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[Cremmer, Julia 1979]

after proper dualization/reorganisation of the fields
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the compact subgroup  SU(8)     E7(7)  can be made visible already 
      in eleven dimensions

⇢
[de Wit, Nicolai 1986]
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  to which extent are (remnants of) these symmetries present in D=11 ?
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D=5 maximal supergravity  

gµ⌫ :    5 x 5 external metric 

MMN :    27 x 27 internal metric (scalars), parametrizing the coset  E6(6)/USp(8) 

:    27 vector fields 27 two-form fields 

after reduction of D=11 supergravity on T6  and proper dualization of the dof’s,  
the D=5 bosonic Lagrangian takes the E6(6) invariant form 

=3

L = R +
1
24

�µMMN�µMMN � 1
4
MMN Fµ�

MFµ� N + e�1 Ltop
<latexit sha1_base64="C1umFglcB4p4dGbZeJvmpAwvbq4=">AAAB+3icbVDLSsNAFL2pr1pfUZe6GCyCoJakirosuHHhooJ9QFPDZDqpQycPZiZCCXHhr7gRcaPgP/gL/o3TNpu2Hhg4nHOGe8/1Ys6ksqxfo7CwuLS8Ulwtra1vbG6Z2ztNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vIG1yO/9USFZFF4r4Yx7Qa4HzKfEay05Jr7x8/0IT21M+ckdQjm6DZzU0cESEVx5pplq2KNgeaJnZMy5Ki75o/Ti0gS0FARjqXs2FasuikWihFOs5KTSBpjMsB9mo53z9ChlnrIj4R+oUJjdSqHAymHgaeTAVaPctYbif95nUT5V92UhXGiaEgmg/yE62JodAjUY4ISxYeaYCKY3hCRRywwUfpcJV3dni06T5rVin1Wqd6dl2sX+RGKsAcHcAQ2XEINbqAODSDwAm/wCV9GZrwa78bHJFow8j+7MAXj+w8sOpOl</latexit>

[Cremmer, 1980]

Ltop = dKMN FM ^ FN ^AKwith

Bµ⌫ M
<latexit sha1_base64="oevCVf1qHpD3cMFDcff+VP1nvho=">AAAB6nicbVDLSsNAFL3xWeur6tLNYBFcSEmqYJdFN26ECvYBTSiT6aQdOpnEeQgl9CfciLhR8GP8Bf/GaZtNWw8MHM45w73nhilnSrvur7O2vrG5tV3YKe7u7R8clo6OWyoxktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho7up336hUrFEPOlxSoMYDwSLGMHaSsFtL/Nj4wvjXz5MeqWyW3FnQKvEy0kZcjR6pR+/nxATU6EJx0p1PTfVQYalZoTTSdE3iqaYjPCAZrNVJ+jcSn0UJdI+odFMXcjhWKlxHNpkjPVQLXtT8T+va3RUCzImUqOpIPNBkeFIJ2jaG/WZpETzsSWYSGY3RGSIJSbaXqdoq3vLRVdJq1rxrirVx+tyvZYfoQCncAYX4MEN1OEeGtAEAs/wBp/w5XDn1Xl3PubRNSf/cwILcL7/AEROjYw=</latexit>

Aµ
M

<latexit sha1_base64="E9Zn/caLtpWAcyqN9JRacp4YSRI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPEixchgnlAsobZyWwyZPbhTK8Qlv0JLyJeFPwYf8G/cZLsJYkFA0VVDd3VXiyFRtv+tdbWNza3tgs7xd29/YPD0tFxS0eJYrzJIhmpjkc1lyLkTRQoeSdWnAae5G1vfDv12y9caRGFjziJuRvQYSh8wSgayb3pp70gydLsKb3P+qWyXbFnIKvEyUkZcjT6pZ/eIGJJwENkkmrddewY3ZQqFEzyrNhLNI8pG9MhT2erZuTcSAPiR8q8EMlMXcjRQOtJ4JlkQHGkl72p+J/XTdCvuakI4wR5yOaD/EQSjMi0NxkIxRnKiSGUKWE2JGxEFWVorlM01Z3loqukVa04l5Xqw1W5XsuPUIBTOIMLcOAa6nAHDWgCg2d4g0/4sqT1ar1bH/PompX/OYEFWN9/C/iOEg==</latexit>
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exceptional field theory:

Ltop = dKMN FM ^ FN ^AKwith

— same Kaluza-Klein reorganisation of the higher-dimensional fields  
— keeping the dependence on all internal coordinates (non-abelian gauge structure)

