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Opportunities: Require a careful rethinking of algorithm design.


Challenges: Strategic interactions vastly complicate the task of learning



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Opportunities: Require a careful rethinking of algorithm design.

Though it is less well understood, we can build on foundations from game theory and reinforcement learning 

to explore and design new algorithmic principles.

Challenges: Strategic interactions vastly complicate the task of learning



Main Question: 


How do we design principled algorithms for multi-agent problems? 


We will focus on theoretical foundations. 



Markov Games

‣ Action Spaces: 

‣ State Spaces: 

‣ Dynamics:

‣ Reward functions: 

‣ Horizon:

‣ Initial state distribution:  
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S

Environment
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<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="3A1XyanMEwHyoEAtrzAHY71ddAY=">AAACNnicbVDLSgMxFM34rPU16tJNsAguyjAjRd0Uqm7cCBXsAzrjkEnTNjSTGZKMUIZ+lRu/w103LhRx6yeYaQv24QmBk3PPJfeeIGZUKtseGSura+sbm7mt/PbO7t6+eXBYl1EiMKnhiEWiGSBJGOWkpqhipBkLgsKAkUbQv83qjWciJI34oxrExAtRl9MOxUhpyTfv3RCpHkYsvR76TtGyrCKclbh+ZudPKruxiNp+SsvO8InPmalvFmzLHgMuE2dKCmCKqm++ue0IJyHhCjMkZcuxY+WlSCiKGRnm3USSGOE+6pKWphyFRHrpeO0hPNVKG3YioS9XcKzOdqQolHIQBtqZDSkXa5n4X62VqM6Vl1IeJ4pwPPmokzCoIphlCNtUEKzYQBOEBdWzQtxDAmGlk87rEJzFlZdJ/dxyLqzSQ6lQuZnGkQPH4AScAQdcggq4A1VQAxi8gBH4AJ/Gq/FufBnfE+uKMe05AnMwfn4BftWrRQ==</latexit>

A1, ...,An, A =
nY

i=1

Ai

<latexit sha1_base64="v+P5tbU8Ln/DO3rOonTFRrG+yHA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBaxQgiJFHVZdOOygn1AE8JkOmmHTiZhZiKUWHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfeEKaNSOc63UVhaXlldK66XNja3tnfM3b2mTDKBSQMnLBHtEEnCKCcNRRUj7VQQFIeMtMLB9dhv3RMhacLv1DAlfox6nEYUI6WlwDyoV+SJZz14FpTQgihwLdu2LRTw08AsO7YzAVwk7oyUwQz1wPzyugnOYsIVZkjKjuukys+RUBQzMip5mSQpwgPUIx1NOYqJ9PPJDyN4rJUujBKhiys4UX9P5CiWchiHujNGqi/nvbH4n9fJVHTp55SnmSIcTxdFGYMqgeNAYJcKghUbaoKwoPpWiPtIIKx0bCUdgjv/8iJpntnuuV29rZZrV7M4iuAQHIEKcMEFqIEbUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx/lnJR/</latexit>

P (s0 | s, a1, ..., an)
<latexit sha1_base64="ke/BBRcMnL4w53EtbOMqRJ6WIsY=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAIrsqMiEpXVTcua7UXaMuQSTNtaGYyJGeUMvRd3PgqblwoxY0L38W0HVBbfwj8fOcccs7vRYJrsO1PK7O0vLK6ll3PbWxube/kd/fqWsaKshqVQqqmRzQTPGQ14CBYM1KMBJ5gDW9wPak3HpjSXIb3MIxYJyC9kPucEjDIzZeqLi/hdkCgT4lI7ka4DTxg+gddGqR4rw9EKfk4456XVEduvmAX7anwonFSU0CpKm5+3O5KGgcsBCqI1i3HjqCTEAWcCjbKtWPNIkIHpMdaxobE7NFJpjeO8JEhXexLZV4IeEp/TyQk0HoYeKZzsqGer03gf7VWDP5FJ+FhFAML6ewjPxYYJJ4EhrtcMQpiaAyhiptdMe0TRSiYWHMmBGf+5EVTPyk6Z8XT29NC+SqNI4sO0CE6Rg46R2V0gyqohih6Qi/oDb1bz9arNbY+Zq0ZK53ZR39kfX0D3PGlEw==</latexit>

Ri : S ⇥A ! R
<latexit sha1_base64="2cacPqS2D8kBTsJ6kFQU95l03wc=">AAAB/3icbZDLSgMxFIYz9VbrrSq4cRMsgqsyI0VdFt10WcFeoC0lk2ba0EwyJGfEYezCV3HjQhG3voY738a0nYW2/hD4+M85nJPfjwQ34LrfTm5ldW19I79Z2Nre2d0r7h80jYo1ZQ2qhNJtnxgmuGQN4CBYO9KMhL5gLX98M6237pk2XMk7SCLWC8lQ8oBTAtbqF49quIu7wB4gVXoyZS4DSPrFklt2Z8LL4GVQQpnq/eJXd6BoHDIJVBBjOp4bQS8lGjgVbFLoxoZFhI7JkHUsShIy00tn90/wqXUGOFDaPgl45v6eSEloTBL6tjMkMDKLtan5X60TQ3DVS7mMYmCSzhcFscCg8DQMPOCaURCJBUI1t7diOiKaULCRFWwI3uKXl6F5XvYuypXbSql6ncWRR8foBJ0hD12iKqqhOmogih7RM3pFb86T8+K8Ox/z1pyTzRyiP3I+fwAj9JWQ</latexit>

H or 1

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t

<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

 Generalization of a Markov Decision Process introduced by Shapley (1953) 

<latexit sha1_base64="Ej1UUYpgdMhDedp3vPRMBqNML1g=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq6dHqu/1yxWv6s2BV4mfkwrkaPTLX72BomnMpKWCGNP1vcQGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ85ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUciH4yy+vktZF1b+s1u5rlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A0jkjvM=</latexit>⇢0



Markov Games

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t

<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

Interaction Protocol:


‣ Environment samples initial state:

‣ For step t=0,1,2,…

<latexit sha1_base64="ONHNi1Sh3tLotOmpzQmcOe4cx3Q=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoioh6LXjxWsB/QhLDZbtqlu5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/vV2sFhRyeZIrRNEp6oXoQ15UzStmGG016qKBYRp91ofDvzu49UaZbIBzNJaSDwULKYEWysFNaqOnSRr5lAvholoRvW6m7DnQOtEq8gdSjQCmtf/iAhmaDSEI617ntuaoIcK8MIp9OKn2maYjLGQ9q3VGJBdZDPD5+iU6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fPTHwd5EymmaGSLBbFGUcmQbMU0IApSgyfWIKJYvZWREZYYWJsVhUbgrf88irpnDe8y8bF/UW9eVPEUYZjOIEz8OAKmnAHLWgDgQye4RXenCfnxXl3PhatJaeYOYI/cD5/AJEYkmU=</latexit>s0 ⇠ ⇢0

‣ Each agent plays an action   simultaneously


‣ Agents receive their immediate reward:

‣ Environment transitions to the next state:  

ai,t
<latexit sha1_base64="LN9tgc3UeigAxI3ZQZc/l0/cZ7c=">AAACDHicbZDLSsNAFIYn9VbrrerSTbAIFUpIpKgboejGZQV7gSaEyXTSDp1MwsyJUEIfwI2v4saFIm59AHe+jdM2C239YeDjP+dw5vxBwpkC2/42Ciura+sbxc3S1vbO7l55/6Ct4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjdTOudByoVi8U9jBPqRXggWMgIBm355Qr24crlNIQq9jOnBpOaZVkahUZXssEQTnWXbdkzmcvg5FBBuZp++cvtxySNqADCsVI9x07Ay7AERjidlNxU0QSTER7QnkaBI6q8bHbMxDzRTt8MY6mfAHPm/p7IcKTUOAp0Z4RhqBZrU/O/Wi+F8NLLmEhSoILMF4UpNyE2p8mYfSYpAT7WgIlk+q8mGWKJCej8SjoEZ/HkZWifWc65Vb+rVxrXeRxFdISOURU56AI10C1qohYi6BE9o1f0ZjwZL8a78TFvLRj5zCH6I+PzBwZLmlo=</latexit>

at = (a1,t, ...an,t)
<latexit sha1_base64="MhyvesRf7FbzdcHumFAqAaq+eWc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahQimJFHUjFN24rGIf0IYwmU7aoZNJmLkRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1+zJkC2/42ckvLK6tr+fXCxubW9o65u9dUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEPo5i6Ie4LFjCCQUueeSC9lJVhfHnnsZLyoIw9OPHMol2xp7AWiZORIspQ98yvbi8iSUgFEI6V6jh2DG6KJTDC6bjQTRSNMRniPu1oKnBIlZtOrx9bx1rpWUEkdQmwpurviRSHSo1CX3eGGAZq3puI/3mdBIILN2UiToAKMlsUJNyCyJpEYfWYpAT4SBNMJNO3WmSAJSagAyvoEJz5lxdJ87TinFWqt9Vi7SqLI48O0REqIQedoxq6QXXUQAQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AfgCUnA==</latexit>

ri,t = Ri(st, at)
<latexit sha1_base64="hUEwb8sfwbujOueoxDpJ/h40En0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJGMKuBLUM2lhGMA/ILsvsZJIMmX0wc1cIa/7Axl+xsVDE1tbOv3E2SaGJB+7lcM69zNzjx4IrsKxvI7e0vLK6ll8vbGxube+Yu3tNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhdea37plUPArvYBQzNyD9kPc4JaAlzzxWXgqn9hg7ige4XnJoNwLslPFD1pQHZUw8OPHMolWxJsCLxJ6RIpqh7plfTjeiScBCoIIo1bGtGNyUSOBUsHHBSRSLCR2SPutoGpKAKTed3DPGR1rp4l4kdYWAJ+rvjZQESo0CX08GBAZq3svE/7xOAr1LN+VhnAAL6fShXiIwRDgLB3e5ZBTESBNCJdd/xXRAJKGgIyzoEOz5kxdJ86xin1eqt9Vi7WoWRx4doENUQja6QDV0g+qogSh6RM/oFb0ZT8aL8W58TEdzxmxnH/2B8fkDFQWaKA==</latexit>

st+1 ⇠ P (· | st, at)



Markov Games

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t

<latexit sha1_base64="p7pldPGa5TYKwrElOXYTFCvIAmA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w8LyY9k</latexit>r2,t

In this overview we will focus mainly on fully observable, tabular Markov Games

Fully observable: joint actions and states observed by all agents

Tabular: Finite State and Action Spaces 



Policies
Players strategy spaces are spaces of policies (distributions over actions):

