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This talk attempts to discuss the following questions:

» Are there more systematic or even more efficient ways to
obtain conformal blocks in various dimensions and set up?

» Can one extend the correspondence between the degenerate
correlation functions and quantum integrable systems in
d =2dim. CFTsto d > 2 dim. CFTs?

> If so, how general such a correspondence is?
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Let us begin with the four point function of scalar conformal primary
operator ¢;(x) with scale dimension A; in d-dim. CFTs:

X2 a X2 b v
< 1(x1)d2(x2) P3(x3)Pa(xa) >= <124) (124> o2 )mlig)u’ ) e
Xi2

X4 X13 T (X)) 2

where x; = x; — xj a = 82581, p = £3284 and F(u,v) is a function of

conformally invariant cross ratios:

2 .2 2 .2
X12X34 = X14%23 _
u= =zz, v= =(1-2)(1-2). (2)
X123X224 7 X123X224

Decomposing the four point function further into contributions from the
individual exchanged primary operators Oa ; and its descendants:

< o1(x1)P2(x2)P3(x3)Palxs) >= Z A1204, 7340, Wo, (X)) (3)
{Ona,1}

Won,(x;) is “conformal partial wave” and o, , are “OPE coefficients.” .
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Conformal invariance also fixes Wa ;(x;) into:

2\ (x2\" Go, ,(u,v)
WOA,/(XI') = (124) <124) ( > (A1+AAQ))I 5 )(A3+A4) (4)
2 2

X24 X13 X7y) (x5,

where Gp, ,(u,v) is the “Conformal Block" for Oa ; conformal family.

The four point functions need to satisfy crossing symmetry equation
when e. g. ¢1(x1) <> ¢3(x3):
A1+A2

> M20, A340, Go, (1, 7) = JEE Z Aoy A0, ,Goy (V,u)
}
A/

{Oa.}

(5)
For unitary CFTs, if we know Go, ,(u, V) exactly or at least some
approximate forms, then assuming A120, 2340, , = 0, and start
numerically putting bounds on spectrum of {Ap}.

[See Rychkov, Simmons-Duffin 16 for reviews]
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Determining Go, ,(u,v) for general four point functions remains difficult,
one way is to consider “quadratic Casimir operator”: [Dolan-Osborn 03, 11]

N 1 1
C = ELABLAB = §(L1 + Lo)ag (L1 + L)"P (6)
where L; og is Lorentz generator in d + 2-dimensional embedding space.

For scalar primaries, we can define following differential operators:

D§a,b,c) _ 22(1 o 2)83 o ((a+ b+ 1)22 — Cz)az — abz,

D) = 22(1 - 2)02 — ((a+ b+ 1)2% — c2)05 — abz, (7)
Ags)(a7 b,c) = Dga,b,c) + Déa,b,c) + QEZZjZ((l —2)0, —(1-2)03), (8)
where ¢ = % enters as free parameter.

Setting Go, ,(u,v) = F>(\i)>\, (z,z) which is symmetric z <> Zz, the action
of ég is

A(a,,0)- F\ (2.2) = oA, AP, (2,2), Ax = . (9)
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In addition, we also have “quartic Casimir operator” :
- 1
C,= 5LAB LecLPLpa. (10)

The action of C4 on primary scalars is also expressed as eigen-equation:

A(a,5,0)- F\ (2.2) = ca(A, AR, (2.2), (11)

= 2e 1%
Agg)(a, b,c) = [ zz ] [Dga,b,c) _ Déa,b,c)} [ZZ} [Dga,b,c) . Déa,b,c)} .

z—2Zz zZ
(12)
The quadratic and quartic Casimir operators are by definition commuting:

[€2,C4] = 0= [A¥)(a, b,c), Al (a, b, c)] = 0. (13)
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Explicit closed expressions of scalar conformal blocks are only available in
even-dim. CFTs in terms of following functions [Dolan-Osborn 11]:

T (2,2) = & (2)an (2) £ar, (2)an_(2), (14)
ge(x) = z%F(a+ A b+ N2\ x). (15)

_ 1 _
d=2/e=0 F/@/\i(z,z) = 5}";\:)_ (z,2),
1 _ 1 zZ _ _
d=4/e=1 F>(\+)>\,(Z’Z) =171 <z—2> Fyr (z,2),
d=6/c=2 : F§2)A_(z72) =5 terms of Fy , (z,2).

+

For general ¢ however, relying on iterative approach/recurrence relation

[Rychkov-Hogervorst 13, Costa-Hansen-Penedones-Trevisani 16]

Go,,,(r,cosf) ZZ BnJrA“CE (cosf), B,;j>0 (16)
n=0 j

0 _

where re (1+\/Z1Tz)2 and CAJ‘-E(X) is normalized Gegenbauer polynomial.
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QIS from Conformal Blocks

Here we consider a quantum integrable system given by Hamiltonian:

N 0?2 0 (a—Kuz) (a— I~<uﬁ)
Hpe, = -5+ )+2 +
BC (8u2 8u2> 2 (sinh2(u — 1) sinh*(u+ 1)
b(b—-K,) b'(b'—-K,) b(b—-Kz) b'(b'—Kj)
+ L2 - 2 + 22— 2 — :
sinh“ u cosh” u sinh“ U cosh” U

