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GRADIENT BASED OPTIMIZATION

Goal:
Minimize : F(x)

Deterministic optimization, we get access to ∇F(x)
Learning or Stochastic optimization: F(x) = Ez∼D[f (x; z)]
We get access to stochastic gradients of form ∇f (x; zt)where zt ∼ D

Ezt∼D[∇f (x; zt)] = ∇F(x)



SCORE FUNCTION BASED SAMPLING

Goal:

Sample from distribution with density : p(x) = e−�F(x)�Z�

We get access to “score function” (gradient): ∇F(x)



GRADIENT BASED OPTIMIZATION VS SAMPLING

Optimization
<latexit sha1_base64="WlhSXUslIgM6KUWKoNcw6vyaR/A="></latexit>

Minimize F (x)

Sampling
<latexit sha1_base64="sDbRHqjIJe1OfqBaUzKwopD9/1c="></latexit>

Sample from p(x) / exp(��F (x))
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Langevin Monte Carlo Sampling:
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GRADIENT FLOW

Consider the continuous time (idealized) Gradient Descent process:

dx(t) = −∇F(x(t))dt

Think of x(0) = x0 as the starting point

w.l.o.g. assume F is minimized at 0 and that F(0) = 0

In general if we SGD or GD with some step size scheme could
work, then we would expect this idealized process to work

Eg. Given ✏ > 0, and any starting point x0, there exists t <∞ such
that F(x(t)) ≤ ✏
Define ⌧✏(x0) to be the smallest such time.



LANGEVIN DIFFUSION PROCESS

Consider the continuous time (idealized) Gradient Langevin
Dynamics process:

dx(t) = −∇F(x(t))dt +�2�−1dB(t)
where B(t) is the standard brownian motion in Rd

In general if we assume SGLD or GLD would works, would
expect this idealized process to work

Define Hitting time ⌧✏(x0) = inf{t ∶ F(x(t)) ≤ ✏}.
We would expect hitting time to be well behaved



GENERATOR FOR A MARKOV PROCESS

Definition
The (infinitesimal) generator of a Markov process x(t) is the operatorL defined on all (sufficiently differentiable) functions f by

Lf (x) = lim
t→0

E[f (x(t))] − f (x)
t

Gradient Flow: LGFf (x) = − �∇F(x),∇f (x)�
Langevin Diffussion: LLDf (x) = − �∇F(x),∇f (x)� +�−1�f (x)
where � is the Laplacian operator
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LYAPUNOV POTENTIAL

Definition
A non-negative function � is a Lyapunov Potential on open set A if
� ≥ 1 and on set A we have:

−L� ≥ ��

For optimization we will consider the set A = {x ∈ Rd ∶ F(x) > ✏}
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WHY LYAPUNOV FUNCTION HELPS: GD

Say the Lyapunov potential was H-smooth and function F is L

Lipschitz, then

�(xt) =�(xt−1 − ⌘∇F(xt−1))
≤�(xt−1) − ⌘ �∇F(xt−1),∇�(xt−1)� + H⌘2

2
�∇F(xt−1)�22

≤�(xt−1) − ⌘ �∇F(xt−1),∇�(xt−1)� + HL
2⌘2

2

≤�(xt−1) − ⌘��(xt−1) + HL
2⌘2

2

Rearranging and taking an average:

1 ≤ 1
T

T�
t=1

�(xt−1) ≤ �(x0)
⌘�

+ HL
2⌘

2T

Setting ⌘, T cannot be too large before we get contradiction.



<latexit sha1_base64="i/vboLpRDgPt9YNXATn8/MKGGz0="></latexit>

Lyapunov Function for GF Exists + is smooth

<latexit sha1_base64="2Yap3FjnUQSQauyVHTVBDTEQuMY=">AAACDHicdVDLSgMxFM3UV62vqks3waK4KjNFxnZXVNBlBfuAzlAymds2NPMgyYhl6Ae48VfcuFDErR/gzr8x01ZQ0QMhh3PuTe49XsyZVKb5YeQWFpeWV/KrhbX1jc2t4vZOS0aJoNCkEY9ExyMSOAuhqZji0IkFkMDj0PZGZ5nfvgEhWRReq3EMbkAGIeszSpSWesXSoaPgVokgvRDEZxAqfA6SZnc7EiM5cZyCrjLLpoZt44xYVdPSpFarVio1bE0t0yyhORq94rvjRzQJ9CuUEym7lhkrNyVCMcphUnASCTGhIzKArqYhCUC66XSZCT7Qio/7kdBHTzFVv3ekJJByHHi6MiBqKH97mfiX101Uv+qmLIwTBSGdfdRPOFYRzpLBPhNAFR9rQqhgelZMh0QQqnR+WQhfm+L/SatStuyyfXVcqp/O48ijPbSPjpCFTlAdXaIGaiKK7tADekLPxr3xaLwYr7PSnDHv2UU/YLx9AsnLm3s=</latexit>

