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Multiparton Amplitudes in Gauge Theories
Mangano and Parke
Phys.Rept. 1991 (hep-th/0509223 [hep-th])

String Theory Contains QFT Amplitudes

https://arxiv.org/abs/hep-th/0509223


This is an integral over the moduli space of ordered points on the bdry of a disk. 
It depends on dimensionless Mandelstam invariants:
QFT amplitudes arise when all such invariants are sent to zero, i.e. a multi-factorization limit!  
Feynman diagrams emerge from the boundaries of the moduli space and they are functions of 
dimensionful Mandelstam invariants,            , that are not vanishing since internal states are off-shell.  

String Theory Contains QFT Amplitudes

Eq. from Boels&Marmiroli 1002.5029[hep-th]
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Connect the space of kinematic invariants for the scattering of n-massless particles 
to the moduli space of n-punctured spheres, M0,n.

Is there a way to use the boundary only when it is needed in QFT?



Scattering Equations
Connect the space of kinematic invariants for the scattering of n-massless particles 
to the moduli space of n-punctured spheres, M0,n.

• Morse function on M0,n

• Critical Points • Inhomogeneous coordinates

• Homogeneous coordinates

Fairlie-Roberts ‘72 (Unpublished), Gross-Mende ’88, Witten ‘04, 
Fairlie ‘08, Makeenko-Olesen ‘09, F.C. ’12. F.C-He-Yuan ‘13



and no poles in kinematic invariants. All poles are generated and controlled by the scattering equations.

Amplitudes are computed as integrals over the moduli space M0,n

that are localized to (n-3)! points:
Jacobian

All known integrands can be separated into to parts, each with the same SL(2,C) transformations 

CHY Formulation: Tree Scattering in any Dimension

F.C-He-Yuan 2013, 2014 



Theories discovered
using the CHY building
blocks 

KLT relations follow 
from simple linear algebra.

More in Lionel’s Part:  Ambitwistor Strings 
F.C-He-Yuan 2013, 2014 
Proofs: Dolan-Goddard 2013

CHY Formulation: Tree Scattering in any Dimension



Worldsheet Models: Twistors and Strings

• 1986  Parke and Taylor propose a miraculously simple formula for tree gluon amplitudes A(-1,-1,+1,+1,…,+1)
• 1988 V. Nair interprets the Parke-Taylor formula as a 2D correlation function. Fermions on CP1.
• 2003 E. Witten introduces twistor string theory: A string theory on twistor space which computes 

perturbative N=4 SYM amplitudes. Maps from M0,n to CP3|4:  connected or disconnected. 
Integrals over the moduli space are localized.

• 2004 Roiban, Spradlin, Volovich propose that connected contributions compute all tree-level amplitudes.

The Witten-RSV formulation
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Answer: 
The CHY formulation and its worldsheet models as ambitwistor strings 
(Lionel’s Part). 
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Connections to Celestial AmplitudesScattering Equations on CPk-1:
Generalized Feynman Diagrams,
Worldsheets, Particles, and Strings

Some Recent Directions

Cosmological Scattering Equations Scattering Equations on AdS

Pictures from: Wikipedia, arXiv:1702.08619, arXiv:1906.02099, arXiv:2105.00331, arXiv:1910.10674 

Intersection Theory



Connections to Celestial AmplitudesScattering Equations on CPk-1:
Generalized Feynman Diagrams,
Worldsheets, Particles, and Strings

Some Recent Directions

Cosmological Scattering Equations Scattering Equations on AdS Intersection Theory

Gomez, Lipstein, Lipinski [June 22, 2021] Roehrig, Skinner [July 2020]
Eberhardt, Komatsu, Mizera [July 2020]  

S. Mizera [1706, 1711]
Mastrolia, Frellesvig, Gasparotto, Laporta, 
Mandal, Mattiazzi, Pokraka.

D. Skinner, E. Casali, Geyer, Lipstein, Adamo,
Sharma, Zlotnikov, He, Liu, Wu, Feng

F.C, Early, Guevara, Mizera [March 2019]
Arkani-Hamed, He, Lam, Spradlin, Salvatori,
Thomas, Henke, Papathanasiou, Zhang, Umbert,
Garcia, Rojas, Lukowski, Parisi, Williams, Drummond,
Foster, Gurdogan, Kalousios, Ren, Liu.

Experts from each group 
are in the audience waiting 
for your questions!



Scattering Equations on              in a 

Generalized Mandelstam Invariants Generalized Scattering Equations



Generalized Feynman Diagrams      

CHY formulation
n points on CP1

CHY formulation
n points on CP2

Tree Level f3 Feynman Diagrams

Collections of f3 Feynman Diagrams

Trop G(2,n)

Trop G(3,n)

5 points on CP1  5 points on CP2
~

=

Feynman+Schwinger parameters Math: Herrmann, Jensen, Joswig, and Sturmfels, April 2009



Is there a physical interpretation?      

CHY formulation
n points on CP1

CHY formulation
n points on CP2

Tree Level f3 Feynman Diagrams

Collections of f3 Feynman Diagrams

Trop G(2,n)

Trop G(3,n)

5 points on CP1  5 points on CP2
~

=

(For a Feynman diagram viewpoint see e.g. F.C, Borges arXiv:1910.10674)


