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Fine-Grained Entropy of Hawking Radiation:  The von Neumann entropy of the state 
of the Hawking radiation.

Information Paradox

Coarse-Grained Entropy of Black hole - Bekenstein-Hawking Entropy:  The area of 
the event horizon/4G - a measure of the dimensionality of the black hole Hilbert space.
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Unitary Evolution - Page Curve:  Generic behavior of the Þne-grained entropy in a 
unitary system governed by random Hamiltonian. Fine-grained entropy of either system.
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Fine-Grained Entropy of Hawking Radiation:  The von Neumann entropy of the state 
of the Hawking radiation.

Information Paradox

Coarse-Grained Entropy of Black hole - Bekenstein-Hawking Entropy:  The area of 
the event horizon/4G - a measure of the dimensionality of the black hole Hilbert space.
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Reproducing the Page curve FOR BOTH SYSTEMS is tantamount to resolving 
the information paradox!

Unitary Evolution - Page Curve:  Generic behavior of the Þne-grained entropy in a 
unitary system governed by random Hamiltonian. Fine-grained entropy of either system.
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Plan for this Talk

We will consider the case of evaporating one side of the eternal black hole in JT gravity 
coupled to an external system.
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Search for quantum extremal surfaces as a function of boundary time.

Plan: To track the evolution of the von Neumann entropy of the evaporating side, and of the 
extracted Hawking radiation in the external system.

Goal: To reproduce the Page curve for      and for the extracted Hawking radiation.
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JT Gravity + Conformal Matter
We study black hole evaporation in the setting of JT gravity coupled to conformal matter.

Integral over      Þxes the spacetime metric to be AdS2

The gravitational dynamics of this theory is given entirely 
by that of the reparamaterization          where      is the 

physical boundary time.
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The Bath CFT is glued to the AdS2 bulk along the physical boundary, identifying the 
physical time on the boundary with that of the bath.

Evaporating One Side of the Eternal Black hole
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We are interested in computing:

Bulk Entanglement Entropy

Entropy of interval 
anchored to boundary Entropy of the bath or!

Hawking Radiation!

1. Transformation to a coordinate system where stress tensor is trivia l 

2. Compute Entropy in that coordinate system  

3. Transform back to physical coordinates and cutoffs
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Finding the Quantum Extremal Surfaces

Generalized Entanglement Entropy
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Generalized Entanglement Entropy
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Achieved in the null interval limit:
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Entropy (roughly):
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Late time branch:     QES near the apparent horizon

O(1) < 0
SR

SB

SBH [
p

2(E0 + ES)]

SL = SRB � |SR � SB |

� SB � SR

SB  SL + SR

zw

SB = 0

SR
Gen ⇡ ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk ⇠ SBH [E0 + ES] ⇥ (1 � e! cGN u/ 2)

SR
Gen ⇡ SBH [EADM (u)] � cln cGN

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen % SBH [EADM (u)] # cln cGN

% SBH [E0 + ES]e! cGN u/ 2 # cln cGN

< 0

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4G
N

+ ! (H )
4G

N

+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cG
N

u/ 2)

SR
Gen % SBH [EADM (u)] # cln cGN

% SBH [E0 + ES]e! cG
N

u/ 2 # cln cGN

< 0
SBH (u)
SBH [E0]

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

7

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

7

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

7

@± Sgen = 1
4GN

@± �(�) + @± SBulk (! out
! ) = 0

@+ SBulk ⇠ c
x+ �t (u)

x+ � t(u) ⇠ c GN

O(1) < 0
SR

SB

SBH [
p

2(E0 + ES)]

SL = SRB � |SR � SB |

� SB � SR

SB  SL + SR

zw

SB = 0

SR
Gen ⇡ " 0

4GN
+ " (H )

4GN
+ SBulk (u)

SBulk
Late��! 2SBH [E0 + ES] ⇥ (1 � e�cGN u/ 2)

SBulk
Early���! c

6⇡Tu

Late��!
Early���!
SR

Gen ⇡ SBH [EADM (u)] � cln cGN

⇡ SBH [E0 + ES]e�cGN u/ 2 � cln cGN

< 0
SBH (u) = " SBH (u) + S0

SBH [E0]

6

Leichenauer



Does this resolve the Information Paradox?

