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Language Models for Text and Code Generation

Vision Models (Object Recognition)

Biology (Protein Folding) 

(Generative Image/Video Models)

AI is changing the world!



Why is this happening?



Dominant AI Paradigm: Scaling

Hestness et al, 2017, “Deep Learning Scaling is Predictable, Empirically”



Following these trends, 10x of compute leads to 10% reduction in loss

Dominant AI Paradigm: Scaling

Kaplan et al 2020, “Scaling Laws for Neural Language Models”



Test time scaling
Snell et al 2024, “Scaling LLM Test-Time Compute Optimally can

be More Effective than Scaling Model Parameters”





Hyperparameter Transfer

ResNet, CIFAR-10 Yang et al., 2021; Bordelon et al., 2023; 





Caution: not everything is predictable from small scale

Figures from Lourie, Hu and Cho, 2025



Villalobos et al 2024
100 pages per 

day for 100 years 
< 2 billion words

Challenges of Scaling Paradigm

Expensive: Current approaches are very data and compute hungry



Energy: According to internet rumor and some reputable sources (World Economic Forum), training GPT-4 
consumed an estimated 50 gigawatt-hours (GWh) of energy, took 100 days and cost $100M USD! Decent 
part of the cost is due to performing large number of training runs. 

ChatGPT uses ~0.5 GWh per day! (Forbes)

Compare to typical US household ~30 kWh per day!



• What are the limits of scaling? 
• “Universality classes”

• What properties scale predictably, what do not?

• When does consistent behavior arise? Hyperparameter transfer

• What sets these scaling laws? Why power laws? 
• Can we beat them? Better scaling laws.
• At what scale do new capabilities emerge? Important implications for AI Safety

• Is scaling sufficient? Does GPT-5 signal the end of scaling era?

• …..

Many interesting questions



In this series of talks

• Parameterizations for predictable scaling: How to scale up a neural network such that they converge 
to well-behaved limits and allow hyperparameter transfer?

• An introduction to Dynamical Mean Field Theory (DMFT) descriptions of infinite limits: We will discuss 
deeper and other architectures that will lead to a different description than presented in Andrea’s talk

• Application of DMFT for understanding scaling laws

• A toy model of emergence of in context learning





Part I: Parameterizations for Predictable Scaling



As discussed in Andrea’s lectures, previous work identified different behaviors arising from infinite (width, depth, 
attention head, ….) limits of networks with different parameterizations and initializations

Ø lazy/static (NTK – Kernel limit): Network does not adapt its internal representations to data. Worse 
performance compared to rich regime in practice. Easier to analyze (see Andrea’s talk), but not realistic. 
                  (Chizat and Bach, 2018; Jacot, Gabriel, Hongler, 2018)

Ø feature learning/rich (mean field limit): Network learns internal representations. Better performance and more 
realistic, but harder to analyze. There may be many rich limits for a given architecture.
             (Two-layer networks: Rotskoff, Vanden-Eijnden 2018; Mei, Montanari, Nguyen, 2018) 
                 (Deep MLPs: Yang & Hu 2020; Bordelon and Pehlevan, 2022)
               (ResNets: Bordelon et al., 2023; Yang et al., 2023)
           (Transformers: Bordelon et al., 2025; Dey et al. 2025)

Lazy vs Rich Limits



Case 1: Infinite-width limits for MLPs

Let’s first fix depth (L) at a finite number, and take width (N) to infinity
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L



controls speed of representation learning (Chizat and Bach, 2019; Geiger et al, 2020)

Neural Tangent parameterization (Jacot et al, 2018; Lee et al, 2019): 

Mean field / Maximal Update (mu) parameterization (Mei et al 2018, Yang et al 2021): 

We will derive 
these scalings in a 

few slides.