Bµ⌫ M
<latexit sha1_base64="oevCVf1qHpD3cMFDcff+VP1nvho=">AAAB6nicbVDLSsNAFL3xWeur6tLNYBFcSEmqYJdFN26ECvYBTSiT6aQdOpnEeQgl9CfciLhR8GP8Bf/GaZtNWw8MHM45w73nhilnSrvur7O2vrG5tV3YKe7u7R8clo6OWyoxktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho7up336hUrFEPOlxSoMYDwSLGMHaSsFtL/Nj4wvjXz5MeqWyW3FnQKvEy0kZcjR6pR+/nxATU6EJx0p1PTfVQYalZoTTSdE3iqaYjPCAZrNVJ+jcSn0UJdI+odFMXcjhWKlxHNpkjPVQLXtT8T+va3RUCzImUqOpIPNBkeFIJ2jaG/WZpETzsSWYSGY3RGSIJSbaXqdoq3vLRVdJq1rxrirVx+tyvZYfoQCncAYX4MEN1OEeGtAEAs/wBp/w5XDn1Xl3PubRNSf/cwILcL7/AEROjYw=</latexit>

Aµ
M

<latexit sha1_base64="E9Zn/caLtpWAcyqN9JRacp4YSRI=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPEixchgnlAsobZyWwyZPbhTK8Qlv0JLyJeFPwYf8G/cZLsJYkFA0VVDd3VXiyFRtv+tdbWNza3tgs7xd29/YPD0tFxS0eJYrzJIhmpjkc1lyLkTRQoeSdWnAae5G1vfDv12y9caRGFjziJuRvQYSh8wSgayb3pp70gydLsKb3P+qWyXbFnIKvEyUkZcjT6pZ/eIGJJwENkkmrddewY3ZQqFEzyrNhLNI8pG9MhT2erZuTcSAPiR8q8EMlMXcjRQOtJ4JlkQHGkl72p+J/XTdCvuakI4wR5yOaD/EQSjMi0NxkIxRnKiSGUKWE2JGxEFWVorlM01Z3loqukVa04l5Xqw1W5XsuPUIBTOIMLcOAa6nAHDWgCg2d4g0/4sqT1ar1bH/PompX/OYEFWN9/C/iOEg==</latexit>

Henning Samtleben                                                                                                   ENS de Lyon



A B

E6(6) exceptional field theory
=3

L = R +
1
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Exceptional Form ofD ¼ 11 Supergravity
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2Laboratoire de Physique, Université de Lyon, UMR 5672, CNRS, École Normale Supérieure de Lyon,
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.

DOI: 10.1103/PhysRevLett.111.231601 PACS numbers: 11.25.Yb, 04.65.+e, 04.50.%h, 11.15.%q

Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form

S¼
Z

d5xd27YeL;

L & R̂þ 1

24
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4
MMNF !"MF N
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46, Allée d’Italie, F-69364 Lyon Cedex 07, France
(Received 14 August 2013; published 4 December 2013)

Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.

DOI: 10.1103/PhysRevLett.111.231601 PACS numbers: 11.25.Yb, 04.65.+e, 04.50.%h, 11.15.%q

Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form

S¼
Z

d5xd27YeL;

L & R̂þ 1

24
g!"D!MMND"MMN

% 1

4
MMNF !"MF N

!" þ e%1Ltop % VðM; eÞ: (1)

PRL 111, 231601 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 DECEMBER 2013

0031-9007=13=111(23)=231601(5) 231601-1 ! 2013 American Physical Society

— same Kaluza-Klein reorganisation of the higher-dimensional fields  
— keeping the dependence on all internal coordinates (non-abelian gauge structure)

Henning Samtleben                                                                                                   ENS de Lyon

[Hohm, HS]

[Cremmer, 1980]



A B

E6(6) exceptional field theory
=3

L = R +
1
24

�µMMN�µMMN � 1
4
MMN Fµ�

MFµ� N + e�1 Ltop
<latexit sha1_base64="C1umFglcB4p4dGbZeJvmpAwvbq4=">AAAB+3icbVDLSsNAFL2pr1pfUZe6GCyCoJakirosuHHhooJ9QFPDZDqpQycPZiZCCXHhr7gRcaPgP/gL/o3TNpu2Hhg4nHOGe8/1Ys6ksqxfo7CwuLS8Ulwtra1vbG6Z2ztNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vIG1yO/9USFZFF4r4Yx7Qa4HzKfEay05Jr7x8/0IT21M+ckdQjm6DZzU0cESEVx5pplq2KNgeaJnZMy5Ki75o/Ti0gS0FARjqXs2FasuikWihFOs5KTSBpjMsB9mo53z9ChlnrIj4R+oUJjdSqHAymHgaeTAVaPctYbif95nUT5V92UhXGiaEgmg/yE62JodAjUY4ISxYeaYCKY3hCRRywwUfpcJV3dni06T5rVin1Wqd6dl2sX+RGKsAcHcAQ2XEINbqAODSDwAm/wCV9GZrwa78bHJFow8j+7MAXj+w8sOpOl</latexit>