What about the entropy of the bath?
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What if the bulk/bath BCFT was holographic?



What if the bulk/bath BCFT was holographic?

The 1+1d system will be dual to a 2+1d bulk!
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What if the bulk/bath BCFT was holographic?

The 1+1d system will be dual to a 2+1d bulk!
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The boundary holographic system is

1
Equations

I= Z!(R+2)+!b ZK+ICFT [g]
(1.1)

I= R!(R+2)+!b RK+ICFT [g]

I= !bGN Zdu{tx (u),u}+ICFT [gAdS2 ]

|0!Kruskal = Yw Xn e ! !nw2|n!in |n!out
(1.2)

"out " Yw Xn e !!nw|n!#n|
(1.3)

8<: ffffffff 9=;
(1.4)

|!!Matter $%
"out

(1.5)

SBH = Area4GN
(1.6)

SHR =$Tr"out ln"out
(1.7)

SPage
(1.8)

tPage
(1.9)

OldYoung
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What if the bulk/bath BCFT was holographic?
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The boundary holographic system is

1
Equations

I= Z!(R+2)+!b ZK+ICFT [g]
(1.1)

I= R!(R+2)+!b RK+ICFT [g]

I= !bGN Zdu{tx (u),u}+ICFT [gAdS2 ]

|0!Kruskal = Yw Xn e ! !nw2|n!in |n!out
(1.2)

"out " Yw Xn e !!nw|n!#n|
(1.3)

8<: ffffffff 9=;
(1.4)

|!!Matter $%
"out

(1.5)

SBH = Area4GN
(1.6)

SHR =$Tr"out ln"out
(1.7)

SPage
(1.8)

tPage
(1.9)

OldYoung
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IR Branes

JT Brane

What if the bulk/bath BCFT was holographic?
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Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?
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The             contribution is ÔgeometrizedÕ in the 
new bulk. Apply regular RT.
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Ent. 
Shadow

Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?
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Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?
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What if the bulk/bath BCFT was holographic?
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Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?

Entanglement Wedge!
of the bath!

Contains the !
black hole interior!!!
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Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?

Entanglement Wedge!
of the bath!

Contains the !
black hole interior!!!

The black hole interior is dual to the bath!!
This realizes ER = EPR!! 
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Entropy is given by the RT surface in 2+1d bulk

What if the bulk/bath BCFT was holographic?

Entanglement Wedge!
of the bath!

Contains the !
black hole interior!!!

The black hole interior is dual to the bath!!
This realizes ER = EPR!! 

But instead of the ÔoctopusÕ spacetime we have a 
nice Òsingle Þlet of salmonÓ - S. Shenker
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We obtained the Page curve  for both the radiation and black hole in the context of 
evaporating a black hole in 1+1 dimensions coupled to holographic matter.
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HawkingÕs ÔmistakeÕ: He didnÕt know about the Minimality condition of RT formula!

SBath = c
6 ln w+

1 �w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 �w+
3 )( w!

2 �w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 �w+

2 )( w!
3 �w+

3 )
(w!

2 �w+
3 )( w!

3 �w+
2 )

w±
i ! w± (x±

i )

�4dx+ dx!

(x+ �x! )2 =
�4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ �x! )2 dw+ dw�

✏w = (x+ �x! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u�y! )( x+ �t x (u))

!

#
f "(y! )

(x+ �f (y! ))
1#

f "(u)

#

x+ tx (u) y� u

@�SGen = 1
4GN

@�� + @�SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+ �t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SR

SB

6

! ± Sgen = 1
4GN

! ± " (#) + ! ± SBulk (! out
! ) = 0

! + SBulk ! c
x+ ! t (u)

x+ " t(u) ! c GN

O(1) < 0
SR

SB

SBH [
#

2(E0 + ES)]

SL = SRB $ |SR " SB |

$ SB " SR

SB % SL + SR

SL + SR(u)

zw

SB = 0

SR
Gen & " 0

4GN
+ " (H )

4GN
+ SBulk (u)

SBulk
Late""' 2" SBH [E0 + ES] ( (1 " e! cGN u/ 2)

SBulk
Early
"""' c

6$Tu

Late""'
Early
"""'
SR

Gen & SBH [EADM (u)] " cln cGN

& SBH [E0 + ES]e! cGN u/ 2 " cln cGN

< 0
SBH (u) = " SBH (u) + S0

6

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

7

SBath = c
6 ln w+

1 �w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 �w+
3 )( w!