General Policy: Depends on the entire history of play: 

<latexit sha1_base64="IrTmnxaa+ufGdM0HVbFyqiTS2zg="></latexit>

⇧i = {⇡i : (S,⇥A)t�1 ⇥ S ! �Ai}



Policies
Players strategy spaces are spaces of policies (distributions over actions):

General Policy: Depends on the entire history of play: 


Non-stationary Markov Policy: Depends only on the current state and time


<latexit sha1_base64="IrTmnxaa+ufGdM0HVbFyqiTS2zg="></latexit>

⇧i = {⇡i : (S,⇥A)t�1 ⇥ S ! �Ai}

<latexit sha1_base64="lnIB1wVcmud3DcAbjueX8MHqd70="></latexit>

⇧i = {⇡i : R+ ⇥ S ! �Ai}



Policies
Players strategy spaces are spaces of policies (distributions over actions):

General Policy: Depends on the entire history of play: 


Non-stationary Markov Policy: Depends only on the current state and time


Stationary Markov Policy: Depends only on the current state

<latexit sha1_base64="IrTmnxaa+ufGdM0HVbFyqiTS2zg="></latexit>

⇧i = {⇡i : (S,⇥A)t�1 ⇥ S ! �Ai}

<latexit sha1_base64="lnIB1wVcmud3DcAbjueX8MHqd70="></latexit>

⇧i = {⇡i : R+ ⇥ S ! �Ai}

<latexit sha1_base64="1pXPSBWsUsBoijq+UKC5Tc5znTU="></latexit>

⇧i = {⇡i : S ! �Ai}



Utilities
To evaluate the quality of their strategies, we assume that players seek to 
maximize their cumulative reward:

Finite Horizon:

<latexit sha1_base64="s3m/4352oneRrqzt6wswg422Ty4="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

"
HX

t=0

ri,t

#
Utility of agent  depends on the policy of agent  as 

well as the policies of all other agents 
i i

π−i



Utilities
To evaluate the quality of their strategies, we assume that players seek to 
maximize their cumulative reward:

Finite Horizon:


Infinite Horizon:
<latexit sha1_base64="YXZKnFgnkKuGxOz4v8XQoH6Cqxw="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

" 1X

t=0

�tri,t

#

<latexit sha1_base64="s3m/4352oneRrqzt6wswg422Ty4="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

"
HX

t=0

ri,t

#
Utility of agent  depends on the policy of agent  as 

well as the policies of all other agents 
i i

π−i

Utility is discounted cumulative reward 

(each player with their own discount factor).



Recap: Markov Games Setup

<latexit sha1_base64="YXZKnFgnkKuGxOz4v8XQoH6Cqxw="></latexit>

Ui(⇡i,⇡�i) = E⇡,P,⇢0

" 1X

t=0

�tri,t

#‣ Action Spaces: 

‣ State Spaces: 

‣ Dynamics:

‣ Reward functions: 

‣ Horizon:

‣ Initial state distribution:  


<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

<latexit sha1_base64="3A1XyanMEwHyoEAtrzAHY71ddAY=">AAACNnicbVDLSgMxFM34rPU16tJNsAguyjAjRd0Uqm7cCBXsAzrjkEnTNjSTGZKMUIZ+lRu/w103LhRx6yeYaQv24QmBk3PPJfeeIGZUKtseGSura+sbm7mt/PbO7t6+eXBYl1EiMKnhiEWiGSBJGOWkpqhipBkLgsKAkUbQv83qjWciJI34oxrExAtRl9MOxUhpyTfv3RCpHkYsvR76TtGyrCKclbh+ZudPKruxiNp+SsvO8InPmalvFmzLHgMuE2dKCmCKqm++ue0IJyHhCjMkZcuxY+WlSCiKGRnm3USSGOE+6pKWphyFRHrpeO0hPNVKG3YioS9XcKzOdqQolHIQBtqZDSkXa5n4X62VqM6Vl1IeJ4pwPPmokzCoIphlCNtUEKzYQBOEBdWzQtxDAmGlk87rEJzFlZdJ/dxyLqzSQ6lQuZnGkQPH4AScAQdcggq4A1VQAxi8gBH4AJ/Gq/FufBnfE+uKMe05AnMwfn4BftWrRQ==</latexit>

A1, ...,An, A =
nY

i=1

Ai

<latexit sha1_base64="v+P5tbU8Ln/DO3rOonTFRrG+yHA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBaxQgiJFHVZdOOygn1AE8JkOmmHTiZhZiKUWHDjr7hxoYhbf8Kdf+P0sdDWAxcO59zLvfeEKaNSOc63UVhaXlldK66XNja3tnfM3b2mTDKBSQMnLBHtEEnCKCcNRRUj7VQQFIeMtMLB9dhv3RMhacLv1DAlfox6nEYUI6WlwDyoV+SJZz14FpTQgihwLdu2LRTw08AsO7YzAVwk7oyUwQz1wPzyugnOYsIVZkjKjuukys+RUBQzMip5mSQpwgPUIx1NOYqJ9PPJDyN4rJUujBKhiys4UX9P5CiWchiHujNGqi/nvbH4n9fJVHTp55SnmSIcTxdFGYMqgeNAYJcKghUbaoKwoPpWiPtIIKx0bCUdgjv/8iJpntnuuV29rZZrV7M4iuAQHIEKcMEFqIEbUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx/lnJR/</latexit>

P (s0 | s, a1, ..., an)
<latexit sha1_base64="ke/BBRcMnL4w53EtbOMqRJ6WIsY=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAIrsqMiEpXVTcua7UXaMuQSTNtaGYyJGeUMvRd3PgqblwoxY0L38W0HVBbfwj8fOcccs7vRYJrsO1PK7O0vLK6ll3PbWxube/kd/fqWsaKshqVQqqmRzQTPGQ14CBYM1KMBJ5gDW9wPak3HpjSXIb3MIxYJyC9kPucEjDIzZeqLi/hdkCgT4lI7ka4DTxg+gddGqR4rw9EKfk4456XVEduvmAX7anwonFSU0CpKm5+3O5KGgcsBCqI1i3HjqCTEAWcCjbKtWPNIkIHpMdaxobE7NFJpjeO8JEhXexLZV4IeEp/TyQk0HoYeKZzsqGer03gf7VWDP5FJ+FhFAML6ewjPxYYJJ4EhrtcMQpiaAyhiptdMe0TRSiYWHMmBGf+5EVTPyk6Z8XT29NC+SqNI4sO0CE6Rg46R2V0gyqohih6Qi/oDb1bz9arNbY+Zq0ZK53ZR39kfX0D3PGlEw==</latexit>

Ri : S ⇥A ! R
<latexit sha1_base64="2cacPqS2D8kBTsJ6kFQU95l03wc=">AAAB/3icbZDLSgMxFIYz9VbrrSq4cRMsgqsyI0VdFt10WcFeoC0lk2ba0EwyJGfEYezCV3HjQhG3voY738a0nYW2/hD4+M85nJPfjwQ34LrfTm5ldW19I79Z2Nre2d0r7h80jYo1ZQ2qhNJtnxgmuGQN4CBYO9KMhL5gLX98M6237pk2XMk7SCLWC8lQ8oBTAtbqF49quIu7wB4gVXoyZS4DSPrFklt2Z8LL4GVQQpnq/eJXd6BoHDIJVBBjOp4bQS8lGjgVbFLoxoZFhI7JkHUsShIy00tn90/wqXUGOFDaPgl45v6eSEloTBL6tjMkMDKLtan5X60TQ3DVS7mMYmCSzhcFscCg8DQMPOCaURCJBUI1t7diOiKaULCRFWwI3uKXl6F5XvYuypXbSql6ncWRR8foBJ0hD12iKqqhOmogih7RM3pFb86T8+K8Ox/z1pyTzRyiP3I+fwAj9JWQ</latexit>

H or 1

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="u94xG/Mn310OA8SJp724TUvfmZM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8KQo9j</latexit>r1,t
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Special Cases:


‣  Single-agent RL

‣  Two-player Zero-sum  


‣  Cooperative 

(R1 = − R2)

(Ri = Rj ∀i, j)



Nash Equilibrium
What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:
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What are good outcomes for Markov Games?


Nash Eq: Natural solution concept for individually rational agents.


is Nash if for each player i:
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‣ Each player is at a best-response -> no incentive to unilaterally deviate.

‣ Always guaranteed to exist in Markov policies in Markov games.


‣ In non-stationary Markov policies for finite horizon games.

‣ In stationary Markov policies for infinite horizon games.




A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms

iii.  The role of function approximation


3. Further directions


i. Scalable algorithms for zero-sum games

ii. New equilibrium concepts
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A Road Map 

Takeaway: Equilibrium computation (even in normal-form games) is hard. 

‣ Coupling between agents gives rise to non-stationarity and complex dynamics. 

‣ No-regret learning and variational inequality perspectives can help for algorithm design with convergence to 

game theoretically meaningful solutions e.g., CCE.
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A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

‣  No convergence guarantees or no-regret algorithms in general!

‣  Zero-sum games (and similar) allow for some positive results.


ii. Value-based algorithms

iii.  The role of function approximation 


3. Further directions


i. Scalable algorithms for zero-sum games

ii. New equilibrium concepts
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3. Further directions
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ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




Value-Based Approaches 
We’ve seen that no-regret and policy gradient methods don’t generally allow us to develop principled algorithms 
for learning in Markov Games.


‣They are agnostic to the underlying structure of the problem.
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Value-Based Approaches 
We’ve seen that no-regret and policy gradient methods don’t generally allow us to develop principled algorithms 
for learning in Markov Games.


‣They are agnostic to the underlying structure of the problem.


‣  RL (and thus MARL) is fundamentally an optimal control problem

‣Are there dynamic programming (value-based) approaches to MARL?