Exceptional Form ofD ¼ 11 Supergravity

Olaf Hohm1,* and Henning Samtleben2,†

1Arnold Sommerfeld Center for Theoretical Physics, Theresienstrasse 37, D-1-80333 Munich, Germany
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eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
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coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
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decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
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tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
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— same Kaluza-Klein reorganisation of the higher-dimensional fields  
— keeping the dependence on all internal coordinates (non-abelian gauge structure)
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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gravity that knows about exceptional symmetries? It is the
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manifest [4–8]. These formulations show the emergence of
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history, at least going back to the work of de Wit and
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position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
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need to be introduced in order to realize the exceptional
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been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
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non-abelian gauge structure:   generalized diffeomorphisms

— same Kaluza-Klein reorganisation of the higher-dimensional fields  
— keeping the dependence on all internal coordinates (non-abelian gauge structure)
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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non-abelian gauge structure:   generalized diffeomorphisms

— same Kaluza-Klein reorganisation of the higher-dimensional fields  
— keeping the dependence on all internal coordinates (non-abelian gauge structure)
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46, Allée d’Italie, F-69364 Lyon Cedex 07, France
(Received 14 August 2013; published 4 December 2013)

Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.

DOI: 10.1103/PhysRevLett.111.231601 PACS numbers: 11.25.Yb, 04.65.+e, 04.50.%h, 11.15.%q

Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form

S¼
Z

d5xd27YeL;

L & R̂þ 1

24
g!"D!MMND"MMN

% 1

4
MMNF !"MF N

!" þ e%1Ltop % VðM; eÞ: (1)

PRL 111, 231601 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 DECEMBER 2013

0031-9007=13=111(23)=231601(5) 231601-1 ! 2013 American Physical Society

Exceptional Form ofD ¼ 11 Supergravity

Olaf Hohm1,* and Henning Samtleben2,†

1Arnold Sommerfeld Center for Theoretical Physics, Theresienstrasse 37, D-1-80333 Munich, Germany
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to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
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position of D ¼ 11 supergravity to exhibit already in
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not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
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been implemented for a particular truncation of D ¼ 11
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see Refs. [12–14].) More recently, after the emergence of
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Refs. [15,16]. All these results, however, are restricted to
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3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
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been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing
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Refs. [15,16]. All these results, however, are restricted to
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zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
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decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
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to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
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Attempts to understand these ‘‘hidden’’ symmetries in
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history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing
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Refs. [15,16]. All these results, however, are restricted to
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3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
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dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
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tion more than 50 years ago [18]. The resulting theory
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Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
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  AdS5  x S5  :  lowest KK-multiplet            D=5 maximal supergravity 
  non-linear embedding in IIB such that any D=5 solution defines a IIB solution

[Gunaydin,Romans,Warner] 

IIB sugra
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gauge group SO(6)
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  KK towers of linearized fluctuations 
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  non-linear embedding in IIB such that any D=5 solution defines a IIB solution

[Gunaydin,Romans,Warner] 
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n(y)Mab,cd(x) etc.

  AdS5  x S5  background of IIB  
  KK towers of linearized fluctuations 

  construction of IIB solutions 
  holography: trust D=5 supergravity calculations   
  used to be scarce (only few examples until recently)

AdS7 x S4 : [Nastase, van Nieuwenhuizen, Vaman] 1999
AdS4 x S7 : [de Wit, Nicolai] 1987
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46, Allée d’Italie, F-69364 Lyon Cedex 07, France
(Received 14 August 2013; published 4 December 2013)

Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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Refs. [15,16]. All these results, however, are restricted to
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zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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46, Allée d’Italie, F-69364 Lyon Cedex 07, France
(Received 14 August 2013; published 4 December 2013)

Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.