Different parameterizations for for MLPs
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ω0 = !N (1)
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ω0 = !N (1/
→
N)



Depth 12 ResNet on CIFAR-10 SGD training

Example: Mean-field/muP vs NTK parameterizations



Depth 12 ResNet on CIFAR-10 SGD training

Example: Mean-field/muP vs NTK parameterizations



Depth 12 ResNet on CIFAR-10 SGD training

Example: Mean-field/muP vs NTK parameterizations



Parameterizations 

Possible parameterizations and initializations:

Training:Loss/Data:
<latexit sha1_base64="T3ML2jK5edbbgCjsLRNC2B9JfnU="></latexit>

ωt+1 = ωt → ω↑L(ωt)

How should we choose {a}, {b}, c, d?



Yang & Hu 2020; Bordelon and Pehlevan, 2022

As we scale width (N), we demand the following:

1. Stable Initialization: Hidden layers and output remain stable at initialization

2. Training: Outputs evolve in finite time

3. Feature Learning: Features evolve in finite time (this doesn’t happen in NTK parameterization)

Desiderata for feature learning infinite limits
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!tf(x) → f(x;ωt)↑ f(x;ωt→1) = ”N (1)
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!th
(ω)
i (x) → h(ω)

i (x;ωt)↑ h(ω)
i (x;ωt→1) = ”N (1)
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(ω)
i = !N (1), f = ON (1)



Stable Initialization
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=→ 2aω + bω = 1, l = 2, . . . , L.



Yang & Hu 2020; Bordelon and Pehlevan, 2022

Demand the following:

1. Stable initialization

2. Training

3. Feature Learning

muP/ mean field parameterization



Full details of these calculations can be found in



controls speed of representation learning (Chizat and Bach, 2019; Geiger et al, 2020)

Neural Tangent (Jacot et al, 2018; Lee et al, 2019): 

Mean field scaling (Mei et al 2018, Yang et al 2021): 



Hyperparameter transfer

Figure from Yang et al., 2022



Why does hyperparameter transfer work? Consistent behavior across scales

ResNet18 on CIFAR-5M, online training, batch size 250

More experiments in Vyas et al, NeurIPS, 2023



Last layer similarity matrices

Consistent behavior across widths

Pre-activation 
histograms

ResNet18 on CIFAR-5M, online training, batch size 250

More experiments in Vyas et al, NeurIPS, 2023



Case 2: Transformers Parameterizations for Predictable Scaling

Keys Queries ValuesAttention Output

Multihead Self-Attention (MHSA) Layer

M
HS

A

M
LP

M
HS

A

M
LP

Many choices: 
depth (L), 
number of heads (H), 
dimension per head (N)



Theory

Extension, refined desiderata, and 
experimental verification
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hω+1 = hω + L→ε Fω(h
ω;ωω), ω = {1, . . . , L}

Setup
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ωω → ωω +!ωω, !ωω = ↑ωω · gω
AdamW

Fixed depth network such as an 
Attention or MLP block



Quick derivation:
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2
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|hω|2At large N

<latexit sha1_base64="vd4uug3CAoS0OCA987V7fJcB6QY=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hiECBJmRKIXIeDFg4coZoEkhJ5OJWnSs9BdI4YhePFXvHhQxKtf4c2/sbMcNPFBweO9KqrqeZEUGh3n20otLC4tr6RXM2vrG5tb9vZORYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3+5civ3oPSIgzucBBB02fdQHQEZ2iklr3XiHoi1zuiF7SB8IDJLVyXh0bItOysk3fGoPPEnZIsmaLUsr8a7ZDHPgTIJdO67joRNhOmUHAJw0wj1hAx3mddqBsaMB90Mxm/MKSHRmnTTqhMBUjH6u+JhPlaD3zPdPoMe3rWG4n/efUYO+fNRARRjBDwyaJOLCmGdJQHbQsFHOXAEMaVMLdS3mOKcTSpjUJwZ1+eJ5WTvFvIF25Os8XjaRxpsk8OSI645IwUyRUpkTLh5JE8k1fyZj1ZL9a79TFpTVnTmV3yB9bnD6znlaE=</latexit>

