Non-trivial check)

Does the relation between the modular Hamiltonians
[Jafferis-Suh 14, Jafferis-Lewkowycz-Maldacena-Suh 15]

Hboundary =
Â

4GN
+Hbulk + · · ·

still hold for the Rényi entropies?
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