DOI: 10.1103/PhysRevLett.111.231601 PACS numbers: 11.25.Yb, 04.65.+e, 04.50.%h, 11.15.%q

Little is known about the fundamental formulation of M
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history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
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lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
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see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing
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Refs. [15,16]. All these results, however, are restricted to
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zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
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tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
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the generalized Scherk-Schwarz reduction ansatz for the
twist matrices obtained in [17]. The Scherk-Schwarz origin
also proves consistency of the truncation in the sense that
all solutions of the respective D ¼ 5 maximal supergrav-
ities lift to solutions of the type IIB fields equations.
By virtue of the explicit embedding of the IIB theory into
EFT [22,36] these formulas can be pulled back to read
off the reduction formulas for the original type IIB fields.
Upon some further computational effort we have also
derived the explicit expressions for all the components
of the IIB four-form. Along the way, we explicitly verified
the IIB self-duality equations. Although their consistency
is guaranteed by the general construction, we have seen
that their validation by virtue of nontrivial Killing vector
identities still represents a rewarding exercise.
We have in this paper restricted the construction to the

bosonic sector of type IIB supergravity. In the EFT frame-
work, consistency of the reduction of the fermionic sector
follows along the same lines from the supersymmetric
extension of the E6ð6Þ exceptional field theory [49] which
upon generalized Scherk-Schwarz reduction yields the
fermionic sector of the D ¼ 5 gauged supergravities [17].
In particular, compared to the bosonic reduction ansatz (2.1),
the EFT fermions reduce as scalar densities, i.e. their y-
dependence is carried by somepower of the scale factor, such
asψμ

iðx; yÞ ¼ ρ−
1
2ðyÞψμ

iðxÞ, etc. A derivation of the explicit
reduction formulas for the original IIB fermions would
require the dictionary of the fermionic sector of EFT into
the IIB theory, presumably along the lines of [40]. The very
existence of a consistent reduction of the fermionic sector
can also be inferred on general grounds [2] combining the
bosonic results with the supersymmetry of the IIB theory.
We close by recollecting the full set of IIB reduction

formulas derived in this paper. The IIB metric is given by

ds2 ¼ Δ−2=3ðx; yÞgμνðxÞdxμdxν

þGmnðx; yÞðdym þK½ab&
mðyÞAab

μ ðxÞdxμÞ

× ðdyn þK½cd&
nðyÞAcd

ν ðxÞdxνÞ; ð6:1Þ

in standard Kaluza-Klein form, in terms of vectors K½ab&
m

from (3.38) that are Killing for the (Lorentzian) metric ~Gmn
from (3.9), and the internal block Gmn of the metric (6.1)
given by the inverse of

Gmnðx; yÞ ¼ Δ2=3ðx; yÞK½ab&
mðyÞK½cd&

nðyÞMab;cdðxÞ:

ð6:2Þ

The IIB dilaton and axion combine into the symmetric SL
(2) matrix

mαβðx; yÞ ¼ Δ4=3ðx; yÞYaðyÞYbðyÞMaα;bβðxÞ; ð6:3Þ

in terms of the harmonics Ya from (3.45). Since
detmαβ ¼ 1, this equation can also be used as a defining
equation for the functionΔðx; yÞ. The different components
of the two-form doublet are given by

Cmn
αðx; yÞ ¼ −

1

2
εαβΔ4=3ðx; yÞmβγðx; yÞYcðyÞ

×K½ab&
mnðyÞMab

cγðxÞ;
Cμm

αðx; yÞ ¼ 0;

Cμν
αðx; yÞ ¼

ffiffiffiffiffi
10

p
YaðyÞBμν

aαðxÞ: ð6:4Þ

Next, we give the uplift formulas for the four-form
components in terms of the Killing vectors K½ab&

mðyÞ,
Killing tensors K½ab&mnðyÞ, the sphere harmonics YaðyÞ
given in (3.45), the function Z½ab&kmnðyÞ given by (3.21),
and the four-form ~CklmnðyÞ from (3.49). In order not to
clutter the formulas, in the following we do not display the
dependence on the arguments x and y as it is always clear
from the definition of the various objects whether they
depend on the external or internal coordinates or both. The
final result reads

Cklmn ¼ ~Cklmn þ
1

16
~ωklmnpΔ4=3mαβ

~Gpq∂qðΔ−4=3mαβÞ;

Cμkmn ¼
ffiffiffi
2

p

4
Z½ab&kmnAμ

ab;

Cμνmn ¼
ffiffiffi
2

p

4
K½ab&

kZ½cd&kmnA½μ
abAν&

cd;

Cmμνρ ¼ −
1

32
K½ab&m

"
2

ffiffiffiffiffiffi
jgj

p
εμνρστMab;NFστN þ

ffiffiffi
2

p
εabcdefΩ

cdef
μνρ

#
−
1

4

ffiffiffi
2

p
K½ab&

kK½cd&
lZ½ef&mklðA½μ

abAν
cdAρ&

efÞ;