‣Let’s start in infinite horizon Markov Games
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Single-Agent Warmup
State-Action Value Function (Q-function) in Single-Agent RL
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Discounted state visitation frequency under π

Equivalent formulation of infinite-
horizon problem:


Our infinite horizon objective:


Single-Agent Warmup



State-Action Value Function (Q-function) in Single-Agent RL
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Bellman’s Principle of Optimality says 
that optimal policy must satisfy:


Policy can be recovered as 
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Our infinite horizon objective:


Equivalent formulation of infinite-
horizon problem:


Single-Agent Warmup
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State-Action Value Function (Q-function) in Single-Agent RL
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So finding  is enough to solve the RL problem!Q*

Equivalent formulation of infinite-
horizon problem:


Our infinite horizon objective:


Single-Agent Warmup
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Q-learning in Single-Agent RL

So finding  is enough to solve the RL problem:Q*

Single-Agent Q-learning
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Q-learning in Single-Agent RL

So finding  is enough to solve the RL problem:Q*
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Q-learning in Single-Agent RL

So finding  is enough to solve the RL problem:Q*
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 can be shown to be a contraction mapping in the  norm:T L∞
<latexit sha1_base64="svTWi+ZvWXTQh6EEIP7G3QfaGes=">AAACF3icbVDLSgMxFM3UV62vUZdugkV002FGirosunHZgb6gU4ZMmmlDk8yQZITS9i/c+CtuXCjiVnf+jeljoa0HLhzOuZd774lSRpV23W8rt7a+sbmV3y7s7O7tH9iHRw2VZBKTOk5YIlsRUoRRQeqaakZaqSSIR4w0o8Hd1G8+EKloImp6mJIORz1BY4qRNlJoO8EY1vxSzT8PxmFARayHMGAEBj3EOYLG9Uu/vNAuuo47A1wl3oIUwQLV0P4KugnOOBEaM6RU23NT3RkhqSlmZFIIMkVShAeoR9qGCsSJ6oxmf03gmVG6ME6kKaHhTP09MUJcqSGPTCdHuq+Wvan4n9fOdHzTGVGRZpoIPF8UZwzqBE5Dgl0qCdZsaAjCkppbIe4jibA2URZMCN7yy6ukcel4V07ZLxcrt4s48uAEnIIL4IFrUAH3oArqAINH8AxewZv1ZL1Y79bHvDVnLWaOwR9Ynz+vmJ5q</latexit>

kTQ� TQ0k1  �kQ�Q0k1
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Q-learning in Single-Agent RL

So finding  is enough to solve the RL problem:Q*
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Which immediately suggests a Q-learning algorithm (Watkins 1989):
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T : RS⇥A ! RS⇥A

 can be shown to be a contraction mapping in the  norm:T L∞
<latexit sha1_base64="svTWi+ZvWXTQh6EEIP7G3QfaGes=">AAACF3icbVDLSgMxFM3UV62vUZdugkV002FGirosunHZgb6gU4ZMmmlDk8yQZITS9i/c+CtuXCjiVnf+jeljoa0HLhzOuZd774lSRpV23W8rt7a+sbmV3y7s7O7tH9iHRw2VZBKTOk5YIlsRUoRRQeqaakZaqSSIR4w0o8Hd1G8+EKloImp6mJIORz1BY4qRNlJoO8EY1vxSzT8PxmFARayHMGAEBj3EOYLG9Uu/vNAuuo47A1wl3oIUwQLV0P4KugnOOBEaM6RU23NT3RkhqSlmZFIIMkVShAeoR9qGCsSJ6oxmf03gmVG6ME6kKaHhTP09MUJcqSGPTCdHuq+Wvan4n9fOdHzTGVGRZpoIPF8UZwzqBE5Dgl0qCdZsaAjCkppbIe4jibA2URZMCN7yy6ukcel4V07ZLxcrt4s48uAEnIIL4IFrUAH3oArqAINH8AxewZv1ZL1Y79bHvDVnLWaOwR9Ynz+vmJ5q</latexit>

kTQ� TQ0k1  �kQ�Q0k1

<latexit sha1_base64="96AXSvGAxxlzU2Y4lU0eKmOWgSw="></latexit>

8(s, a) do: Qt+1(s, a) = (1� ↵)Qt(s, a) + ↵TQ(s, a)

Can perform stochastic approximation of theses dynamics when using a stochastic estimator of T 

Single-Agent Q-learning

Which immediately suggests a Q-learning algorithm (Watkins 1989):

<latexit sha1_base64="QELASY8ET9Iaq1kNGpnTTpvtwhE="></latexit>

Q⇤(s, a) = R(s, a) + �Es0|s,a

h
max
a0

Q⇤(s0, a0)
i



Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?



Classic Q-Learning Minimax Q-Learning
<latexit sha1_base64="2pzcwvWg7pkWstuk3MbGixg1QAg="></latexit>

Q⇤(s, a) = Es,a

h
R(s, a) + �max

a0
Q⇤(s0, a0)

i

Introduced by Littman (1994)


Building off of work by Shapley (1959) who showed the 
existence of Nash eq. In such games by using a 
contraction mapping on a state-value function.

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�



Classic Q-Learning Minimax Q-Learning
<latexit sha1_base64="2pzcwvWg7pkWstuk3MbGixg1QAg="></latexit>

Q⇤(s, a) = Es,a

h
R(s, a) + �max

a0
Q⇤(s0, a0)

i

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�

<latexit sha1_base64="0oPgX08O72340fVT+LgyJveyzMk=">AAACF3icbVDLSgNBEJyNrxhfUY9eBoOQiIZdEfUiBL14kgRMFLIxzE56k8HZBzO9YljyF178FS8eFPGqN//GScxBjQXdFFXdzHR5sRQabfvTykxNz8zOZedzC4tLyyv51bWGjhLFoc4jGakrj2mQIoQ6CpRwFStggSfh0rs5HfqXt6C0iMIL7MfQClg3FL7gDI3UzpfdWFxvF3XpmLrURbjD9Jzp3sCV4GOxZoyd3WF3lej2sNTOF+yyPQKdJM6YFMgY1Xb+w+1EPAkgRC6Z1k3HjrGVMoWCSxjk3ERDzPgN60LT0JAFoFvp6K4B3TJKh/qRMhUiHak/N1IWaN0PPDMZMOzpv95Q/M9rJugftVIRxglCyL8f8hNJMaLDkGhHKOAo+4YwroT5K+U9phhHE2XOhOD8PXmSNPbKzkF5v7ZfqJyM48iSDbJJisQhh6RCzkiV1Akn9+SRPJMX68F6sl6tt+/RjDXeWSe/YL1/AcX8ndI=</latexit>

⇡⇤(s) = Nash (Q(s),�Q(s))



Minimax Q-Learning

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�



Minimax Q-Learning

Like single-agent RL, we can see this as the fixed point of a map

<latexit sha1_base64="Bphl07kwlxQMB27mECpTL5kX9Yo=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARqouSSFE3QtFNly3YB7SxTKbTduhkEmYmQolZ+CtuXCji1t9w5984abPQ6oGBwzn3cs8cL2RUKtv+MnJLyyura/n1wsbm1vaOubvXkkEkMGnigAWi4yFJGOWkqahipBMKgnyPkbY3uUn99j0Rkgb8Vk1D4vpoxOmQYqS01DcPGnenVz0fqTFGLK4lpVgLyUnfLNplewbrL3EyUoQM9b752RsEOPIJV5ghKbuOHSo3RkJRzEhS6EWShAhP0Ih0NeXIJ9KNZ/kT61grA2sYCP24smbqz40Y+VJOfU9PpknlopeK/3ndSA0v3ZjyMFKE4/mhYcQsFVhpGdaACoIVm2qCsKA6q4XHSCCsdGUFXYKz+OW/pHVWds7LlUalWL3O6sjDIRxBCRy4gCrUoA5NwPAAT/ACr8aj8Wy8Ge/z0ZyR7ezDLxgf36nxlT4=</latexit>

Q⇤ = H(Q⇤)

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

Observe:

<latexit sha1_base64="KduSQkF0bo1KeVnqXCww/r0sdaE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92runddbzw0as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfd+RZw==</latexit>

H

<latexit sha1_base64="CFtrqbbKOVxJ/b1qI94MjaUv8uQ="></latexit>

HQ(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q(s0)⇡2

�

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�



Minimax Q-Learning

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

<latexit sha1_base64="Bc5Ba2eI6TNxYPtj5H9RXScT61s=">AAACMnicbVDLSgMxFM34tr6qLt0Ei+jGMiOiLkU3ulOwD2hKuZNmajDJDElGKNP5Jjd+ieBCF4q49SPMtF1Y9UDg5Jx7Sc4JE8GN9f0Xb2p6ZnZufmGxtLS8srpWXt+omzjVlNVoLGLdDMEwwRWrWW4FayaagQwFa4R354XfuGfa8Fjd2H7C2hJ6ikecgnVSp3xJBkSCvaUgsos8u873J667ORl0CFeR7WMiGCY9kBIwGRSTk3anXPGr/hD4LwnGpILGuOqUn0g3pqlkylIBxrQCP7HtDLTlVLC8RFLDEqB30GMtRxVIZtrZMHKOd5zSxVGs3VEWD9WfGxlIY/oydJNFHvPbK8T/vFZqo5N2xlWSWqbo6KEoFdjGuOgPd7lm1Iq+I0A1d3/F9BY0UOtaLrkSgt+R/5L6QTU4qh5eH1ZOz8Z1LKAttI32UICO0Sm6QFeohih6QM/oDb17j96r9+F9jkanvPHOJpqA9/UNf02rfA==</latexit>

kHQ�HQ0
k1  �kQ�Q0

k1

Like single-agent RL, we can see this as the fixed point of a map
<latexit sha1_base64="KduSQkF0bo1KeVnqXCww/r0sdaE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92runddbzw0as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfd+RZw==</latexit>

H

Like in the single-agent setting, this is a contraction mapping in the  norm ℓ∞

<latexit sha1_base64="CFtrqbbKOVxJ/b1qI94MjaUv8uQ="></latexit>

HQ(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q(s0)⇡2

�

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�



Minimax Q-Learning

Value-Base Methods in Zero-Sum Games
Can we derive Q-learning algorithms for Infinite-Horizon Zero-Sum Markov Games?

Like in the single-agent setting, this is a contraction mapping in the  norm ℓ∞

Like single-agent RL, we can see this as the fixed point of a map
<latexit sha1_base64="KduSQkF0bo1KeVnqXCww/r0sdaE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92runddbzw0as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfd+RZw==</latexit>

H

<latexit sha1_base64="OXRHO1GUidD1yVh82dMmc/eeSfc="></latexit>

8(s, a) do: Qt+1(s, a) = (1� ↵)Qt(s, a) + ↵HQ(s, a)Which suggests the following 
minimax Q-learning algorithm:

Requires solving a matrix game at 
every step!

