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2-dimensional integrable spin systems

@ Links of a lattice are labelled by spins
ie{1,...,n}..

@ At nodes of a lattice have interaction
R} (z) depending on a spectral
parameter z.

@ Transfer matrix
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@ Partition function (on n x m lattice) is z
S ] Rle=TrT(2)" ;

configurations nodes

@ Integrability: [T(z), T(Z')] = 0. Follows
from the Yang-Baxter equation for R(z).
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Rational, Trigonometric, Elliptic

Three basic classes of examples:
@ Spectral parameter z € C. Zero-field 6-vertex model / XXX
spin chain.
© Spectral parameter z € C*. 6-vertex model / XXZ model.

© Spectral parameter z € E, elliptic curve. 8-vertex model/
XYZ spin chain.
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Rational, Trigonometric, Elliptic

Three basic classes of examples:
@ Spectral parameter z € C. Zero-field 6-vertex model / XXX
spin chain.
© Spectral parameter z € C*. 6-vertex model / XXZ model.

© Spectral parameter z € E, elliptic curve. 8-vertex model/
XYZ spin chain.

Where do spin systems come from? Why are they integrable?
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Rational, Trigonometric, Elliptic

Three basic classes of examples:
@ Spectral parameter z € C. Zero-field 6-vertex model / XXX
spin chain.
© Spectral parameter z € C*. 6-vertex model / XXZ model.

© Spectral parameter z € E, elliptic curve. 8-vertex model/
XYZ spin chain.

Where do spin systems come from? Why are they integrable?
Special case (Witten 89):

Spin systems with no spectral parameter come from Wilson
lines in Chern-Simons theory
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Goal of this talk:
@ Introduce a 4-dimensional cousin of Chern-Simons theory

@ Explain how Wilson lines here lead to integrable spin
systems

© Extra dimension allows you to see the spectral parameter

© Will also see integrability of 2-dimensional o-models from
this theory
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A four-dimensional version of Chern-Simons theory

Integrable systems with spectral parameter will arise from a
4-dimensional gauge theory on R? x C.

@ Gauge field
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A four-dimensional version of Chern-Simons theory

Integrable systems with spectral parameter will arise from a
4-dimensional gauge theory on R? x C.

@ Gauge field

@ Action
S(A) = / dzCS(A).
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A four-dimensional version of Chern-Simons theory

Integrable systems with spectral parameter will arise from a
4-dimensional gauge theory on R? x C.

@ Gauge field

@ Action
S(A) = / dzCS(A).

@ Equations of motion:

F(A)xy = F(A)Xf = F(A)yf =0.
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A four-dimensional version of Chern-Simons theory

Integrable systems with spectral parameter will arise from a
4-dimensional gauge theory on R? x C.

@ Gauge field

@ Action
S(A) = / dzCS(A).

@ Equations of motion:
F(A)xy = F(A)xz = F(A)yz = 0.

@ Theory is topological in x — y plane, holomorphic in the
z-plane.
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A four-dimensional version of Chern-Simons theory

Integrable systems with spectral parameter will arise from a
4-dimensional gauge theory on R? x C.

@ Gauge field

@ Action
S(A) = / dzCS(A).

@ Equations of motion:
F(A)xy = F(A)xz = F(A)yz = 0.

@ Theory is topological in x — y plane, holomorphic in the
z-plane.

@ There are Wilson lines in the x — y (topological) plane.
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R-matrix from Wilson lines

@ Put this theory on R? x C, gauge group
SU(2).

@ Consider Wilson lines at z, w € C for
the spin 1/2 representation of SU(2),
which cross in the topological plane.

@ The space of states at the end of each
Wilson line is C2.

@ Gluon exchange leads to the R-matrix z w

R(z—w):C2®C? — C? © C2.

This is the R-matrix for zero-field six-vertex
model (related to XXX spin chain).
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Yang-Baxter equation

The Yang-Baxter equation follows from topological invariance of
the theory on RR?:
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Transfer matrix

@ Put the theory on R x S' x C with n
Wilson lines wrapping R.

@ The Hilbert space @
C*®..-®C?

of the spin system is the space of states
at the end of the Wilson lines.
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Transfer matrix

@ Put the theory on R x S' x C with n
Wilson lines wrapping R.

e The Hilbert space @
C*®-- ®C?

of the spin system is the space of states
at the end of the Wilson lines.