This is called “Hyperbolic Calogero-Sutherland spin chain of BC,, where

Permutation : K,gf(u, @) = f(@,u), Kuaf(u,0) = f(—0,—u),
Reflection : K,f(u,0) = f(—u,0), Kgzf(u,)= f(u,—0).
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The quantum integrability of a Quantum Integrable Sysytem is ensured
by the existence of commuting conserved charges:

die - -
KA =0, k=1,...,N. (17)

I, I,]=0
[J7 k] ’ dt

They are most easily constructed from the commuting Dunkl operators:

[Finkel et al 12]

/
j(a)za_[b+b}Ku_a

u u
tanh 3 coth 5

j(a)zg— b_+ b’_ K. —
u tanh 5  coth 3 "

Kuﬂ Kuﬁ
tanh “£2  tanh 452

)

RUD KLIL_I

= -
tanh “7%  tanh 5%

b

There are two independent commuting integrals of motion:

7y = fpe, = — (jga))2 3 (jf-;a)>2, F— (jga)>4 3 (j%a))4. (18)
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Now we establish the following exact mapping between QIS and CFT:

[Isachenkov-Schomerus 16, HYC-Qualls 16]
(89, b,), 8 (a,b,c)| =0 = [T, 2D —o,
Gos/(2,2) < ¥\ (u.0).
The first step is to look for the appropriate commutator-preserving

similarity transformation:

A (a,b,c) — X&) (2,2)A%)(a, b, c)

a,b,c

(19)

to relate CFT Casimirs to the commuting quantum integrals of motion.
The desired transformation is given by the following double-cover map:

1

z . .
e =—__~ cf radial expansion

sinh?u (1+vI-2)?




Direct computation shows when acting on symmetric f(u, o) = (@, u):

©) A (s b 1 11y
Xabc(z z) 2 (a, ’C)XSZ’C(Z,E) 4 2 4 BCa»

1
a=¢ b=(a—-b)+=, b=(a+b—c)+=

>, > (20)

Notice when e =0ore=1,i. e. d =2 or d = 4, pair-wise interactions
both vanish (Pdschl-Teller). More generally we have the correspondence:

O\ (1) = X5 (2(), 2(2))F,_(2(u). 2(D))

The eigenfunction is manifestly symmetric under v <+ &, and has been
constructed by Koornwinder and collaborators, and we obtain:

(zz)? () _
Cays(iey -

—e —(x+a)(u+0) % lim K( )(e ,er’; q, qa7q—x—a; qa—b—lj_qa+b+1’ 17_1).
q—1—




The quartic Casimir Aff)(a, b, c) is also expressed in terms of 7, and Z;.
First we can show that acting on Q/J(A?A_(‘h u):

()’

(19)" = 4x%) (2. 2) [D) — D

u

We can show that:

£ ()7 (=) ) 3 | (10) _ (1) 1 (e) _
Luu L ql))\+ ( ) t (272) |:(Ju ) (Ju ) :| t(e)(272)¢A+>\_(u7 U),

t()(z(u), z(@)) = [sinh(u + ) sinh(u — 7)]° . (22)

Using the invariance of wg\‘?/\_(u, ) under reflection and permutation.
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While above expression is invariant under K, and Kg, however crucially:
Kl L v, (v.8) = LRG0, (v

uu uu )7

KUUL +)Luu)w ( U) ut)Luu)w ( a)7

:I

These properties in turn imply:

(e)
1 R R 2 R 2 R 2] W
- )" _ (50 (&) (5 3)2 @) _ (50 A
t©)(z,2) {(J ) (J“ ) ]t (2.2) {(J ) (J“ ) } t(z,2)
This precisely equals to the transformed Aff)(a, b, c) and expanding
) ) 1 1 1
Xabc(z Z)A (a b C)()i I4 + I + I2 +5 (23)
Xa,b,c(z’z) 8 16

Heng-Yu Chen National Taiwan University



Generalizations

» We can extend the analysis to scalar conformal blocks in SCFTs
using their Casimir operators, e. g. for four SUSY [Bobev et al 15]:

A (a+1,b,1)- FY(2,2) = 6™ (A, AR (2,2)  (24)

Identical hyperbolic CS system arises after the similarity
transformation. Similarly for eight SUSYs, the eigenfunctions are
related to non-SUSY ones via a multiplicative factor and simple
parameter shifts.

» Viewing scalar conformal blocks as the orthogonal eigenfunctions of
hyperbolic CS system, they serve as natural basis for expanding
other conformal blocks once space-time spins are taken care of.

1
(P) 7) = e 3e,be,Ce -
v D) [sinh(u + @) sinh(u — 1)]?° Z st m,potn(Us ),
(m,n)€ Oct®)

[Echeverri et al 15, 16]
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Future Directions

» Do higher point correlation functions also have underlying
correspondence with quantum integrable systems.

» Can the correspondence with QIS extends to Virasoro or W)y blocks
in 2d CFTs beyond degenerate vertex operators?

» Is this connection with quantum integrable system accidental? Via
AdS/CFT conformal block computations, can we see similar
structures in gravity side? 2 points — 3 points — 4 points?
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