<latexit sha1_base64="CFtrqbbKOVxJ/b1qI94MjaUv8uQ="></latexit>

HQ(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q(s0)⇡2

�

<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Centralized computation of Nash in Zero-Sum Markov Games


‣  Initializes 

‣  For step t=0,1,2,…

Q0, π1,0, π2,0

‣  For each state s :

‣  Update policy using no-regret learning on matrix game: 

<latexit sha1_base64="nnMCP/wPYeSC5AXerx9RfQ2nu1k=">AAACKHicbZBNSwMxEIazftb6VfXoJViEeim7pag3i148ttAv6NYlm6ZtaJJdkqxYlv4cL/4VLyKK9OovMbvdg7YOBJ55Z4bJvH7IqNK2PbfW1jc2t7ZzO/ndvf2Dw8LRcVsFkcSkhQMWyK6PFGFUkJammpFuKAniPiMdf3KX1DuPRCoaiKaehqTP0UjQIcVIG8kr3LgcPXmxG1LPKamLGXQ5FYu8sshhwrEzM9lDEzY8bSCVKonkFYp22U4DroKTQRFkUfcK7+4gwBEnQmOGlOo5dqj7MZKaYkZmeTdSJER4gkakZ1AgTlQ/Tg+dwXOjDOAwkOYJDVP190SMuFJT7ptOjvRYLdcS8b9aL9LD635MRRhpIvBi0TBiUAcwcQ0OqCRYs6kBhCU1f4V4jCTC2nibNyY4yyevQrtSdi7L1Ua1WLvN7MiBU3AGSsABV6AG7kEdtAAGz+AVfIBP68V6s76s+aJ1zcpmTsCfsL5/AO8bpKY=</latexit>

max
⇡1(s)

min
⇡2(s)

⇡1(s)
TQt(s)⇡2(s)

<latexit sha1_base64="kGk1UEmdGmqneMzMDJ5ZvqsV88E="></latexit>

⇡1,t+1(s) = P�1 (⇡1,t + ↵Qt(s)⇡2,t(s))
<latexit sha1_base64="VxUwz/HC6b5E1xgwpKb47V8PNEk="></latexit>

⇡2,t+1(s) = P�2

�
⇡1,t � ↵QT

t (s)⇡1,t(s)
�e.g.,  



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Centralized computation of Nash in Zero-Sum Markov Games


‣  Initializes 

‣  For step t=0,1,2,…

Q0, π1,0, π2,0

‣  For each state s :

‣  Update policy using no-regret learning on matrix game: 

‣  Update Q-function:

<latexit sha1_base64="nnMCP/wPYeSC5AXerx9RfQ2nu1k=">AAACKHicbZBNSwMxEIazftb6VfXoJViEeim7pag3i148ttAv6NYlm6ZtaJJdkqxYlv4cL/4VLyKK9OovMbvdg7YOBJ55Z4bJvH7IqNK2PbfW1jc2t7ZzO/ndvf2Dw8LRcVsFkcSkhQMWyK6PFGFUkJammpFuKAniPiMdf3KX1DuPRCoaiKaehqTP0UjQIcVIG8kr3LgcPXmxG1LPKamLGXQ5FYu8sshhwrEzM9lDEzY8bSCVKonkFYp22U4DroKTQRFkUfcK7+4gwBEnQmOGlOo5dqj7MZKaYkZmeTdSJER4gkakZ1AgTlQ/Tg+dwXOjDOAwkOYJDVP190SMuFJT7ptOjvRYLdcS8b9aL9LD635MRRhpIvBi0TBiUAcwcQ0OqCRYs6kBhCU1f4V4jCTC2nibNyY4yyevQrtSdi7L1Ua1WLvN7MiBU3AGSsABV6AG7kEdtAAGz+AVfIBP68V6s76s+aJ1zcpmTsCfsL5/AO8bpKY=</latexit>

max
⇡1(s)

min
⇡2(s)

⇡1(s)
TQt(s)⇡2(s)

<latexit sha1_base64="kGk1UEmdGmqneMzMDJ5ZvqsV88E="></latexit>

⇡1,t+1(s) = P�1 (⇡1,t + ↵Qt(s)⇡2,t(s))
<latexit sha1_base64="VxUwz/HC6b5E1xgwpKb47V8PNEk="></latexit>

⇡2,t+1(s) = P�2

�
⇡1,t � ↵QT

t (s)⇡1,t(s)
�e.g.,  Fast timescale α > > β

Converges quickly to minimax 
value 

Slow timescale
Update Q-function

<latexit sha1_base64="yx1+fZwV0srZnIBWGiGVQqjY9RU="></latexit>

8(s, a) do: Qt+1(s, a) = (1� �)Qt(s, a) + �
�
R(s, a1, a2) + �Es0|s,a

⇥
⇡1,t(s

0)TQt(s
0)⇡2,t(s

0)
⇤�



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Centralized computation of Nash in Zero-Sum Markov Games


‣  Initializes 

‣  For step t=0,1,2,…

Q0, π1,0, π2,0

‣  For each state s :

‣  Update policy using no-regret learning on matrix game: 

‣  Update Q-function:
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max
⇡1(s)

min
⇡2(s)

⇡1(s)
TQt(s)⇡2(s)

<latexit sha1_base64="kGk1UEmdGmqneMzMDJ5ZvqsV88E="></latexit>

⇡1,t+1(s) = P�1 (⇡1,t + ↵Qt(s)⇡2,t(s))
<latexit sha1_base64="VxUwz/HC6b5E1xgwpKb47V8PNEk="></latexit>

⇡2,t+1(s) = P�2

�
⇡1,t � ↵QT

t (s)⇡1,t(s)
�e.g.,  

<latexit sha1_base64="yx1+fZwV0srZnIBWGiGVQqjY9RU="></latexit>

8(s, a) do: Qt+1(s, a) = (1� �)Qt(s, a) + �
�
R(s, a1, a2) + �Es0|s,a

⇥
⇡1,t(s

0)TQt(s
0)⇡2,t(s

0)
⇤�

Sanity Check
Suppose the fast timescale has 

converged: this is exactly 
minimax-Q



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Centralized computation of Nash in Zero-Sum Markov Games


‣  Initializes 

‣  For step t=0,1,2,…

Q0, π1,0, π2,0

‣  For each state s :

‣  Update policy using no-regret learning on matrix game: 

‣  Update Q-function:
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Sanity Check
Suppose the fast timescale has 

converged: this is exactly 
minimax-Q
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General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Many papers use this 
algorithmic structure:


E.g., Use no-regret learning 
subroutines &  analyze full-
information algorithms:


[Zhang et al. 2022]

[Cen et al. 2022]

[Cen et al. 2023]


E.g., Use no-regret learning subroutines 
&  analyze sample based algorithms:


[Cai et al. 2023]

[Chen et al. 2023]



General-Algorithmic Ideas for Zero-Sum Markov Games
Unifying idea: Timescale separation

‣  Solve per-state Matrix Games on a fast timescale  


(using e.g., no-regret learning, extra gradient, proximal methods)


‣  Use solutions in minimax Q-learning on a slow timescale

Many papers use this 
algorithmic structure:


E.g., Use no-regret learning 
subroutines &  analyze full-
information algorithms:


[Zhang et al. 2022]

[Cen et al. 2022]

[Cen et al. 2023]


E.g., Use no-regret learning subroutines 
&  analyze sample based algorithms:


[Cai et al. 2023]

[Chen et al. 2023]

Still an ongoing area of research!



Beyond Zero-Sum Markov Games
Do these ideas extend beyond zero-sum games in infinite horizon Markov Games?

Minimax Q-Learning
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Do these ideas extend beyond zero-sum games in infinite horizon Markov Games?

Minimax Q-Learning

Nash Q-Learning [Hu & Wellman 2003]

Each agent keeps track of their 
Q-function

This is the value at Nash given the 
state-dependent matrix game:

<latexit sha1_base64="vl4u2b13Ahlc0gmSRKsPWmuCJC0="></latexit>

Ea⇠⇡⇤ [Qi(s, a)] where ⇡⇤ = Nash Eq

Beyond Zero-Sum Markov Games
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Do these ideas extend beyond zero-sum games in infinite horizon Markov Games?

Minimax Q-Learning

Nash Q-Learning [Hu & Wellman 2003]

Reduces to minimax Q learning in zero-sum games

Difficulties in general: e.g., equilibrium selection (if there are multiple Nash which to choose?) 

Beyond Zero-Sum Markov Games
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Do these ideas extend beyond zero-sum games in infinite horizon Markov Games?

Unfortunately this is not a contraction mapping in general

This is true even replacing Nash with CCE, CE Only known cases where you get contraction is in zero-
sum\competitive games and fully cooperative

Beyond Zero-Sum Markov Games

Minimax Q-Learning

Nash Q-Learning [Hu & Wellman 2003]
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Recap: 

Value-Based Approaches for Infinite-Horizon Markov Games

‣ In general, we have no algorithms for infinite horizon Markov games beyond highly structured cases 

‣ e.g., zero-sum games, cooperative games

‣ In infinite horizon, zero-sum Markov games we can develop algorithms based on top of the framework of 
minimax Q-learning. 


‣Main Idea: Timescale separation

‣Solve matrix games in each state on fast timescales, do Q-learning on a slow timescale.
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Recap: 

Value-Based Approaches for Infinite-Horizon Markov Games

‣ In general, we have no algorithms for infinite horizon Markov games beyond highly structured cases 

‣ e.g., zero-sum games, cooperative games

‣ In infinite horizon, zero-sum Markov games we can develop algorithms based on top of the framework of 
minimax Q-learning. 


‣Main Idea: Timescale separation

‣Solve matrix games in each state on fast timescales, do Q-learning on a slow timescale.

This should not be surprising given the hardness results we saw yesterday!

Fortunately, in finite-horizon games, there is more to say



‣In finite-horizon single-agent problems, the optimal policy can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

Dynamic Programming In Reinforcement Learning


‣  Initialize 


‣  For step 

QH+1 = 0
t = H, H − 1,H − 2,...,1,0

‣  For each state s,a :

<latexit sha1_base64="gNPsLLcyRSE5vrK34ckTBQB/fpI="></latexit>

Qt(s, a) r(s, a) + �Es0|s,a

h
max

a
Qt+1(s

0, a)
i

Computes the optimal (time-dependent!) Q-functions which we can 
use to infer optimal policy:
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Qt(s, a)



‣In finite-horizon single-agent problems, the optimal policy can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

Dynamic Programming In Reinforcement Learning


‣  Initialize 


‣  For step 

QH+1 = 0
t = H, H − 1,H − 2,...,1,0

‣  For each state s,a :
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Computes the optimal (time-dependent!) Q-functions which we can 
use to infer optimal policy:
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⇡⇤(s, t) = argmax
a

Qt(s, a)

‣No contraction mapping argument needed!