2 �w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 �w+

2 )( w!
3 �w+

3 )
(w!

2 �w+
3 )( w!

3 �w+
2 )

w±
i ! w± (x±

i )

�4dx+ dx!

(x+ �x! )2 =
�4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ �x! )2 dw+ dw�

✏w = (x+ �x! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u�y! )( x+ �t x (u))

!

#
f "(y! )

(x+ �f (y! ))
1#

f "(u)

#

x+ tx (u) y� u

@�SGen = 1
4GN

@�� + @�SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+ �t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SR

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4G
N

+ ! (H )
4G

N

+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cG
N

u/ 2)

SR
Gen % SBH [EADM (u)] # cln cGN

% SBH [E0 + ES]e! cG
N

u/ 2 # cln cGN

< 0
SBH (u)
SBH [E0]

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6



Punch Line

We obtained the Page curve  for both the radiation and black hole in the context of 
evaporating a black hole in 1+1 dimensions coupled to holographic matter.

HawkingÕs ÔmistakeÕ: He didnÕt know about the Minimality condition of RT formula!

SBath = c
6 ln w+

1 �w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 �w+
3 )( w!

2 �w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 �w+

2 )( w!
3 �w+

3 )
(w!

2 �w+
3 )( w!

3 �w+
2 )

w±
i ! w± (x±

i )

�4dx+ dx!

(x+ �x! )2 =
�4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ �x! )2 dw+ dw�

✏w = (x+ �x! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u�y! )( x+ �t x (u))

!

#
f "(y! )

(x+ �f (y! ))
1#

f "(u)

#

x+ tx (u) y� u

@�SGen = 1
4GN

@�� + @�SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+ �t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SR

SB

6

! ± Sgen = 1
4GN

! ± " (#) + ! ± SBulk (! out
! ) = 0

! + SBulk ! c
x+ ! t (u)

x+ " t(u) ! c GN

O(1) < 0
SR

SB

SBH [
#

2(E0 + ES)]

SL = SRB $ |SR " SB |

$ SB " SR

SB % SL + SR

SL + SR(u)

zw

SB = 0

SR
Gen & " 0

4GN
+ " (H )

4GN
+ SBulk (u)

SBulk
Late""' 2" SBH [E0 + ES] ( (1 " e! cGN u/ 2)

SBulk
Early
"""' c

6$Tu

Late""'
Early
"""'
SR

Gen & SBH [EADM (u)] " cln cGN

& SBH [E0 + ES]e! cGN u/ 2 " cln cGN

< 0
SBH (u) = " SBH (u) + S0

6

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

7

SBath = c
6 ln w+

1 �w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 �w+
3 )( w!

2 �w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 �w+

2 )( w!
3 �w+

3 )
(w!

2 �w+
3 )( w!

3 �w+
2 )

w±
i ! w± (x±

i )

�4dx+ dx!

(x+ �x! )2 =
�4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ �x! )2 dw+ dw�

✏w = (x+ �x! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u�y! )( x+ �t x (u))

!

#
f "(y! )

(x+ �f (y! ))
1#

f "(u)

#

x+ tx (u) y� u

@�SGen = 1
4GN

@�� + @�SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+ �t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SR

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4G
N

+ ! (H )
4G

N

+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cG
N

u/ 2)

SR
Gen % SBH [EADM (u)] # cln cGN

% SBH [E0 + ES]e! cG
N

u/ 2 # cln cGN

< 0
SBH (u)
SBH [E0]

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6

O(1) < 0
SR

SB

SBH [
!