Cμνρσ ¼ −
1

16
YaYb

" ffiffiffiffiffiffi
jgj

p
εμνρστDτMbc;NMNca þ 2

ffiffiffi
2

p
εcdefgbF½μν

cdAρ
efAσ&

ga
#

þ 1

4

" ffiffiffi
2

p
K½ab&

kK½cd&
lK½ef&

nZ½gh&kln − YhYjεabcegjηdf
#
A½μ

abAν
cdAρ

efAσ&
gh þ ΛμνρσðxÞ: ð6:5Þ
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ds2 = ��2/3(x, y) gµ⌫(x) dx
µdx⌫ +Gmn(x, y)

�
dym +K[ab]

m(y)Aab
µ (x)dxµ

� �
dyn +K[cd]

n(y)Acd
⌫ (x)dx⌫

�

Gmn(x, y) = �2/3(x, y)K[ab]
m(y)K[cd]

n(y)Mab,cd(x)

e.g. 4-form  (after reconstructing all components, in Kaluza-Klein basis)

consistency of the reduction of Eq. (A1), which after all
should be guaranteed by consistency of the ansatz.
What comes to the rescue is some additional properties
of the twist matrix together with some highly nontrivial

nonlinear identities among the components of an
E6ð6Þ matrix. Namely the last factor in the first term
of (A10) drastically reduces upon certain index
projections

ðU−1ÞaqK½bc$
m ∂m Uq

c þ ðU−1ÞbqK½ac$
m ∂m Uq

c ¼ −
ffiffiffi
2

p
ηab;

ðU−1ÞaqK½bc$
m ∂m Uq

d þ ðU−1ÞbqK½ca$
m ∂m Uq

d þ ðU−1ÞcqK½ab$
m ∂m Uq

d ¼ 0; ðA12Þ

as may be verified by explicit computation. Moreover, the
tensor X ðabÞcd;e

f defined in (A11) is of quite restricted
nature and satisfies

X ðabÞcd;e
f ¼ X ðabÞ½cd;e$

f −
2

5
δf½cX ðabÞd$g;e

g

−
2

45
δf½cX ðabÞd$e;g

g þ
1

9
δfeX ðabÞcd;g

g; ðA13Þ

implying in particular that

X ðabÞe½c;d$
e ¼ − 1

6
X ðabÞcd;e

e: ðA14Þ

The identity (A13) is far from obvious and hinges
on the group properties of the matrix (4.12). It can be
verified by choosing an explicit parametrization of this
matrix (e.g. as given in [36]), at least with the help of
some computer algebra [50–52]. Combining this identity
with the properties (A12) of the twist matrix, we conclude

that the first term on the rhs of (A10) simplifies according
to

X ðabÞcd;e
fðU−1ÞeqK½cd$

m ∂m Uq
f
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5
X ðabÞgðd;eÞ

gðU−1ÞeqK½fd$
m ∂m Uq

f

¼ 1

5

ffiffiffi
2

p
X ðabÞgd;e

gηde; ðA15Þ

such that its y-dependence reduces to the harmonics YaYb.
As a consequence, together with (A12), we conclude that

the penultimate term in (A10) reduces to

−
1
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jgj
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YaYbX ðabÞcd;e

fðU−1ÞeqK½cd$
l∂lUq

f

¼ −
1

25
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gηcd: ðA16Þ

Together with (A8), Eq. (A1) then eventually reduces to
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80
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40
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p
εαβηdbMdα

NBκλ
aβ

#

þ 1

100

ffiffiffiffiffiffi
jgj

p
εμνρστYaYbð10Mac;fd þ X ðafÞec;d

eÞηcdηbf

þ 1

32

ffiffiffi
2

p
εabcdefF½μν

abFρσ
cdAτ$

ef þ 1

16
F½μν

abAρ
cdAσ

efAτ$
ghεabcdehηfh

þ 1

40

ffiffiffi
2

p
A½μ

abAν
cdAρ

efAσ
ghAτ$

ijεabcegiηdfηhj; ðA17Þ

such that the y-dependence of the entire equation organizes into the form (A9). Now the x-dependent coefficient of the
traceless combination ðYaYb − 1

6 ηabÞ precisely reproduces the D ¼ 5 scalar equations of motion (4.16). In particular, the
third line of (A17) coincides with the SL(6) variation of the scalar potential (4.14). This match requires additional nontrivial
relations among the components of an E6ð6Þ matrix (4.12)

ηefMdα
hðaMbÞc;deMfα

ch ¼ ηefMgα
deMfc;gðaMbÞα

cd;

ηefMde;cðaMbÞγ;fαMdα;cγ ¼ 2ηefMde;cðaMbÞh;fgMdg;ch þ ηefMdα
hðaMbÞc;deMfα

ch; ðA18Þ

which can be proven similar to (A13). From these it is straightforward to deduce that
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e.g. metric  (standard Kaluza-Klein form)

  proves the consistent truncation of IIB on AdS5 x S5
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    Û(Y ) ∈ E6(6)