Proceed backwards



‣In finite-horizon Markov games the Nash policy can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

Nash Value Iteration


‣  Initialize, for all agents : 


‣  For step 

i Qi,H+1(s, ai, a−i) = 0, Vi,H+1 = 0
t = H, H − 1,H − 2,...,1,0

‣  For each state agent  and all s,a :
i
<latexit sha1_base64="ssnKjBrk0Tah9SKdBpyH6ZjASTU="></latexit>

Qi,t(s, ai, a�i) Ri(s, ai, a�i) + Es0|s,a [Vi,t+1(s
0)]

‣  For each agent  and all s:
i
<latexit sha1_base64="ncjZHbR4I8BBa7A3v/FSqnKChwc="></latexit>

(⇡⇤
1,t, ...,⇡

⇤
n,t) Nash(Q1,t(s), ..., Qn,t(s))
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Vi,t(s) E⇡⇤
t
[Qi,t(s)]

Solve a matrix game at each 
state and time at horizon

Keep track of state value function 



‣In finite-horizon Markov games the Nash policy can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

Nash Value Iteration
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i
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Computes a Nash of a finite-
horizon Markov Game 


(by definition)


In poly(H,S,A,B)  steps given a 
Nash oracle



‣In finite-horizon Markov games the Nash policy can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

Nash Value Iteration
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t = H, H − 1,H − 2,...,1,0
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Unfortunately this step is 
hard in general!

Computes a Nash of a finite-
horizon Markov Game 


(by definition)


In poly(H,S,A,B)  steps given a 
Nash oracle



‣In finite-horizon Markov games a non stationary CCE can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

CCE Value Iteration


‣  Initialize, for all agents : 


‣  For step 

i Qi,H+1(s, ai, a−i) = 0, Vi,H+1 = 0
t = H, H − 1,H − 2,...,1,0

‣  For each state agent  and all s,a :
i
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i

<latexit sha1_base64="4wwMg9d5JJUeavxoFZJISMpTv+U=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VQkZJIUZeiCC4r2FpIYphMJ+3QyYOZG6WE/Ikbf8WNC0XEnX/jpC2i1QMDh3POZe49fiK4AtP8NEozs3PzC+XFytLyyupadX2jreJUUtaisYhlxyeKCR6xFnAQrJNIRkJfsBt/cF74N3dMKh5H1zBMmBuSXsQDTgloyasetb2MH0C+q/awI1gARMr4Hjshgb7vZxe5lzkJv933ILevvqOuV62ZdXME/JdYE1JDEzS96ofTjWkasgioIErZlpmAmxEJnAqWV5xUsYTQAekxW9OIhEy52ei+HO9opYuDWOoXAR6pPycyEio1DH2dLPZW014h/ufZKQQnbsajJAUW0fFHQSowxLgoC3e5ZBTEUBNCJde7YtonklDQlVZ0Cdb0yX9J+7BuHdUbV43a6dmkjjLaQttoF1noGJ2iS9RELUTRA3pCL+jVeDSejTfjfRwtGZOZTfQLxucXzSii1w==</latexit>

Vi,t(s) E⇡⇤
t
[Qi,t(s)]

<latexit sha1_base64="CtVnNvitclCZ4To8Mle+HjkOGP4="></latexit>

(⇡⇤
1,t, ...,⇡

⇤
n,t) CCE(Q1,t(s), ..., Qn,t(s))

Can be solved via linear 
programming or no-regret 

learning



‣In finite-horizon Markov games a non stationary CCE can be found via dynamic programming:

Dynamic Programming Approaches to Nash in Finite-
Horizon Markov Games

CCE Value Iteration
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t = H, H − 1,H − 2,...,1,0
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Computes a CCE of a finite-
horizon Markov Game 


(by definition)


In poly(H,S,A,B)  steps
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‣So far we have assumed that you know the Markov Game perfectly and only looked at computation 

From full information to learning

‣In RL you need to explore to learn :

1. The dynamics of the environment

2. The reward function

‣Trade-off exploration (of the environment and reward function) with exploitation to accumulate reward 



‣So far we have assumed that you know the Markov Game perfectly and only looked at computation 

From full information to learning

‣In RL you need to explore to learn :

1. The dynamics of the environment

2. The reward function

‣In MARL you need to explore to learn :

1.  The dynamics of the environment

2. The reward function

3.  How to compete



‣In reinforcement learning there has been a lot of recent progress on how to explore MDPS

Exploration in MDPs and Markov Games

‣ Can be shown that in the worst case, this can take an exponential in the     
number of samples to learn an optimal policy!

‣Naive exploration:



‣In reinforcement learning there has been a lot of recent progress on how to explore MDPS

Exploration in MDPs and Markov Games

‣Naive exploration:

‣Optimistic exploration: be optimistic pick action with the largest  

                                             Upper confidence bound 

Strategy yields a statistically 
optimal way of exploring 

bandits and MDPs



Optimistic CCE Value Iteration


‣  Initialize, for all agents : , policies 


‣  For step 

i Qi,H+1(s, ai, a−i) = 0, Vi,H+1 = 0 {πi,t}H
t=0

k = 1,2,...
‣Execute policies, collect rollouts, estimate transition matrix  
̂P

<latexit sha1_base64="nHNKVGPneOniDgdtdc4N03xREi8="></latexit>

P̂ (s0|s, a) = N(s0, s, a)

N(s, a)

Optimistic Value Iteration in Markov Games



Optimistic CCE Value Iteration


‣  Initialize, for all agents : , policies 


‣  For step 

i Qi,H+1(s, ai, a−i) = 0, Vi,H+1 = 0 {πi,t}H
t=0

k = 1,2,...

‣  For each state agent  and all s,a :
i

‣  For each agent  and all s:
i

‣Execute policies, collect rollouts, estimate transition matrix  

‣For 


̂P
t = H, H − 1,...,0
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‣  For step 
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‣  For each state agent  and all s,a :
i
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‣For 
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t = H, H − 1,...,0
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High probability over-estimate 
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concentration inequalities
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‣  For each state agent  and all s,a :
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‣  For each agent  and all s:
i
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Game
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‣  Initialize, for all agents : , policies 


‣  For step 

i Qi,H+1(s, ai, a−i) = 0, Vi,H+1 = 0 {πi,t}H
t=0

k = 1,2,...

‣  For each state agent  and all s,a :
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‣  For each agent  and all s:
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‣Execute policies, collect rollouts, estimate transition matrix  

‣For 
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t = H, H − 1,...,0

<latexit sha1_base64="OxzPbI0eV43HO/GZeHOYJs6aKKQ="></latexit>

(⇡⇤
1,t, ...,⇡

⇤
n,t) CCE(Q̄1,t(s), ...̄,Qn,t(s))

<latexit sha1_base64="QMtH9LqJgBcP9nklECnusdkDoyc="></latexit>

Q̄i,t(s, ai, a�i) Ri(s, ai, a�i) + Es0⇠P̂ (·|s,a)
⇥
V̄i,t+1(s

0)
⇤
+UCB

<latexit sha1_base64="I/rww7MY5AtXd9D1FGuXC09UBFE=">AAACKXicbVDLSsNAFJ3Ud31FXboZLEIVKYkUdVkUwaWCfUATw2Q6aYdOHszcKCXkd9z4K24UFHXrjzitRbT1wMDhnHOZe4+fCK7Ast6Nwszs3PzC4lJxeWV1bd3c2GyoOJWU1WksYtnyiWKCR6wOHARrJZKR0Bes6ffPhn7zlknF4+gaBglzQ9KNeMApAS15Zs3xicQNL+MHkJfVHnYEC4BIGd9hJyTQ8/3sPPcyJ+E3+x7k7VH+6ifvembJqlgj4Glij0kJjXHpmc9OJ6ZpyCKggijVtq0E3IxI4FSwvOikiiWE9kmXtTWNSMiUm40uzfGuVjo4iKV+EeCR+nsiI6FSg9DXyeHyatIbiv957RSCEzfjUZICi+j3R0EqMMR4WBvucMkoiIEmhEqud8W0RyShoMst6hLsyZOnSeOwYh9VqlfVUu10XMci2kY7qIxsdIxq6AJdojqi6B49ohf0ajwYT8ab8fEdLRjjmS30B8bnFzPHpp0=</latexit>

V̄i,t(s) E⇡⇤
t
[Q̄i,t(s)]

Using CCE oracle


Optimistic Value Iteration in Markov Games



Optimistic Value Iteration in Markov Games

Optimistic CCE Value Iteration


‣  Initialize, for all agents : , policies 
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This algorithm can be seen as a 
multi-agent extension of UCB-VI 

(Azar et al. 2017)  from single-
agent reinforcement learning
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Thm: Finite Horizon Zero-Sum Markov Games [Liu et al. 2020]
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Polynomial-time and polynomial 
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Thm: Finite Horizon Zero-Sum Markov Games [Liu et al. 2020]


With high probability, optimistic Value-iteration finds an -approximate Nash 
equilibrium in:


  episodes.

ϵ

Õ ( H3S |A1 | |A2 |
ϵ2 )

They also show an information theoretic lower bound 
that learning Nash requires at least:

  episodes.Õ ( H3S max{ |A1 | , |A2 |}
ϵ2 )
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Thm: Finite Horizon General-Sum Markov Games [Liu et al. 2020]


With high probability, optimistic Value-iteration finds an -approximate CCE 
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Õ (
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ϵ2 )

Can Extend the Results to CCE in general-sum Markov games!


Note that optimistic Value-iteration is not no-regret, but 
we can still find a non-stationary CCE
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Thm: Finite Horizon General-Sum Markov Games [Liu et al. 2020]


With high probability, optimistic Value-iteration finds an -approximate CCE 
equilibrium in:


  episodes.

ϵ

Õ (
H4S∏i |Ai |

ϵ2 )

They also show an information theoretic lower bound 
that learning Nash requires at least:

  episodes.Õ ( H3S maxi |Ai |
ϵ2 )

Can Extend the Results to CCE in general-sum Markov games!
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Curse-of Multi-Agency

Consider the gap:

 .Õ ( H3S maxi |Ai |
ϵ2 )Lower bound: Õ (

H4S∏i |Ai |

ϵ2 ) episodesvs.

Lower bound suggests that we should 
pay only for the largest action space

Optimistic VI pays for the product

Worst case:   ∏

i

|Ai | = |A |n

Exponential dependence 
on number of agents

⟹ “Curse of multi-agency”

(Analog to curse of dimensionality)

Can we overcome this?



Overcoming the curse of multi-agency
Problem: 


The size of the Q-function itself is S × ∏
i

Ai

Any algorithm based on Q functions has to pay this.
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Overcoming the curse of multi-agency

⟹Use

 timescale separation.


Fast timescale: compute optimistic 
value using e.g., no-regret learning

Slow timescale: update values using 
dynamic programming

Crux of idea:

Sample complexity of 
no-regret learning in 
games scales with 

max
i

|Ai |

Use payoff-based (bandit feedback) no-regret learning:

(e.g., Exp3 algorithm, stochastic mirror descent)
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Against arbitrary sequences of rewards 


while only playing actions  at each round and observing 


{rt ∈ ℝ|A|}T
t=0

at ∼ πt rt(at)



V-Learning in Markov Games

V-learning (PoV of agent )

‣  Initialize policies 


‣  For episode 

i
π0

i,t

k = 1,2,...