2(E0 + ES)]

SL = SRB " |SR # SB |

" SB # SR

SB $ SL + SR

zw

SB = 0

SR
Gen % ! 0

4GN
+ ! (H )

4GN
+ SBulk (u)

SBulk & 2SBH [E0 + ES] ' (1 # e! cGN u/ 2)

SR
Gen %SBH [EADM (u)] # c ln cGN

%SBH [E0 + ES]e! cGN u/ 2 # c ln cGN

< 0
SBH (u)
SBH [E0]

S0

6

Somebody should ask me about what happens to pure statesÉ





SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+dx!

(x+! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+! x ! )2 dw+ dw!

✏w = (x+! x ! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u! y! )( x+! t x (u))

!

#
f "(y! )

(x+! f (y! ))
1#

f "(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBath = c
6

ln w+
1 ! w�

1
2! w

1
+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w�
2 ! w�

3 )"
4! w

2 ! w
3

+ ln G(⌘)

⌘ ! (w�
2 ! w+

2 )(w�
3 ! w+

3 )

(w�
2 ! w+

3 )(w�
3 ! w+

2 )

w±
i ! w± (x±

i )

! 4dx+ dx�

(x+ ! x�)2 =
! 4

!
! w +

! x +
! w �
! x �

" �1

(x+ ! x�)2 dw+dw!

✏w = (x+ ! x�)
2

!
#w+

#x+
#w�

#x� ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk(! out

% )

H

~l
� $
4GN

" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6

ln
"
(u! y�)(x+ ! t x (u))

!

#
f 0(y�)

(x+ ! f (y�))
1#

f 0(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+SGen = 1
4GN

@+� + @+SBulk = 0

@+SBulk " c
x+ ! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBath = c
6

ln w+
1 ! w!

1
2!w1

+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w!
2 ! w!

3 )"
4!w2 !w3

+ ln G(! )

! ! (w!
2 ! w+

2 )(w!
3 ! w+

3 )

(w!
2 ! w+

3 )(w!
3 ! w+

2 )

w

±
i ! w

± (x±
i )

! 4dx+ dx!

(x+ ! x! )2 =
! 4

!
! w

+

! x

+
! w

!

! x

!

" ! 1

(x+ ! x! )2 dw

+
dw

!

"w = (x+ ! x! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(! )

! ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+ dx!

(x+ ! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ ! x ! )2 dw+ dw!

"w = (x+ ! x ! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7



SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+dx!

(x+! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+! x ! )2 dw+ dw!

✏w = (x+! x ! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u! y! )( x+! t x (u))

!

#
f "(y! )

(x+! f (y! ))
1#

f "(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBath = c
6

ln w+
1 ! w�

1
2! w

1
+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w�
2 ! w�

3 )"
4! w

2 ! w
3

+ ln G(⌘)

⌘ ! (w�
2 ! w+

2 )(w�
3 ! w+

3 )

(w�
2 ! w+

3 )(w�
3 ! w+

2 )

w±
i ! w± (x±

i )

! 4dx+ dx�

(x+ ! x�)2 =
! 4

!
! w +

! x +
! w �
! x �

" �1

(x+ ! x�)2 dw+dw!

✏w = (x+ ! x�)
2

!
#w+

#x+
#w�

#x� ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk(! out

% )

H

~l
� $
4GN

" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6

ln
"
(u! y�)(x+ ! t x (u))

!

#
f 0(y�)

(x+ ! f (y�))
1#

f 0(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+SGen = 1
4GN

@+� + @+SBulk = 0

@+SBulk " c
x+ ! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBath = c
6

ln w+
1 ! w!

1
2!w1

+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w!
2 ! w!

3 )"
4!w2 !w3

+ ln G(! )

! ! (w!
2 ! w+

2 )(w!
3 ! w+

3 )

(w!
2 ! w+

3 )(w!
3 ! w+

2 )

w

±
i ! w

± (x±
i )

! 4dx+ dx!

(x+ ! x! )2 =
! 4

!
! w

+

! x

+
! w

!

! x

!

" ! 1

(x+ ! x! )2 dw

+
dw

!

"w = (x+ ! x! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(! )

! ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+ dx!

(x+ ! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ ! x ! )2 dw+ dw!