@ The transfer matrix T(w) arises from an
additional Wilson line on S'. =
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Transfer matrix

@ Put the theory on R x S' x C with n
Wilson lines wrapping R.

@ The Hilbert space .
C*®..-®C?

of the spin system is the space of states
at the end of the Wilson lines.
@ The transfer matrix T(w) arises from an EERENE
additional Wilson line on S*. o
@ [T(w), T(w')] = 0 from topological
invariance

- e
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Transfer matrix

@ Put the theory on R x S' x C with n
Wilson lines wrapping R.

@ The Hilbert space oo
C?®- - ®C?
of the spin system is the space of states A

at the end of the Wilson lines.
@ The transfer matrix T(w) arises from an

additional Wilson line on S'. et
e [T(w), T(w')] = 0 from topological o ]
invariance g
\ L
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Transfer matrix

@ Put the theory on R x S' x C with n
Wilson lines wrapping R.

@ The Hilbert space . L
CZ R R @2

of the spin system is the space of states A
at the end of the Wilson lines.

@ The transfer matrix T(w) arises from an

additional Wilson line on S'. et
e [T(w), T(w')] = 0 from topological o ]
invariance g

@ The partition function of the spin
system is the expectation value of
Wilson lines on a torus.
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Determining the R-matrix

How do we know that crossing of Wilson lines leads to the
R-matrix? The R-matrix has an expansion

R(z — w) =1+ h3%, + O(h?)

C € g ® g is the Casimir, & loop expansion parameter.

@ First, we calculate explicitly the exchange of a single gluon,

which is c

zZ—w

© Remaining terms in % expansion are determined by the
YBE and location of poles (use results of Drinfeld).
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Single gluon exchange

@ Choose gauge where

9 9 9
A+ ZA+ LA =0
a5t 5P+ g =0

@ Vertical Wilson lineatx=2z=0
sources gauge field

9 dx
0z \ (x2 + zz)1/2
@ Integrate over other Wilson line
yields 1/z.

Kevin Costello Integrable spin systems and gauge theory



Other spin systems

@ We find other spin systems by replacing C by another
Riemann surface with a holomorphic 1-form.

@ XXZ spin chain arises from the theory on R? x C*, with
1-form 92

@ XYZ spin chain (8 vertex model) from elliptic curve E,
working with a rigid holomorphic SO(3)-bundle.

@ More general models: use other groups, other
representations for Wilson lines.
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Continuum limits

Continuum limits of lattice models are integrable 2d theories.
Can see this from the gauge theory point of view:

@ Put a continuum of Wilson lines in the x direction at z.
This will give a surface operator

@ A continuum of Wilson lines in the y direction at z;, gives
another surface operator.

© Integrable 2d theory arises when surface operators are
coupled by gluon exchange
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@ A Wilson line (for G = SU(2) ) is described by a quantum
mechanical system

f:R — CP'

g € C®(R, ' T*CP")

S(f.9) = /gdAf

@ Continuum of Wilson lines in the x direction is modelled by
a field theory
f:R? - T*CP'

g € C=(R?, f*T*CP")

S(f.9) = [ gaafdy.

After Wick rotation, this is a g — v system.
@ A continuum of Wilson lines at z; in the y direction gives a

B — 7-system.
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Coupled theory has action
/ dzCS(A / BOaydw + / BOsvdwW

(w=x+1y)
Chiral anomaly is cancelled by Chern-Simons term

/ CS(A).
R2 X[Zo,Z1]

Exchange of gluon leads to interaction between surface defects

1
20 — Z4

Spdwdw
R2

This is equivalent to the CP' o-model!
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W #205% Z, 2
Wi fsom =X syster  [B-F syshen

ine
CP' o-model from interacting surface operators

(2o — 2z1) ~ 1/ Vol(CP")

Wilson lines at w # zy, zy give an infinite number of commuting
conserved currents
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More general 2d integrable models

Gauge group G, can insert g — ~ systems on other
homogeneous K&hler G-manifolds X with p1(X) = 0.
Yields the o-model on X.

Examples: o-models on flag varieties, supersymmetric CP"
model, etc.

Can NOT see integrable S” o-model or (non-integrable) CP" o-
model when n > 1.

Insertion of chiral fermion surface defect at z; and anti-chiral
fermion surface defect at zy leads to the Thirring model.
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