‣Sample action  , observe reward  , next state ai,t ∼ πk
i,t(st) rt = Ri(st, at) st+1

‣Receive initial state 


‣For 


s0
t = 0,1,2,...,H

‣Keep track of number of times each state has been visited:
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V-Learning in Markov Games

V-learning (PoV of agent )

‣  Initialize policies 


‣  For episode 

i
π0

i,t

k = 1,2,...

‣Sample action  , observe reward  , next state ai,t ∼ πk
i,t(st) rt = Ri(st, at) st+1

‣Receive initial state 


‣For 


s0
t = 0,1,2,...,H

‣Keep track of number of times each state has been visited:

‣Update optimistic value estimate
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‣Update policy using no-regret learning:

<latexit sha1_base64="lQWcTJ3hWuQb4Pl2b8IQ3fKcVk4="></latexit>

Vi,t(st) (1� ↵k)Vi,t(st) + ↵k(rt + Vi,t(st+1) + UCB(N(st+1))

<latexit sha1_base64="/sq5Obrw/oWksYL9CmSbqtIadfQ="></latexit>

⇡k+1
i,t (st) No Regret Step(ai,t, rt + Vi,t(st+1) + UCB(N(st+1),�k)

Optimistic estimate of V

(In high probability with 
carefully chosen UCB)
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V-learning (PoV of agent )

‣  Initialize policies 


‣  For episode 
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i,t

k = 1,2,...

‣Sample action  , observe reward  , next state ai,t ∼ πk
i,t(st) rt = Ri(st, at) st+1

‣Receive initial state 


‣For 


s0
t = 0,1,2,...,H

‣Keep track of number of times each state has been visited:

‣Update optimistic value estimate
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‣Update policy using no-regret learning:
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Adversarial bandit step on 
fast timescale
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V-learning (PoV of agent )

‣  Initialize policies 


‣  For episode 
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i,t

k = 1,2,...

‣Sample action  , observe reward  , next state ai,t ∼ πk
i,t(st) rt = Ri(st, at) st+1

‣Receive initial state 


‣For 


s0
t = 0,1,2,...,H

‣Keep track of number of times each state has been visited:

‣Update optimistic value estimate
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N(st+1) N(st+1) + 1

To see why this works, 
suppose the fast timescale 

has converged


This is just stochastic approximations of the 
dynamic programming algorithm
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V-Learning in Markov Games

V-learning (PoV of agent )

‣  Initialize policies 


‣  For episode 

i
π0

i,t

k = 1,2,...

‣Sample action  , observe reward  , next state ai,t ∼ πk
i,t(st) rt = Ri(st, at) st+1

‣Receive initial state 


‣For 


s0
t = 0,1,2,...,H

‣Keep track of number of times each state has been visited:

‣Update optimistic value estimate
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N(st+1) N(st+1) + 1

To see why this works, 
suppose the fast timescale 

has converged


Note that this algorithm is independent! Players can do this separately. 
(Under the same caveat that the step sizes are synced)
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V-Learning in Markov Games

Thm: Finite Horizon General-Sum Markov Games 

[Jin et al. 2021]


With high probability, optimistic Value-iteration with Follow-the-Regularized-Leader 
(FTRL) as the no-regret learning algorithm finds an -approximate CCE equilibrium in:


  episodes.

ϵ

Õ ( H5S maxi |Ai |
ϵ2 )

Which overcame the curse of multi-agents 

(albeit with a worse dependence on horizon)




V-Learning in Markov Games

Thm: Finite Horizon General-Sum Markov Games 

[Jin et al. 2021]


With high probability, optimistic Value-iteration with Follow-the-Regularized-Leader 
(FTRL) as the no-regret learning algorithm finds an -approximate CCE equilibrium in:


  episodes.

ϵ

Õ ( H5S maxi |Ai |
ϵ2 )

Similar result with a slightly worse rate was derived 
around the same time by Mao & Basar, 2021 using online 

mirror descent instead of FTRL



V-Learning in Markov Games

Thm: Finite Horizon General-Sum Markov Games 

[Jin et al. 2021]


With high probability, optimistic Value-iteration with Follow-the-Regularized-Leader 
(FTRL) as the no-regret learning algorithm finds an -approximate CCE equilibrium in:


  episodes.

ϵ

Õ ( H5S maxi |Ai |
ϵ2 )

Extended to approximate 
correlated eq. by Song et al. 2021 

by using a no-swap regret algorithm



V-Learning in Markov Games

Thm: Finite Horizon General-Sum Markov Games 

[Jin et al. 2021]


With high probability, optimistic Value-iteration with Follow-the-Regularized-Leader 
(FTRL) as the no-regret learning algorithm finds an -approximate CCE equilibrium in:


  episodes.

ϵ

Õ ( H5S maxi |Ai |
ϵ2 )

Faster convergence rates, specific structures (e.g., extensive form games, cooperative 
games, zero-sum games), equilibrium selection, multi-objective optimization

Still an ongoing area of research!



A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation 

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


‣  Takeaways:

‣ Q-learning algorithms for infinite horizon zero-sum Markov games, not in general.


3. Further directions


i. The role of function approximation 

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts
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1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


‣  Takeaways:


‣ In finite-horizon Markov games, can efficiently learn Nash though you have to be 
careful about the curse of multi-agency.


3. Further directions


i.  The role of function approximation 

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts


A Road Map 



1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


‣  Takeaways:


‣In both of these cases timescale separation is key to simplify the problem.


3. Further directions


i.  The role of function approximation 

ii.  Scalable algorithms for zero-sum games

iii.  New equilibrium concepts


A Road Map 



A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions (Work from my group)


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




Sample efficiency is crucial

>107 games of Go

>1 month of training time on dedicated servers

200 years of real-time StarCraft games

>1 month of training time on dedicated servers

So far we have seen that we have algorithms for efficiently learning in tabular 
finite-horizon Markov Games

Meaning it achieves good sample complexities
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Multi-agent DDPG

(Deep Deterministic Policy Gradient)

Multi-agent PPO

(Proximal Policy Optimization)

Multi-agent Actor-Critic

Multi-agent Actor-Critic



Learning in Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


We need scalable algorithms as well:



Learning in Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


We need scalable algorithms as well:

This requires using function approximation



Learning in Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


We need scalable algorithms as well:

This requires using function approximation

Data Compute Complex Models = Performance+

Deep RL



Learning in Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


We need scalable algorithms as well:

This requires using function approximation

Data Compute Complex Models = Performance

Traditional Deep RL

+Data Compute Complex Models = Performance

Deep RL

+ +

Does this still hold true when algorithms are used in MARL?



Learning in Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


We need scalable algorithms as well:

This requires using function approximation

How should we use function approximation in games?

Joint work with Tinashe Handina (Caltech)


Understanding Model Selection in Strategic Environments 

NeurIPs 2024



Deep MARL Pipeline
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Learner has a menu of policy classes of decreasing expressivity
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1. Model selection

 Learner chooses a policy class
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Deep MARL Pipeline
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2. Deployment

Learner trains a model in a Markov Game against an 
environment. (Model as two player game).

Learner Strategic 

Environment
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fl(✓, e)
<latexit sha1_base64="tbABgcKnplgHyOO/R4bWZuuUF1w=">AAACBXicdZBLSwMxFIUzvq2vqktdBIugIMNM8bkTRHDZglWhU4ZMescGM5khuSOUoSBu/CtuXCji1v/gzn9j2iqo6IHA4ZwbkvtFmRQGPe/dGRkdG5+YnJouzczOzS+UF5fOTJprDg2eylRfRMyAFAoaKFDCRaaBJZGE8+jqqN+fX4M2IlWn2M2glbBLJWLBGdooLK8GiVBhATQQih73aBzCRoAdQLYFm2G54rn+QV/Uc6ue1c6XqVLf9QaqkE/VwvJb0E55noBCLpkxTd/LsFUwjYJL6JWC3EDG+BW7hKa1iiVgWsVgix5dt0mbxqm2RyEdpN9vFCwxpptEdjJh2DG/u374V9fMMd5vFUJlOYLiw4fiXFJMaR8JbQsNHGXXGsa1sH+lvMM042jBlSyEr03p/+as6vq77nZ9u3JYvxnimCIrZI1sEJ/skUNyQmqkQTi5JffkkTw5d86D8+y8DEdHnE+Ey+SHnNcPTEmYRg==</latexit>

min
e2E

fe(✓, e)

<latexit sha1_base64="aY+jcX3cFtWAs0O73ac76ztdTD8=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaeut4MVjC/YD2lA220m7drMJuxuhhIJ3Lx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZubX1jcyu/XdjZ3ds/KB4edVSUSAptGvFI9nyigDMBbc00h14sgYQ+h64/vcr87h1IxSJxo2cxeCEZCxYwSrSRWjAslhz7oupe1l3s2M4CGanWyhd17K6UElqhOSy+D0YRTUIQmnKiVN91Yu2lRGpGOcwLg0RBTOiUjKFvqCAhKC9dHDrHZ0YZ4SCSpoTGC/X7REpCpWahbzpDoifqt5eJf3n9RAd1L2UiTjQIulwUJBzrCGdf4xGTQDWfGUKoZOZWTCdEEqpNNgUTwten+H/SKdtu1a60KqVG634ZRx6doFN0jlxUQw10jZqojSgC9ICe0LN1az1aL9brsjVnrSI8Rj9gvX0CRReNtw==</latexit>e

<latexit sha1_base64="HGKwuqEKJozXaTYYQZIiPzqaY3c=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQlKjbXcFNy5bsA9oQ5lMJ+3YSSbM3AglFPwENy4Ucev/uPNvnD4EFT1w4XDOvdx7T5AIrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsH46uZ375jSnMZ38AkYX5EhjEPOSVgpFYPRgxIv1B0bMd1vWoVO7ZbvqicVwwplcqeU8Ku7cxRREvU+4X33kDSNGIxUEG07rpOAn5GFHAq2DTfSzVLCB2TIesaGpOIaT+bXzvFp0YZ4FAqUzHgufp9IiOR1pMoMJ0RgZH+7c3Ev7xuCmHFz3icpMBiulgUpgKDxLPX8YArRkFMDCFUcXMrpiOiCAUTUN6E8PUp/p+0SrZ7aXsNr1hr3C/iyKFjdILOkIvKqIauUR01EUW36AE9oWdLWo/Wi/W6aF2xlhEeoR+w3j4BOzCQCQ==</latexit>