ω(h) = ReLU(h)Example:
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=→ ω = !(L1→ω)



<latexit sha1_base64="O2YfozncLKBXuvn99JGvWUXCSIg="></latexit>

hlin,ω(ω,ω0) = h(ω0) +→ωh(ω)|ω0 · (ω ↑ ω0)

<latexit sha1_base64="a9aASkykAxFDVnySokouWwq5HQU=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBymJSPUiFLx4rGA/oAlls520S3eTsLsRQqh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rtLa+sblV3q7s7O7tH9iHRx0Vp5JCm8Y8lr2AKOAsgrZmmkMvkUBEwKEbTG5nfvcRpGJx9KCzBHxBRhELGSXaSAO76jFh9oDCHuHJmOAb7A7smlN35sCrxC1IDRVoDewvbxjTVECkKSdK9V0n0X5OpGaUw7TipQoSQidkBH1DIyJA+fn8+Ck+NcoQh7E0FWk8V39P5EQolYnAdAqix2rZm4n/ef1Uh9d+zqIk1RDRxaIw5VjHeJYEHjIJVPPMEEIlM7diOiaSUG3yqpgQ3OWXV0nnou426o37y1rzvIijjI7RCTpDLrpCTXSHWqiNKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP1lQk90=</latexit>

=→ ω = 1



Simple Block Depth 2 Example. 

Consider N = 1
<latexit sha1_base64="Ik/mNnhPpfZQWbxvQyAi2zmIBCs="></latexit>

hω+1 = hω + L→ε W ω
(2)W

ω
(1)h

ω, ω = {1, . . . , L}
<latexit sha1_base64="Vm7PaqKz57slDB3wIF6rv1aUM3I="></latexit>

(W ω
(1),W

ω
(2)) = ωω →↑ ωω +!ωω

<latexit sha1_base64="V6xPNCACHhbRkoG23gmg+/di7AQ="></latexit>

!ωωhω+1 = →ωωhω+1 ·!ωω +
1

2
!ωω→→2

ωωhω+1!ωω

<latexit sha1_base64="8h4X2mFEpFmT0FbG/IwVKIfC81A="></latexit>

= L→ω(W ε
(2)h

ε !W ε
(1)︸ ︷︷ ︸

Lω→1

+W ε
(1)h

ε !W ε
(2)︸ ︷︷ ︸

Lω→1

)

︸ ︷︷ ︸
L→1

+L→ωhε !W ε
(1)!W ε

(2)︸ ︷︷ ︸
L2(ω→1)

︸ ︷︷ ︸
Lω→2

.

Taylor expand:

<latexit sha1_base64="a9aASkykAxFDVnySokouWwq5HQU=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBymJSPUiFLx4rGA/oAlls520S3eTsLsRQqh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rtLa+sblV3q7s7O7tH9iHRx0Vp5JCm8Y8lr2AKOAsgrZmmkMvkUBEwKEbTG5nfvcRpGJx9KCzBHxBRhELGSXaSAO76jFh9oDCHuHJmOAb7A7smlN35sCrxC1IDRVoDewvbxjTVECkKSdK9V0n0X5OpGaUw7TipQoSQidkBH1DIyJA+fn8+Ck+NcoQh7E0FWk8V39P5EQolYnAdAqix2rZm4n/ef1Uh9d+zqIk1RDRxaIw5VjHeJYEHjIJVPPMEEIlM7diOiaSUG3yqpgQ3OWXV0nnou426o37y1rzvIijjI7RCTpDLrpCTXSHWqiNKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP1lQk90=</latexit>

=→ ω = 1



Yang & Hu 2020 Bordelon et al., 2023; Yang et al., 2023; 
Bordelon et al., 2025; Dey et al. 2025



Practical benefits



Conclusion for Part 1

• Different parameterizations and initializations lead to different behaviors in 
scaling limits

• Parameterizations that allow predictable and consistent scaling  offer 
hyperparameter transfer benefits

• More work to be done as new architectural changes come in (e.g. mixture 
of experts)





Part II - Dynamical Mean Field Theory Description of Feature 
Learning Dynamics 

See Andrea Montanari’s Turing Lecture 3 
for results on two-layer MLPs. 