Gradient Descent Works

+ Variance of gradient 
estimates are bounded

<latexit sha1_base64="Dycdx169N45rBSt4mHCkd9WXFyM="></latexit>

Stochastic Gradient Descent

Learns

Smoothness of Potential can be replaced by more 
general Self-boundedness of Gradient Norm



WHY LYAPUNOV FUNCTION HELPS: GLD

Same idea: Taylor up to one higher order

E✏t
[�(xt)] =�(xt−1) − ⌘∇F(xt−1) +�⌘�−1✏t)≤�(xt−1) − ⌘ �∇F(xt−1),∇�(xt−1)�

+ 4⌘�−1E✏t
�✏�

t
∇2�(xt−1)✏t� + HL

2⌘2

2
+ higher order

= ≤�(xt−1) − ⌘ �∇F(xt−1),∇�(xt−1)�
+ ⌘�−1��(xt−1) + HL

2⌘2

2
+ higher order

≤�(xt−1) − ⌘��(xt−1) + HL
2⌘2

2
+ higher order



+ Variance of gradient 
estimates are bounded

<latexit sha1_base64="kGhGEy06k7FLNJM5Kq4XX5TrXOI="></latexit>

Lyapunov Function for LD Exists + is higher order smoothness

<latexit sha1_base64="Q99qmzjv8jifj+c7Ih6QVbayfx8="></latexit>

Gradient Langevin Dynamics works
<latexit sha1_base64="LBF2hY7zhsQkj4jK0gdaXGkxBHo="></latexit>

SGLD Works for Learning



LYAPUNOV FUNCTION

Definition
A non-negative function � is a Lyapunov Potential on open set A if
� ≥ 1 and on set A we have:

−L� ≥ ��

For optimization we will consider the set A = {x ∈ Rd ∶ F(x) > ✏}
Using [Cattiaux & Guillin ’17] (for LD and GF just plain calculus):
Existence of such potential � is equivalent to existence of ✓ > 0 s.t.

E[exp(✓⌧Ac)] <∞
In other words the continuous time process work (for both GF and

GLD) if and only if such Lyapunov potentials exist.



<latexit sha1_base64="bFEuc0SRDaXp3mabTPkAZ/Tgti0="></latexit>

Gradient Flow or Langevin Di↵ussion Works

<latexit sha1_base64="LYGaNtlBoMElfaOlHS5sl0ywGGk="></latexit>

A corresponding Lyapunov Function

on the ✏ sub-optimal set exists
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POINCARE INEQUALITY

Definition

A measure µ on Rd satisfies Poincare Inequality (PI) with constant
CPI(µ) if for all infinitely differentiable functions f ,

Varµ(f ) ≤ CPI(µ)� �∇f �2dµ

When Variance is replaced by entropy of f
2 the above inequality is

referred to as Log-Sobolev Inequality (LSI) with constant CLSI(µ)
Taking measure µ� to be given by the density p(x) = e

−�F(x)�Z, PI
and LSI are properties on F.
For a function F, µ� satisfying PI is a much weaker condition than
F being convex or PL or KL or pretty much most conditions under
which GD and friends are shown to converge.



ISOPERIMETRIC INEQUALITIES IMPLIES SAMPLING

Letting ⇡T be measure from SDE for time T and ⇡0 be initialization
for LD:

�2(⇡T��µ�) ≤ e
−2T�CPI(µ�)�2(⇡0��µ�).

From existing literature, inequalities like PI and LSI imply that
sampling is possible with upper bounds on rates of convergence

Such isoperimetric inequalities are amongst the more general
conditions under which we can derive sampling results

[Cattiaux & Guillin ’17]: Existence of Lyapunov function for
Langevin Diffusion is equivalent to µ� satisfying PI.
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<latexit sha1_base64="ICPkfojzjT5f+HTBKZ39FM+Bv8g="></latexit>