"w = (x+ ! x ! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+E
S

E
S

SR(u) = Min
!

Late��!
Early���!
SBulk ⇠ clog [Length]

" +SBulk ⇠ c
Length

Length ⇠ cGN

BL BR SLR = SB
L

B
R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7



SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+dx!

(x+! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+! x ! )2 dw+ dw!

✏w = (x+! x ! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u! y! )( x+! t x (u))

!

#
f "(y! )

(x+! f (y! ))
1#

f "(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBath = c
6

ln w+
1 ! w�

1
2! w

1
+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w�
2 ! w�

3 )"
4! w

2 ! w
3

+ ln G(⌘)

⌘ ! (w�
2 ! w+

2 )(w�
3 ! w+

3 )

(w�
2 ! w+

3 )(w�
3 ! w+

2 )

w±
i ! w± (x±

i )

! 4dx+ dx�

(x+ ! x�)2 =
! 4

!
! w +

! x +
! w �
! x �

" �1

(x+ ! x�)2 dw+dw!

✏w = (x+ ! x�)
2

!
#w+

#x+
#w�

#x� ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk(! out

% )

H

~l
� $
4GN

" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6

ln
"
(u! y�)(x+ ! t x (u))

!

#
f 0(y�)

(x+ ! f (y�))
1#

f 0(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+SGen = 1
4GN

@+� + @+SBulk = 0

@+SBulk " c
x+ ! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBath = c
6

ln w+
1 ! w!

1
2!w1

+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w!
2 ! w!

3 )"
4!w2 !w3

+ ln G(! )

! ! (w!
2 ! w+

2 )(w!
3 ! w+

3 )

(w!
2 ! w+

3 )(w!
3 ! w+

2 )

w

±
i ! w

± (x±
i )

! 4dx+ dx!

(x+ ! x! )2 =
! 4

!
! w

+

! x

+
! w

!

! x

!

" ! 1

(x+ ! x! )2 dw

+
dw

!

"w = (x+ ! x! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(! )

! ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+ dx!

(x+ ! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ ! x ! )2 dw+ dw!

"w = (x+ ! x ! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+E
S

E
S

SR(u) = Min
!

Late��!
Early���!
SBulk ⇠ clog [Length]

" +SBulk ⇠ c
Length

Length ⇠ cGN

BL BR SLR = SB
L

B
R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7



SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+dx!

(x+! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+! x ! )2 dw+ dw!

✏w = (x+! x ! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u! y! )( x+! t x (u))

!

#
f "(y! )

(x+! f (y! ))
1#

f "(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBath = c
6

ln w+
1 ! w�

1
2! w

1
+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w�
2 ! w�

3 )"
4! w

2 ! w
3

+ ln G(⌘)

⌘ ! (w�
2 ! w+

2 )(w�
3 ! w+

3 )

(w�
2 ! w+

3 )(w�
3 ! w+

2 )

w±
i ! w± (x±

i )

! 4dx+ dx�

(x+ ! x�)2 =
! 4

!
! w +

! x +
! w �
! x �

" �1

(x+ ! x�)2 dw+dw!

✏w = (x+ ! x�)
2

!
#w+

#x+
#w�

#x� ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk(! out

% )

H

~l
� $
4GN

" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6

ln
"
(u! y�)(x+ ! t x (u))

!

#
f 0(y�)

(x+ ! f (y�))
1#

f 0(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+SGen = 1
4GN

@+� + @+SBulk = 0

@+SBulk " c
x+ ! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBath = c
6

ln w+
1 ! w!

1
2!w1

+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w!
2 ! w!

3 )"
4!w2 !w3

+ ln G(! )

! ! (w!
2 ! w+

2 )(w!
3 ! w+

3 )

(w!
2 ! w+

3 )(w!
3 ! w+

2 )

w

±
i ! w

± (x±
i )

! 4dx+ dx!

(x+ ! x! )2 =
! 4

!
! w

+

! x

+
! w

!

! x

!

" ! 1

(x+ ! x! )2 dw

+
dw

!

"w = (x+ ! x! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(! )

! ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+ dx!

(x+ ! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ ! x ! )2 dw+ dw!