I will discuss deeper MLPs (and point to 
references for other architectures).



Dynamical Mean Field Theory

Dynamical mean-field theory (DMFT) offers a powerful theoretical approach for reducing the 
equations of motion of high-dimensional system into a single equation governing an effective, or 
“mean-field,” particle.

Why is this useful? 
 
1. Mean field equations can be used to gain various analytical insights into the problem.
2. Mean field equations can provide computational gains compared to simulating the full high 
dimensional system

Specifically for this context:

3. Scaling the size of neural networks give better performing models. Hence, DMFT describes the 
“best” model for a given architecture.



Random Coupled Systems in High Dimensions

Langevin Dynamics on sphere

Gross, Mezard, Kirkpatrick, Thirumalai, Crisanti, Horner, Sommers, Sompolinsky,….

Spin Glass Example:

Primer on Dynamical Mean Field Theory



Random Coupled -> Uncoupled System in the Limit

Correlation and Response Form Closed System from Single Site Picture

Sompolinsky & Zippelius ’82, Kurchan & Cugliandolo ’93, Crisanti, Horner & Summers ‘93, Bouchaud et al ‘97  

Primer on Dynamical Mean Field Theory



Many theoretical methods give this result

2. Cavity (add new site) argument, compute self-feedback through other sites

1. Saddle point of a Martin Siggia Rose Path integral

A great first reading on DMFT



Can we apply this idea to neural networks?

Training:

Loss/Data:

Is there a mean field description of this dynamics?



NeurIPS 2022
ICLR, 2023

Similar limits considered in two-layer networks by Rotskoff, Vanden-Eijnden 2018; Mei, Montanari, Nguyen, 2018; 
and using the “Tensor Programs” Yang & Hu 2020

Dynamical mean-field theory of learning dynamics of feature learning 
deep networks in the infinite-width (and depth) limit

ICLR 2024 NeurIPS 2024



Gradient-flow can be rewritten in “feature/activation” space without reference to weights except at initialization. 
Key quantities are layer-wise feature and gradient kernels. 

Gradient-flow in feature space



𝑁 → ∞ limit

1. Feature and Gradient kernels concentrate but evolve in time.

2. Distribution of fields factorize over sites and layers.

3. Population averages are replaced by single-site averages



Gradient-flow can be rewritten in “feature/activation” space without reference to weights except at initialization. 
Key quantities are layer-wise feature and gradient kernels. 

Gradient-flow in feature space



Dynamical Mean Field Theory (DMFT)

Recovers Yang & Hu 2020 results from Tensor Programs in relevant limits/settings



…

…

𝒙 𝑓 𝒙

…



Richness: Infinite width equations depend crucially on an output multiplier   

DMFT matches experiments

(Depth 4, Width 4000, tanh, synthetic data)



Comments

1. For two-layer networks, A and B field (response functions) disappear. One can derive a PDE 
version of the dynamics. However, unlike previous PDE descriptions in this limit (Rotskoff, 

Vanden-Eijnden 2018; Mei, Nguyen, Montanari 2018) (see Andrea Montanari’s Turing 
Lecture 3), the PDE describes the density h and z, not weights

2. For linear networks, DMFT closes under kernels to give deterministic, algebraic equations 

alleviating the need for a Monte Carlo procedure. Two-layer version can be solved exactly 
recovering known results in linear networks (e.g. Saxe et al 2013).