Lyapunov Function for LD Exists

<latexit sha1_base64="n6wt27eL/6lp/nDAQDy9akmWURk="></latexit>

Poincare Inequality Holds

<latexit sha1_base64="zubgimaRWUOa19iC5BuDvwhP+QM=">AAAB/nicdVBNSwMxEM36WetXVTx5CRbFU9ktUttb0YvHivYDuqVk07QNTbJLMiuWpeBf8eJBEa/+Dm/+G7NtBRV9MPB4b4aZeUEkuAHX/XAWFpeWV1Yza9n1jc2t7dzObsOEsaasTkMR6lZADBNcsTpwEKwVaUZkIFgzGF2kfvOWacNDdQPjiHUkGSje55SAlbq5/WMf2B1omVwTaReqwcT3s91c3i24FqUSTolXdj1LKpVysVjB3tRy3Tyao9bNvfu9kMaSKaCCGNP23Ag6CdHAqWCTrB8bFhE6IgPWtlQRyUwnmZ4/wUdW6eF+qG0pwFP1+0RCpDFjGdhOSWBofnup+JfXjqFf7iRcRTEwRWeL+rHAEOI0C9zjmlEQY0sI1dzeiumQaELBJpaG8PUp/p80igWvVChdnear5/M4MugAHaIT5KEzVEWXqIbqiKIEPaAn9OzcO4/Oi/M6a11w5jN76Aect0+DrJXg</latexit>

Sampling



RESULTS



PUTTING IT ALL TOGETHER

<latexit sha1_base64="25r8sQnXgMXTktlGlJO4ij5/muA=">AAACA3icdVDLSgNBEJz1GeNr1ZteBoPiKewGWZNbUFCPEcwDsiHMTibJkNkHM71iWAJe/BUvHhTx6k9482+c3URQ0YKGoqqb7i4vElyBZX0Yc/MLi0vLuZX86tr6xqa5td1QYSwpq9NQhLLlEcUED1gdOAjWiiQjvidY0xudpX7zhknFw+AaxhHr+GQQ8D6nBLTUNXcPXWC3IP3k4hw3QzlSE9fNZ+iaBatoaTgOToldtmxNKpVyqVTBdmZZVgHNUOua724vpLHPAqCCKNW2rQg6CZHAqWCTvBsrFhE6IgPW1jQgPlOdJPthgg+00sP9UOoKAGfq94mE+EqNfU93+gSG6reXin957Rj65U7CgygGFtDpon4sMIQ4DQT3uGQUxFgTQiXXt2I6JJJQ0LGlIXx9iv8njVLRdorO1XGhejqLI4f20D46QjY6QVV0iWqojii6Qw/oCT0b98aj8WK8TlvnjNnMDvoB4+0T9W+VzA==</latexit>

GF Works
<latexit sha1_base64="0ynnET0CHhUrR6ReJTHnrTopkXg=">AAACGHicdZBLTwIxFIU7+EJ8oS7dNBKMK5whBmFH1KgLF5jII2EI6ZQCDZ1H2jtGMuFnuPGvuHGhMW7Z+W/sAD6jJ2ly8p3btPc4geAKTPPNSMzNLywuJZdTK6tr6xvpza2a8kNJWZX6wpcNhygmuMeqwEGwRiAZcR3B6s7gJM7rN0wq7nvXMAxYyyU9j3c5JaBRO32Q3bOB3YJ0o/MzXPflQI1sO/UJL0+/YKx2OmPmTK1CAcfGKpqWNqVSMZ8vYWsSmWYGzVRpp8d2x6ehyzyggijVtMwAWhGRwKlgo5QdKhYQOiA91tTWIy5TrWiy2AhnNengri/18QBP6PcbEXGVGrqOnnQJ9NXvLIZ/Zc0QusVWxL0gBObR6UPdUGDwcdwS7nDJKIihNoRKrv+KaZ9IQkF3GZfwsSn+39TyOauQK1wdZsrHszqSaAfton1koSNURheogqqIojv0gJ7Qs3FvPBovxut0NGHM7myjHzLG79IXnl8=</latexit>

LD Works

<latexit sha1_base64="vun3KuthP74OCo+9bJFFYqicOzQ="></latexit>

LyapunovGF

<latexit sha1_base64="lrl6pJc9AveMp5HYdEApnHDnH50="></latexit>

LyapunovLD

<latexit sha1_base64="CgijyJ4DoD54OhHduUloi9QcqzY="></latexit>

Sampling
<latexit sha1_base64="ckiS/N0at69Ns90Zb8NEjpUijBY="></latexit>

Poincare

<latexit sha1_base64="MpyXxa+mo7vd+KckGV/NiapZRIY="></latexit>

GD works
<latexit sha1_base64="eEjhcVgL6t7fJvHEqNospFm9p4k="></latexit>

GLD works

<latexit sha1_base64="Ex/YYhOBhRPhi5dloHP2qsilwzQ="></latexit>

SGLD learns
<latexit sha1_base64="lYWgjRYgt+BWZVxTpEip5iCYogw="></latexit>

SGD learns

+ Smoothness

+ Variance of Grad Variance of Grad +

Higher order 
Smoothness +
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GD works
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GLD works
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SGLD learns
<latexit sha1_base64="lYWgjRYgt+BWZVxTpEip5iCYogw="></latexit>