ExFT

Exceptional Form ofD ¼ 11 Supergravity

Olaf Hohm1,* and Henning Samtleben2,†

1Arnold Sommerfeld Center for Theoretical Physics, Theresienstrasse 37, D-1-80333 Munich, Germany
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Little is known about the fundamental formulation of M
theory, whose low-energy limit is given by 11-dimensional
supergravity [1]. One illuminating feature is the existence
of duality symmetries, which relate M theory to the
10-dimensional superstring theories. These symmetries
should be as fundamental for the formulation ofM theory as
diffeomorphism invariance is for Einstein’s theory of general
relativity. Intriguingly, the so-called U-duality symmetries
comprise the exceptional Lie groups EnðnÞðZÞ[2]. In the
low-energy limit, it has been known for a long time that
upon torus compactification D ¼ 11 supergravity gives rise
to the continuous versionsEnðnÞðRÞ[3]. Since the early 1980s
this has led to the question: what is it about D ¼ 11 super-
gravity that knows about exceptional symmetries? It is the
purpose of this Letter to give fullyEnðnÞ-covariant versions of
D ¼ 11 supergravity by employing and generalizing tech-
niques from ‘‘double field theory’’ (DFT), an approach that
doubles coordinates to make the Oðd; dÞT-duality group
manifest [4–8]. These formulations show the emergence of
exceptional symmetries in terms of the higher-dimensional
geometry and symmetriesprior to any reduction or truncation.

Attempts to understand these ‘‘hidden’’ symmetries in
terms of the higher-dimensional theory have in fact a long
history, at least going back to the work of de Wit and
Nicolai [9], who performed a Kaluza–Klein-like decom-
position of D ¼ 11 supergravity to exhibit already in
eleven dimensions the composite local symmetries of the
lower-dimensional coset models. These formulations did
not make the exceptional symmetries manifest, and further
work in Ref. [10] suggested that additional coordinates
need to be introduced in order to realize the exceptional
groups. The idea of such an ‘‘exceptional spacetime’’ has
been implemented for a particular truncation of D ¼ 11
supergravity in Ref. [11]. (For more ambitious proposals
see Refs. [12–14].) More recently, after the emergence of
DFT, a number of papers have succeeded in generalizing

this approach to various U-duality groups; see, e.g.,
Refs. [15,16]. All these results, however, are restricted to
particular truncations of D ¼ 11 supergravity, setting to
zero the off-diagonal components of the metric and of the
3-form, assuming that all fields depend only on ‘‘internal’’
coordinates, and freezing the external metric to be flat
Minkowski up to a possible warp factor. This leaves open
the question about the significance of exceptional symme-
tries for the full theory. The first example of a U-duality
covariant formulation of a complete gravity theory was
obtained in Ref. [17] for the ‘‘toy model’’ of four-
dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form

S¼
Z

d5xd27YeL;

L & R̂þ 1

24
g!"D!MMND"MMN

% 1

4
MMNF !"MF N

!" þ e%1Ltop % VðM; eÞ: (1)
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tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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Eleven-dimensional supergravity reveals large exceptional symmetries upon reduction, in accordance

with the U-duality groups of M theory, but their higher-dimensional geometric origin has remained a

mystery. In this Letter, we show that D ¼ 11 supergravity can be extended to be fully covariant under the

exceptional groups EnðnÞ, n ¼ 6, 7, 8. Motivated by a similar formulation of double field theory we

introduce an extended ‘‘exceptional spacetime.’’ We illustrate the construction by giving the explicit E6ð6Þ
covariant form: the full D ¼ 11 supergravity, in a 5þ 6 splitting of coordinates but without truncation,

embeds into an E6ð6Þcovariant 5þ 27 dimensional theory. We argue that this covariant form likewise

comprises type IIB supergravity.
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dimensional Einstein gravity. By proper Kaluza–Klein-type
decomposition of fields and extension of the coordinates, the
full theory takes a form that is manifestly covariant under the
SLð2;RÞEhlers symmetry discovered in dimensional reduc-
tion more than 50 years ago [18]. The resulting theory
closely resembles DFT when performing the analogous
Kaluza–Klein-type decomposition of fields [19]. In the fol-
lowing, we apply this strategy to D ¼ 11 supergravity and
embed it into a form that is fully covariant under the excep-
tional groups EnðnÞ, n ¼ 6, 7, 8. We argue that this covariant
form likewise encodes the type IIB theory [20].
For definiteness, we present in detail the case of E6ð6Þ

and comment on the other cases below. Performing a 5þ 6
decomposition of the D ¼ 11 coordinates and embedding
the six coordinates into the fundamental 27-dimensional
representation of E6ð6Þ, we cast the bosonic sector of
11-dimensional supergravity, without any truncation, into
the E6ð6Þ-covariant form
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specific D=4 construction, based on electric/magnetic split of internal coordinates 
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4.1.3 Case 5 ! 3+ 1+ 1