3. A DMFT can be given for SGD. One does this by first committing to a minibatch Bt at 
each gradient step. Integrals over time become sums over discrete time and the data 

sum is over Bt. 



Limiting process for a residual network through the DMFT (Informal)

Take depth (L) and width (N) to infinity in any sequential limit

Full characterization of the deterministic operator C can be found in the paper

Bordelon et al., 2023; 

<latexit sha1_base64="4da9kcifPqkPXGo0QH0pK6o+exU="></latexit>

hω+1 = hω +
1

L1/2
Wωω(hω)



NeurIPS 2024



What does this theory imply for scaling laws?



Kaplan et al., 2020

Compute proportional to NT

Hoffman et al., 2022

Scaling exponents



NeurIPS 2023



Last layer similarity matrices

Deviations from consistent behavior across widths for more complex datasets

More experiments in Nikhil Vyas*, Alex Atanasov*, Blake Bordelon*,  Depen Morwani, Sab Sainathan, Cengiz Pehlevan, NeurIPS, 2023



Late time loss scaling with parameters deviates from 1/width predicted by DMFT



SGD dynamics for a vision transformer trained on CIFAR-5M.  H – number of attention heads

Bordelon, Chaudhry, Pehlevan 
Infinite Limits of Multi-head Transformer Dynamics (NeurIPS 2024)

Deviations from consistent behavior across widths



Part III: Scaling Laws



ICML 2024

• Related “static” works by: Caponnetto & De Vito 2007; Bordelon et al., 2020; Spigler et al., 2020; Bahri et al. 2021; Mel & 
Ganguli 2021; Favero et al. 2021; Maloney et al. 2022; Atanasov et al. 2022; Cui et al. 2022; Cagnetta et al. 2023; Simon et 
al. 2023; Dohmatob et al. 2024; Defilippis et al. 2024

• More recent “dynamic” works: Paquette et al. 2024; Lin et al. 2024

• Scaling laws in the feature learning regime: Worschech & Rosenow 2025

• Other approaches: Michaud et al. 2023;…. 

ICLR 2025





Typical case behavior of this limit over random draws of data and initial parameters

This simple theory captures how the behavior of the model depends on computational/statistical resources 
(width, training time, and total data)

We need to also scale data size!



Main ideas of the model

• We are looking for a simple model where we can vary parameters (N), dataset size (P) and 
training time (T) 

• For analytical tractability, we will consider the lazy limit of neural network training. (I will later 

generalize to feature learning). 

• In the lazy limit, neural networks are kernel machines (NTK in the infinite width, Jacot et al. 
2018)

• Main modeling idea: Kernels of finite-width networks are “noisy” versions of the infinite-width 

models.
Bahri et al. 2021, Atanasov et al. 2022, Maloney et al. 2022



Teacher-Student Setup

Eigenvalues and eigenfunctions of the infinite-width NTK are a complete basis:

Finite-width model:

(student, width N)

Expand:

Teacher: 

Data: 



Teacher-Student Setup

Teacher: Student: 

• Using path integral (MSR) methods and Gaussian equivalence, we study the P, N >> 1 regime where we 

took                 first. (Technical note: Results are correct up to                        .  There is an asymptotically 
exact limit as well with structurally identical equations where                                                              )

• Averages over two types of disorder: initialization and data.
• We derive a mean field theory for full asymptotic learning dynamics and study other phenomena as well. 

See paper for these equations and results.