SGD learns

+ Smoothness

+ Variance of Grad Variance of Grad +

Higher order 
Smoothness +

+ Locally near optimum PI holds 

<latexit sha1_base64="acdzOwRkLbHtcQXWsVn5i9TJPgg=">AAAB+nicdVBNS8NAEN3Ur1q/Wj16WSxCvZSkSG0PQtGLNyvYVmhC2Wwm7dLNJuxulFL7U7x4UMSrv8Sb/8bth6CiDwYe780wM89POFPatj+szNLyyupadj23sbm1vZMv7LZVnEoKLRrzWN74RAFnAlqaaQ43iQQS+Rw6/vB86nduQSoWi2s9SsCLSF+wkFGijdTLF1wfNMGn2L2MoE9KwVEvX7TLtkG1iqfEqdmOIfV6rVKpY2dm2XYRLdDs5d/dIKZpBEJTTpTqOnaivTGRmlEOk5ybKkgIHZI+dA0VJALljWenT/ChUQIcxtKU0Himfp8Yk0ipUeSbzojogfrtTcW/vG6qw5o3ZiJJNQg6XxSmHOsYT3PAAZNANR8ZQqhk5lZMB0QSqk1aORPC16f4f9KulJ1quXp1XGycLeLIon10gErIQSeogS5QE7UQRXfoAT2hZ+veerRerNd5a8ZazOyhH7DePgG8jZMM</latexit>

� = ⌦(d
)



ASSUMPTIONS

Locally PI Assumption: For small enough l > 0 there exists radius
r(l) > 0 s.t. {x ∶ F(x) ≤ l} ⊂ B2(X ∗, r(l)) s.t. the measure µ�,Local(l)
satisfies Poincare Inequality with constant CPI,Local(l). Here X ∗ is
the set of minima of F and B2(X ∗, r(l)) = {x ∶ d(x,X∗) ≤ r(l)}.

Dissipativity: c1, c2,R > 0 s.t. for some x
∗ ∈ X ∗, we have that∀x ∈ B(x∗,R)c,

�∇F(x),x − x
∗� ≥ c1F(x) and F(x) ≥ c2�x − x

∗�
Note: Above condition is more general than dissipativity



OPTIMIZABILITY WITH GF IMPLIES POINCARE

Theorem
When � =⌦(d), under the assumptions that µ� is Locally PI and the
dissipativity assumption, we have that if F is optimizable using gradient flow,
then the measure µ� satisfies Poincare inequality with

CPI(µ�) = O�CPI,Local + 1
�
�

Remark: Under weak convexity + Quadratic tail growth of F Log
sobolev Inequality also holds.



IMPLICATIONS

Obtain Isoperimetric inequalities with poly(d,1��) for a host of
non-log-concave measures. Eg. when F satisfies PL, KL conditions
or is quasar convex etc.

Implies continuous time sampling result in TV for such measures
under arbitrary initialization

Under additional smoothness of potential we can obtain discrete
time Langevin Monte Carlo algorithm with poly(d,1��,1�✏) rates.



WEAK POINCARE INEQUALITY

Often we may not have convergence of GF from everywhere but
only from set of initializations S (good set of initializations).

In this case one can obtain a weaker notion of Poincare like
inequality termed weak Poincare inequality.

Under weak PI while mixing from arbitrary starting distribution
may not work but appropriate warm start still works.

Definition

A measure µ on Rd is said to satisfy a (CWPI(µ),�)Weak Poincare
Inequality (PI) if for all infinitely differentiable f ’s, (osc(f ) = sup f − inf f )

Varµ(f ) ≤ CWPI(µ)� �∇f �2dµ + � osc(f )2



INITIALIZATION DEPENDENT GF TO WEAK
POINCARE

Theorem
When � =⌦(d), under the assumptions that µ� is Locally PI and the
dissipativity assumption, we have that if F is optimizable using gradient flow
when starting from a good initialization set S , then the measure µ� satisfies(CWPI(µ),�)Weak Poincare inequality with

CPI(µ�) = O�CPI,Local + 1
�
� , � = O(µ�(Sc))



SUMMARY

Strong connection between optimizability using gradient flow
and Isoperimetric inequalities

Layman terms: Isoperimetric inequalities implies optimizability
with gradient descent

Layman terms: Optimizability using gradient descent implies
sampling up to ⌦(d) temperature regimes

Implication: General conditions for GD to work like KL, PL,
quasar convex, linearizability imply sampling using objective as
energy function for appropriate temp



Thanks!