✓

Deep MARL Pipeline
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<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

<latexit sha1_base64="EDUISwfzsGBuZwgAEA13zJi0Ex0=">AAAB73icjVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjwmkBckS5id9CZDZmfXmV4hLAG/wYsHRbz6O978GyePg4qCBQ1FVTfdXUEihUHX/XBya+sbm1v57cLO7t7+QfHwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O3egjYhVE6cJ+BEbKREKztBK3X5zDMgGlUGx5JXdBejfpERWqA+K7/1hzNMIFHLJjOl5boJ+xjQKLmFW6KcGEsYnbAQ9SxWLwPjZ4t4ZPbPKkIaxtqWQLtSvExmLjJlGge2MGI7NT28u/ub1Ugyv/EyoJEVQfLkoTCXFmM6fp0OhgaOcWsK4FvZWysdMM442osL/QmhXyt5FudqolmqN+2UceXJCTsk58cglqZEbUictwokkD+SJPDu3zqPz4rwuW3POKsJj8g3O2yfPgZBI</latexit>

⇥2

<latexit sha1_base64="8WDf7QNeNretztR4ygiKBhtvr4I=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+6hdLftmbw/2blGCJar/43h3EPI1QEZfMmI7vJdTLmCbBJU4L3dRgwviYDbFjqWIRml42v3fqnlhl4IaxtqXInatfJzIWGTOJAtsZMRqZn95M/M3rpBRe9TKhkpRQ8cWiMJUuxe7seXcgNHKSE0sY18Le6vIR04yTjajwvxCaZ2X/onxeOy9VaveLOPJwBMdwCj5cQgVuoAoN4CDhAZ7g2bl1Hp0X53XRmnOWER7CNzhvnyqAkIQ=</latexit>

⇥n

<latexit sha1_base64="RfX8LmdwGR8rVacRzHFGENy9Psk=">AAAB73icjVDJSgNBEK2JW4xb1KOXxiB4CjMi6jHgxWMC2SAJoadTkzTpWeyuEcIQ8Bu8eFDEq7/jzb+xsxxUFHxQ8Hiviqp6fqKkIdf9cHIrq2vrG/nNwtb2zu5ecf+gaeJUC2yIWMW67XODSkbYIEkK24lGHvoKW/74eua37lAbGUd1miTYC/kwkoEUnKzU7tZHSLwv+8WSV3bnYH+TEixR7Rffu4NYpCFGJBQ3puO5CfUyrkkKhdNCNzWYcDHmQ+xYGvEQTS+b3ztlJ1YZsCDWtiJic/XrRMZDYyahbztDTiPz05uJv3mdlIKrXiajJCWMxGJRkCpGMZs9zwZSoyA1sYQLLe2tTIy45oJsRIX/hdA8K3sX5fPaealSu1/EkYcjOIZT8OASKnADVWiAAAUP8ATPzq3z6Lw4r4vWnLOM8BC+wXn7BCLskH8=</latexit>

⇥i

3. Equilibrium

Learner & Environment settle into a Nash equilibrium.

<latexit sha1_base64="NXiAA0LfMEeSrFNzRYEgdmwC3jA="></latexit>

fe(✓
⇤, e⇤)  fe(✓

⇤, e) 8e 2 E

<latexit sha1_base64="9c1rcPu/1g6aO7XQSTQ5i33Fg5A="></latexit>

fl(✓
⇤, e⇤)  fl(✓, e

⇤) 8✓ 2 ⇥i<latexit sha1_base64="AMd0niqHMrC24OWhWScy83U1qpc=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaC+yngxWMCZoFkCD2dStKmZ6G7RwhDwLsXD4p49ZO8+Tf2ZAEVfVDweK+Kqnp+LLjSjvNp5ZaWV1bX8uuFjc2t7Z3i7l5DRYlkWGeRiGTLpwoFD7GuuRbYiiXSwBfY9EfXmd+8R6l4FN7qcYxeQAch73NGtZFqV91iybHdywzEscuOwemClIlrO1OUYI5qt/jR6UUsCTDUTFCl2q4Tay+lUnMmcFLoJApjykZ0gG1DQxqg8tLpoRNyZJQe6UfSVKjJVP0+kdJAqXHgm86A6qH67WXiX1470f0LL+VhnGgM2WxRPxFERyT7mvS4RKbF2BDKJDe3EjakkjJtsimYEBafkv9Jo2y7Z/ZJ7aRUqT3M4sjDARzCMbhwDhW4gSrUgQHCIzzDi3VnPVmv1tusNWfNI9yHH7DevwAJno2P</latexit>:

<latexit sha1_base64="aY+jcX3cFtWAs0O73ac76ztdTD8=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaeut4MVjC/YD2lA220m7drMJuxuhhIJ3Lx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZubX1jcyu/XdjZ3ds/KB4edVSUSAptGvFI9nyigDMBbc00h14sgYQ+h64/vcr87h1IxSJxo2cxeCEZCxYwSrSRWjAslhz7oupe1l3s2M4CGanWyhd17K6UElqhOSy+D0YRTUIQmnKiVN91Yu2lRGpGOcwLg0RBTOiUjKFvqCAhKC9dHDrHZ0YZ4SCSpoTGC/X7REpCpWahbzpDoifqt5eJf3n9RAd1L2UiTjQIulwUJBzrCGdf4xGTQDWfGUKoZOZWTCdEEqpNNgUTwten+H/SKdtu1a60KqVG634ZRx6doFN0jlxUQw10jZqojSgC9ICe0LN1az1aL9brsjVnrSI8Rj9gvX0CRReNtw==</latexit>e

<latexit sha1_base64="HGKwuqEKJozXaTYYQZIiPzqaY3c=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQlKjbXcFNy5bsA9oQ5lMJ+3YSSbM3AglFPwENy4Ucev/uPNvnD4EFT1w4XDOvdx7T5AIrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsH46uZ375jSnMZ38AkYX5EhjEPOSVgpFYPRgxIv1B0bMd1vWoVO7ZbvqicVwwplcqeU8Ku7cxRREvU+4X33kDSNGIxUEG07rpOAn5GFHAq2DTfSzVLCB2TIesaGpOIaT+bXzvFp0YZ4FAqUzHgufp9IiOR1pMoMJ0RgZH+7c3Ev7xuCmHFz3icpMBiulgUpgKDxLPX8YArRkFMDCFUcXMrpiOiCAUTUN6E8PUp/p+0SrZ7aXsNr1hr3C/iyKFjdILOkIvKqIauUR01EUW36AE9oWdLWo/Wi/W6aF2xlhEeoR+w3j4BOzCQCQ==</latexit>

✓

<latexit sha1_base64="tje5qVLBZ33jMyQwy3G5s7POK7M=">AAAB9XicdZBLSwMxFIUz9VXrq+rSTbAItcgwU+prV3DjsgX7gL7IpLdtaOZBckcppeDPcONCEbf+F3f+G9PWgooeCBzOuSE3nxdJodFxPqzE0vLK6lpyPbWxubW9k97dq+owVhwqPJShqntMgxQBVFCghHqkgPmehJo3vJr2tVtQWoTBDY4iaPmsH4ie4AxN1M42cQDI2rkTaOeOO+mMY7uXU1HHzjtGpwuTp67tzJQhXyp10u/NbshjHwLkkmndcJ0IW2OmUHAJk1Qz1hAxPmR9aBgbMB90azzbekKPTNKlvVCZEyCdpd9vjJmv9cj3zKTPcKB/d9Pwr64RY++iNRZBFCMEfP5QL5YUQzpFQLtCAUc5MoZxJcyulA+YYhwNqJSBsPgp/d9U87Z7ZhfKhUyxfD/HkSQH5JBkiUvOSZFckxKpEE4UeSBP5Nm6sx6tF+t1PpqwvhDukx+y3j4BWPGSOw==</latexit>

(✓⇤, e⇤)
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<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

<latexit sha1_base64="EDUISwfzsGBuZwgAEA13zJi0Ex0=">AAAB73icjVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjwmkBckS5id9CZDZmfXmV4hLAG/wYsHRbz6O978GyePg4qCBQ1FVTfdXUEihUHX/XBya+sbm1v57cLO7t7+QfHwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O3egjYhVE6cJ+BEbKREKztBK3X5zDMgGlUGx5JXdBejfpERWqA+K7/1hzNMIFHLJjOl5boJ+xjQKLmFW6KcGEsYnbAQ9SxWLwPjZ4t4ZPbPKkIaxtqWQLtSvExmLjJlGge2MGI7NT28u/ub1Ugyv/EyoJEVQfLkoTCXFmM6fp0OhgaOcWsK4FvZWysdMM442osL/QmhXyt5FudqolmqN+2UceXJCTsk58cglqZEbUictwokkD+SJPDu3zqPz4rwuW3POKsJj8g3O2yfPgZBI</latexit>

⇥2

<latexit sha1_base64="8WDf7QNeNretztR4ygiKBhtvr4I=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+6hdLftmbw/2blGCJar/43h3EPI1QEZfMmI7vJdTLmCbBJU4L3dRgwviYDbFjqWIRml42v3fqnlhl4IaxtqXInatfJzIWGTOJAtsZMRqZn95M/M3rpBRe9TKhkpRQ8cWiMJUuxe7seXcgNHKSE0sY18Le6vIR04yTjajwvxCaZ2X/onxeOy9VaveLOPJwBMdwCj5cQgVuoAoN4CDhAZ7g2bl1Hp0X53XRmnOWER7CNzhvnyqAkIQ=</latexit>

⇥n

<latexit sha1_base64="RfX8LmdwGR8rVacRzHFGENy9Psk=">AAAB73icjVDJSgNBEK2JW4xb1KOXxiB4CjMi6jHgxWMC2SAJoadTkzTpWeyuEcIQ8Bu8eFDEq7/jzb+xsxxUFHxQ8Hiviqp6fqKkIdf9cHIrq2vrG/nNwtb2zu5ecf+gaeJUC2yIWMW67XODSkbYIEkK24lGHvoKW/74eua37lAbGUd1miTYC/kwkoEUnKzU7tZHSLwv+8WSV3bnYH+TEixR7Rffu4NYpCFGJBQ3puO5CfUyrkkKhdNCNzWYcDHmQ+xYGvEQTS+b3ztlJ1YZsCDWtiJic/XrRMZDYyahbztDTiPz05uJv3mdlIKrXiajJCWMxGJRkCpGMZs9zwZSoyA1sYQLLe2tTIy45oJsRIX/hdA8K3sX5fPaealSu1/EkYcjOIZT8OASKnADVWiAAAUP8ATPzq3z6Lw4r4vWnLOM8BC+wXn7BCLskH8=</latexit>