Consider gradient-flow on MSE loss

<latexit sha1_base64="ZqGeuF8vVSEIOW1oO6bHMZNRONw=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAjtjEh1WXTjSivYB7RDyaSZNjTzIMkIZezCX3HjQhG3/oY7/8ZMOwutHggczrmXe3LciDOpLOvLyC0sLi2v5FcLa+sbm1vm9k5ThrEgtEFCHoq2iyXlLKANxRSn7UhQ7LucttzRZeq37qmQLAzu1Diijo8HAfMYwUpLPXOv62M1JJgnN5OSXamjY2RXro96ZtEqW1Ogv8TOSBEy1HvmZ7cfktingSIcS9mxrUg5CRaKEU4nhW4saYTJCA9oR9MA+1Q6yTT/BB1qpY+8UOgXKDRVf24k2Jdy7Lt6Mk0r571U/M/rxMo7dxIWRLGiAZkd8mKOVIjSMlCfCUoUH2uCiWA6KyJDLDBRurKCLsGe//Jf0jwp29Vy9fa0WLvI6sjDPhxACWw4gxpcQR0aQOABnuAFXo1H49l4M95nozkj29mFXzA+vgEEMpQp</latexit>

O(1/P + 1/N)
<latexit sha1_base64="6qFev++2dIE4MnyK67mMVabR7Jo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16ECOYB2RBmJ7PJkNnZZaZXWJb8hhcPinj1Z7z5N04eB00saCiquunuChIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbqt5+4NiJWj5glvBfRoRKhYBSt5N8TH2PiCxVi1i9X3Ko7A1kl3oJUYIFGv/zlD2KWRlwhk9SYrucm2MupRsEkn5T81PCEsjEd8q6likbc9PLZzRNyZpUBCWNtSyGZqb8nchoZk0WB7YwojsyyNxX/87ophte9XKgkRa7YfFGYSmL/nAZABkJzhjKzhDIt7K2EjaimDG1MJRuCt/zyKmldVL1atfZwWanfLOIowgmcwjl4cAV1uIMGNIFBAs/wCm9O6rw4787HvLXgLGaO4Q+czx9sE5FP</latexit>

M → ↑
<latexit sha1_base64="8LndDvQMGESrFEysmCO/90a6VDo=">AAACGnicbVDNS8MwHE39nPOr6tFLcAgexmxFphdh6MXLxgT3AWsZaZZuYWlaklQoZX+HF/8VLx4U8SZe/G/Muh5080Hg5b3fj+Q9L2JUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/LcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vfDP1Ow9ESBrye5VExA3QkFOfYqS01DftxmkdXkGHx2XolGFzdkMsGqFMgPVyo9yEjgqhQ7mvkkrfLFkVKwNcJHZOSiBHs29+OoMQxwHhCjMkZc+2IuWmSCiKGZkUnViSCOExGpKephwFRLppFm0Cj7UygH4o9OEKZurvjRQFUiaBpycDpEZy3puK/3m9WPmXbkp5FCvC8ewhP2ZQB532BAdUEKxYognCguq/QjxCAmGl2yzqEuz5yIukfVaxq5Xq3Xmpdp3XUQCH4AicABtcgBq4BU3QAhg8gmfwCt6MJ+PFeDc+ZqNLRr5zAP7A+PoBlYGcTw==</latexit>

N/M = ω, P/M = ε, M,N, P → ↑.



Data has power-law structure
ResNets on CIFAR-5M



Power law in – power law out

Caponnetto & De Vito 2007;
Bordelon et al., 2020; 

Spigler et al., 2020;
 Bahri et al. 2021;

Favero et al. 2021;
 Maloney et al. 2022;

Cui et al. 2022;
Cagnetta et al. 2023;

Simon et al. 2023;
Dohmatob et al. 2024;

Defilippis et al.; 2024
…

Source-and-capacity constraints:







Bottlenecks as rank-constraints

Model Bottleneck: 

Time Bottleneck: 

Data Bottleneck: Spigler et al., 2020



ResNets on CIFAR-5M



ICLR 2025
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M → ↑, N,B >> 1



Hard task: out of RKHS

Improved scaling for hard, but not easy tasks from feature learning





Theory predicts correct power exponents for deep ReLU networks 





Summary from these models

• Data structure and architecture jointly determine scaling exponents

• Feature learning may not always improve scaling exponents

• Models may transition between different scaling regimes during training
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