Let us split the index i into i = ↵,↵
0
, a, where ↵ = 1, 2, 3, ↵0 = 4, 5, 6 and a = 7, 8 is the

index labeling the singlets. The SO(3)d generators in the 8 of SO(8) read:

t↵ =

0

B@
✏�↵� 0 0

0 ✏�0↵�0 0

0 0 02

1

CA , (4.6)

and satisfy the relations (4.4). With the general ansatz for Aij , Ai
jkl in terms of singlets

under this SO(3)d (c.f. appendix B), we find aside from the known N = 8 solution only the

following solution:

A↵� = �↵� , A↵0�0 = 2⇠ �↵0�0 , A77 = 2 ⌘ , A88 = ⇠ ⌘ e
i'
,

A
7
↵0�0� =

p
2 ⇠ ⌘ e�i'4 ✏↵0�3�0�3 � , A

↵0
�0�7 = �

p
2 e�i'4 ✏↵0�3�0�3 � ,

A
↵0

�0�08 =
p
2 ⇠ ei

'
4 ✏↵0�3�0�3 �0�3 , A

↵0
↵ab = �⌘ e

i'2 �
↵0�3
↵ ✏ab ,

A
7
8↵0↵ = �⇠ e

i'2 �↵0�3↵ , A
↵0

�0↵� = �2 �↵
0�3�0�3

↵� , (4.7)

where ⌘, ⇠ = ±1. The parameter ⇠ can be disposed of by means of a SU(8) transformation

while the sign ⌘ can be changed by shifting ' ! '+2⇡. We can thus set ⇠ = ⌘ = +1. Notice

that A
8
ijk = 0 which implies that this is actually an N = 4 solution and that the residual

symmetry group is enhanced to SO(4).

4.2 Gauge Groups and E7(7)-Invariants

We have identified two AdS vacua in maximal supergravity by solving the system of quadratic

constraints (2.6) for the embedding tensor. As the next step, we will have to determine the

associated gauge groups, i.e. identify in which gauged maximal supergravity these vacua live.

We can compute the associated gauge group generators via (2.4), (2.3), and (2.1). Much of

the structure of the gauge group can already be inferred from the E7(7)-invariant signature

of the (generalized) Cartan-Killing metric

sign[Tr(XM ·XN )] . (4.8)

The above matrix has 28 vanishing eigenvalues (due to the locality constraint (2.2)) while

the other 28 eigenvalues define the Cartan-Killing metric of the gauge algebra.

4.2.1 The N = 4 vacuum

We first compute the Cartan-Killing metric (4.8) for the N = 4 vacuum (4.7) as a function

of the angular parameter '. This allows the following identification of the corresponding

underlying gauge group:

parameter signature of C.-K. metric gauge group

' = 2⇡ (1+, 15�, 120) [SO(1, 1)⇥ SO(6)]n T
12

0  ' < 2⇡ (7+, 21�) SO(1, 7)

(4.9)

12

gauge group

IIB sugra

D=4 maximal sugra

AdS4 × S5 × H1

D=4 scalar potential

  : not stationarySO(6) AdS4 × S5 × H1

Henning Samtleben                                                                                                   ENS de Lyon
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[Inverso, HS, Trigiante, Malek]

specific D=4 construction, based on electric/magnetic split of internal coordinates 

inducing dyonic gaugings
=3

(SO(p, q)� SO(p�, q�)) � N
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[Dall’Agata, Inverso]

4.1.3 Case 5 ! 3+ 1+ 1

Let us split the index i into i = ↵,↵
0
, a, where ↵ = 1, 2, 3, ↵0 = 4, 5, 6 and a = 7, 8 is the

index labeling the singlets. The SO(3)d generators in the 8 of SO(8) read:

t↵ =

0

B@
✏�↵� 0 0

0 ✏�0↵�0 0

0 0 02

1

CA , (4.6)

and satisfy the relations (4.4). With the general ansatz for Aij , Ai
jkl in terms of singlets

under this SO(3)d (c.f. appendix B), we find aside from the known N = 8 solution only the

following solution:

A↵� = �↵� , A↵0�0 = 2⇠ �↵0�0 , A77 = 2 ⌘ , A88 = ⇠ ⌘ e
i'
,

A
7
↵0�0� =

p
2 ⇠ ⌘ e�i'4 ✏↵0�3�0�3 � , A

↵0
�0�7 = �

p
2 e�i'4 ✏↵0�3�0�3 � ,

A
↵0

�0�08 =
p
2 ⇠ ei

'
4 ✏↵0�3�0�3 �0�3 , A

↵0
↵ab = �⌘ e

i'2 �
↵0�3
↵ ✏ab ,

A
7
8↵0↵ = �⇠ e

i'2 �↵0�3↵ , A
↵0

�0↵� = �2 �↵
0�3�0�3

↵� , (4.7)

where ⌘, ⇠ = ±1. The parameter ⇠ can be disposed of by means of a SU(8) transformation

while the sign ⌘ can be changed by shifting ' ! '+2⇡. We can thus set ⇠ = ⌘ = +1. Notice

that A
8
ijk = 0 which implies that this is actually an N = 4 solution and that the residual

symmetry group is enhanced to SO(4).

4.2 Gauge Groups and E7(7)-Invariants

We have identified two AdS vacua in maximal supergravity by solving the system of quadratic

constraints (2.6) for the embedding tensor. As the next step, we will have to determine the

associated gauge groups, i.e. identify in which gauged maximal supergravity these vacua live.

We can compute the associated gauge group generators via (2.4), (2.3), and (2.1). Much of

the structure of the gauge group can already be inferred from the E7(7)-invariant signature

of the (generalized) Cartan-Killing metric

sign[Tr(XM ·XN )] . (4.8)

The above matrix has 28 vanishing eigenvalues (due to the locality constraint (2.2)) while

the other 28 eigenvalues define the Cartan-Killing metric of the gauge algebra.

4.2.1 The N = 4 vacuum

We first compute the Cartan-Killing metric (4.8) for the N = 4 vacuum (4.7) as a function

of the angular parameter '. This allows the following identification of the corresponding

underlying gauge group:

parameter signature of C.-K. metric gauge group

' = 2⇡ (1+, 15�, 120) [SO(1, 1)⇥ SO(6)]n T
12

0  ' < 2⇡ (7+, 21�) SO(1, 7)

(4.9)

12

gauge group

IIB sugra

D=4 maximal sugra

AdS4 × S5 × H1

D=4 scalar potential

  : not stationarySO(6) AdS4 × S5 × H1

 : , AdS4 vacuumSO(4) 𝒩 = 4
=3

AdS4 � S2 � S2 � �

Janus solution  [D’Hoker, Estes, Gutperle]  
 [Assel, Bachas, Estes, Gomis][Assel, Tomasiello]

with a maximally supersymmetric consistent truncation around

C Relation to the N = 4 Janus solution

In this appendix we show that the solution discussed in Section 3.3, upon suitable redefini-

tions and an S-duality rotation, coincides with the N = 4 supersymmetric Janus solution of

[56].

Let us define the S2 ⇥ S2 sphere harmonics as

Yp

1 ⌘ 1

r
Yp , Yp

2 ⌘ 1p
1� r2

Zp , (C.1)

such that Yp

1Y
p

1 = 1 = Yp

2Y
p

2 . Then

dYp = r dYp

1 + Yp

1 dr ,

dZp =
p
1� r2 dYp

2 �
rp

1� r2
Yp

2 dr (C.2)

Let us also set

r = sin x . (C.3)

with 0  x  ⇧/2. We shall define on the surface ⌃ parametrized by ⌘, x the complex

coordinate z = ⌘� i x, with Imz = x 2 [0, ⇡2 ]. Upon these redefinitions, the ten-dimensional

IIB metric (3.33) has the form

ds2 = �3 sin2x (1 + 2 cos2x) dYp

1dY
p

1 +�3 (1 + 2 sin2x) cos2x dYp

2dY
p

2

+��1 (dxdx+ d⌘ d⌘) +
1

2
��1 ds2AdS4 , (C.4)

with the warp factor given by

� =
�
(1 + 2 sin2x)(1 + 2 cos2x)

��1/4
, (C.5)

and the AdS4 radius fixed to rAdS = 1 .

Comparing to the notation of [56], in which the metric is written as:

ds2 = f 2
4ds

2
AdS4 + f 2

1 ds
2
S
2
1
+ f 2

2 ds
2
S
2
2
+ 4⇢2 dzdz̄ , (C.6)

we can make the following identifications

f 8
4 =

1

16
��4 =

1

16
(1 + 2 sin2x)(1 + 2 cos2x) ,

f 2
1 = �3 sin2x (1 + 2 cos2x) ,

f 2
2 = �3 (1 + 2 sin2x) cos2x ,

4⇢2 = ��1 . (C.7)
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