"w = (x+ ! x ! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+E
S

E
S

SR(u) = Min
!

Late��!
Early���!
SBulk ⇠ clog [Length]

" +SBulk ⇠ c
Length

Length ⇠ cGN

BL BR SLR = SB
L

B
R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

1+1d spacetime develops 
a quantum extremal 
surface at the Page time.



SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(⌘)

⌘ ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+dx!

(x+! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+! x ! )2 dw+ dw!

✏w = (x+! x ! )
2

!
#w+

#x+
#w!

#x! ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk (! out

% )

H

~l
� $

4GN
" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6 ln

"
(u! y! )( x+! t x (u))

!

#
f "(y! )

(x+! f (y! ))
1#

f "(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+ SGen = 1
4GN

@+ � + @+ SBulk = 0

@+ SBulk " c
x+! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBath = c
6

ln w+
1 ! w�

1
2! w

1
+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w�
2 ! w�

3 )"
4! w

2 ! w
3

+ ln G(⌘)

⌘ ! (w�
2 ! w+

2 )(w�
3 ! w+

3 )

(w�
2 ! w+

3 )(w�
3 ! w+

2 )

w±
i ! w± (x±

i )

! 4dx+ dx�

(x+ ! x�)2 =
! 4

!
! w +

! x +
! w �
! x �

" �1

(x+ ! x�)2 dw+dw!

✏w = (x+ ! x�)
2

!
#w+

#x+
#w�

#x� ✏x

L R B
Sgen = $0

4GN
+ $(%)

4GN
+ SBulk(! out

% )

H

~l
� $
4GN

" l2

GN

�SBulk " cl

l " cGN

SBulk = c
6

ln
"
(u! y�)(x+ ! t x (u))

!

#
f 0(y�)

(x+ ! f (y�))
1#

f 0(u)

#

x+ tx (u) y! u

@! SGen = 1
4GN

@! � + @! SBulk = 0

@+SGen = 1
4GN

@+� + @+SBulk = 0

@+SBulk " c
x+ ! t x (u)

x+ $ tx (u) " c GN

O(1) < 0

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBath = c
6

ln w+
1 ! w!

1
2!w1

+ ln g

SBulk = c
6

ln (w+
2 ! w+

3 )(w!
2 ! w!

3 )"
4!w2 !w3

+ ln G(! )

! ! (w!
2 ! w+

2 )(w!
3 ! w+

3 )

(w!
2 ! w+

3 )(w!
3 ! w+

2 )

w

±
i ! w

± (x±
i )

! 4dx+ dx!

(x+ ! x! )2 =
! 4

!
! w

+

! x

+
! w

!

! x

!

" ! 1

(x+ ! x! )2 dw

+
dw

!

"w = (x+ ! x! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBath = c
6 ln w+

1 ! w!
1

2! w
1

+ ln g

SBulk = c
6 ln (w+

2 ! w+
3 )( w!

2 ! w!
3 )"

4! w
2 ! w

3
+ ln G(! )

! ! (w!
2 ! w+

2 )( w!
3 ! w+

3 )
(w!

2 ! w+
3 )( w!

3 ! w+
2 )

w±
i ! w± (x±

i )

! 4dx+ dx!

(x+ ! x ! )2 =
! 4

!
! w +

! x +
! w !

! x !

" ! 1

(x+ ! x ! )2 dw+ dw!

"w = (x+ ! x ! )
2

!
#w+

#x+
#w!

#x! "x

L R B

5

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+E
S

E
S

SR(u) = Min
!

Late��!
Early���!
SBulk ⇠ clog [Length]

" +SBulk ⇠ c
Length

Length ⇠ cGN

BL BR SLR = SB
L

B
R

7

SBH [E0]

S0

! SBH [E0] + 2S0

!

+ ES! (x! )
uScr = !

2" ln E0+ ES
ES

SR(u) = Min
!

Late""!
Early
"""!
SBulk # clog [Length]

" + SBulk # c
Length

Length # cGN

BL BR SLR = SB L B R

7

1+1d spacetime develops 
a quantum extremal 
surface at the Page time.