⇥i

Examples:

Multi-agent RL:  is policy class, environment is Markov Game.Θi

<latexit sha1_base64="tje5qVLBZ33jMyQwy3G5s7POK7M=">AAAB9XicdZBLSwMxFIUz9VXrq+rSTbAItcgwU+prV3DjsgX7gL7IpLdtaOZBckcppeDPcONCEbf+F3f+G9PWgooeCBzOuSE3nxdJodFxPqzE0vLK6lpyPbWxubW9k97dq+owVhwqPJShqntMgxQBVFCghHqkgPmehJo3vJr2tVtQWoTBDY4iaPmsH4ie4AxN1M42cQDI2rkTaOeOO+mMY7uXU1HHzjtGpwuTp67tzJQhXyp10u/NbshjHwLkkmndcJ0IW2OmUHAJk1Qz1hAxPmR9aBgbMB90azzbekKPTNKlvVCZEyCdpd9vjJmv9cj3zKTPcKB/d9Pwr64RY++iNRZBFCMEfP5QL5YUQzpFQLtCAUc5MoZxJcyulA+YYhwNqJSBsPgp/d9U87Z7ZhfKhUyxfD/HkSQH5JBkiUvOSZFckxKpEE4UeSBP5Nm6sx6tF+t1PpqwvhDukx+y3j4BWPGSOw==</latexit>

(✓⇤, e⇤)

<latexit sha1_base64="aY+jcX3cFtWAs0O73ac76ztdTD8=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaeut4MVjC/YD2lA220m7drMJuxuhhIJ3Lx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZubX1jcyu/XdjZ3ds/KB4edVSUSAptGvFI9nyigDMBbc00h14sgYQ+h64/vcr87h1IxSJxo2cxeCEZCxYwSrSRWjAslhz7oupe1l3s2M4CGanWyhd17K6UElqhOSy+D0YRTUIQmnKiVN91Yu2lRGpGOcwLg0RBTOiUjKFvqCAhKC9dHDrHZ0YZ4SCSpoTGC/X7REpCpWahbzpDoifqt5eJf3n9RAd1L2UiTjQIulwUJBzrCGdf4xGTQDWfGUKoZOZWTCdEEqpNNgUTwten+H/SKdtu1a60KqVG634ZRx6doFN0jlxUQw10jZqojSgC9ICe0LN1az1aL9brsjVnrSI8Rj9gvX0CRReNtw==</latexit>e

<latexit sha1_base64="HGKwuqEKJozXaTYYQZIiPzqaY3c=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQlKjbXcFNy5bsA9oQ5lMJ+3YSSbM3AglFPwENy4Ucev/uPNvnD4EFT1w4XDOvdx7T5AIrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsH46uZ375jSnMZ38AkYX5EhjEPOSVgpFYPRgxIv1B0bMd1vWoVO7ZbvqicVwwplcqeU8Ku7cxRREvU+4X33kDSNGIxUEG07rpOAn5GFHAq2DTfSzVLCB2TIesaGpOIaT+bXzvFp0YZ4FAqUzHgufp9IiOR1pMoMJ0RgZH+7c3Ev7xuCmHFz3icpMBiulgUpgKDxLPX8YArRkFMDCFUcXMrpiOiCAUTUN6E8PUp/p+0SrZ7aXsNr1hr3C/iyKFjdILOkIvKqIauUR01EUW36AE9oWdLWo/Wi/W6aF2xlhEeoR+w3j4BOzCQCQ==</latexit>

✓
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<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

<latexit sha1_base64="EDUISwfzsGBuZwgAEA13zJi0Ex0=">AAAB73icjVDLSgNBEJyNrxhfUY9eBoPgKeyGoB4DXjwmkBckS5id9CZDZmfXmV4hLAG/wYsHRbz6O978GyePg4qCBQ1FVTfdXUEihUHX/XBya+sbm1v57cLO7t7+QfHwqG3iVHNo8VjGuhswA1IoaKFACd1EA4sCCZ1gcj33O3egjYhVE6cJ+BEbKREKztBK3X5zDMgGlUGx5JXdBejfpERWqA+K7/1hzNMIFHLJjOl5boJ+xjQKLmFW6KcGEsYnbAQ9SxWLwPjZ4t4ZPbPKkIaxtqWQLtSvExmLjJlGge2MGI7NT28u/ub1Ugyv/EyoJEVQfLkoTCXFmM6fp0OhgaOcWsK4FvZWysdMM442osL/QmhXyt5FudqolmqN+2UceXJCTsk58cglqZEbUictwokkD+SJPDu3zqPz4rwuW3POKsJj8g3O2yfPgZBI</latexit>

⇥2

<latexit sha1_base64="8WDf7QNeNretztR4ygiKBhtvr4I=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+6hdLftmbw/2blGCJar/43h3EPI1QEZfMmI7vJdTLmCbBJU4L3dRgwviYDbFjqWIRml42v3fqnlhl4IaxtqXInatfJzIWGTOJAtsZMRqZn95M/M3rpBRe9TKhkpRQ8cWiMJUuxe7seXcgNHKSE0sY18Le6vIR04yTjajwvxCaZ2X/onxeOy9VaveLOPJwBMdwCj5cQgVuoAoN4CDhAZ7g2bl1Hp0X53XRmnOWER7CNzhvnyqAkIQ=</latexit>

⇥n

<latexit sha1_base64="RfX8LmdwGR8rVacRzHFGENy9Psk=">AAAB73icjVDJSgNBEK2JW4xb1KOXxiB4CjMi6jHgxWMC2SAJoadTkzTpWeyuEcIQ8Bu8eFDEq7/jzb+xsxxUFHxQ8Hiviqp6fqKkIdf9cHIrq2vrG/nNwtb2zu5ecf+gaeJUC2yIWMW67XODSkbYIEkK24lGHvoKW/74eua37lAbGUd1miTYC/kwkoEUnKzU7tZHSLwv+8WSV3bnYH+TEixR7Rffu4NYpCFGJBQ3puO5CfUyrkkKhdNCNzWYcDHmQ+xYGvEQTS+b3ztlJ1YZsCDWtiJic/XrRMZDYyahbztDTiPz05uJv3mdlIKrXiajJCWMxGJRkCpGMZs9zwZSoyA1sYQLLe2tTIy45oJsRIX/hdA8K3sX5fPaealSu1/EkYcjOIZT8OASKnADVWiAAAUP8ATPzq3z6Lw4r4vWnLOM8BC+wXn7BCLskH8=</latexit>

⇥i

Examples:

Multi-agent RL:  is policy class, environment is Markov Game


Strategic Classification:  is a classifier, environment is a population of 

                                                strategic agents.

Θi
Θi

<latexit sha1_base64="tje5qVLBZ33jMyQwy3G5s7POK7M=">AAAB9XicdZBLSwMxFIUz9VXrq+rSTbAItcgwU+prV3DjsgX7gL7IpLdtaOZBckcppeDPcONCEbf+F3f+G9PWgooeCBzOuSE3nxdJodFxPqzE0vLK6lpyPbWxubW9k97dq+owVhwqPJShqntMgxQBVFCghHqkgPmehJo3vJr2tVtQWoTBDY4iaPmsH4ie4AxN1M42cQDI2rkTaOeOO+mMY7uXU1HHzjtGpwuTp67tzJQhXyp10u/NbshjHwLkkmndcJ0IW2OmUHAJk1Qz1hAxPmR9aBgbMB90azzbekKPTNKlvVCZEyCdpd9vjJmv9cj3zKTPcKB/d9Pwr64RY++iNRZBFCMEfP5QL5YUQzpFQLtCAUc5MoZxJcyulA+YYhwNqJSBsPgp/d9U87Z7ZhfKhUyxfD/HkSQH5JBkiUvOSZFckxKpEE4UeSBP5Nm6sx6tF+t1PpqwvhDukx+y3j4BWPGSOw==</latexit>

(✓⇤, e⇤)

<latexit sha1_base64="aY+jcX3cFtWAs0O73ac76ztdTD8=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaeut4MVjC/YD2lA220m7drMJuxuhhIJ3Lx4U8epP8ua/cdNWUNEHA4/3ZpiZ58ecKe04H1ZubX1jcyu/XdjZ3ds/KB4edVSUSAptGvFI9nyigDMBbc00h14sgYQ+h64/vcr87h1IxSJxo2cxeCEZCxYwSrSRWjAslhz7oupe1l3s2M4CGanWyhd17K6UElqhOSy+D0YRTUIQmnKiVN91Yu2lRGpGOcwLg0RBTOiUjKFvqCAhKC9dHDrHZ0YZ4SCSpoTGC/X7REpCpWahbzpDoifqt5eJf3n9RAd1L2UiTjQIulwUJBzrCGdf4xGTQDWfGUKoZOZWTCdEEqpNNgUTwten+H/SKdtu1a60KqVG634ZRx6doFN0jlxUQw10jZqojSgC9ICe0LN1az1aL9brsjVnrSI8Rj9gvX0CRReNtw==</latexit>e

<latexit sha1_base64="HGKwuqEKJozXaTYYQZIiPzqaY3c=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQlKjbXcFNy5bsA9oQ5lMJ+3YSSbM3AglFPwENy4Ucev/uPNvnD4EFT1w4XDOvdx7T5AIrsFxPqyV1bX1jc3cVn57Z3dvv3Bw2NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsH46uZ375jSnMZ38AkYX5EhjEPOSVgpFYPRgxIv1B0bMd1vWoVO7ZbvqicVwwplcqeU8Ku7cxRREvU+4X33kDSNGIxUEG07rpOAn5GFHAq2DTfSzVLCB2TIesaGpOIaT+bXzvFp0YZ4FAqUzHgufp9IiOR1pMoMJ0RgZH+7c3Ev7xuCmHFz3icpMBiulgUpgKDxLPX8YArRkFMDCFUcXMrpiOiCAUTUN6E8PUp/p+0SrZ7aXsNr1hr3C/iyKFjdILOkIvKqIauUR01EUW36AE9oWdLWo/Wi/W6aF2xlhEeoR+w3j4BOzCQCQ==</latexit>

✓

Main Question:

Should the learner always choose the most expressive policy 
class ( ) if they want the best equilibrium outcome?Θ1



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome? 

Θ1

<latexit sha1_base64="xfJr7knltSlJzfpJqhFfrwz4Q+k="></latexit>

min
✓2⇥1

fl(✓, e)  min
✓2⇥i

fl(✓, e)
<latexit sha1_base64="7ONM5zgsnhrb2A/AvsB4MExlDK0=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4GqYKfW1K7hx2UJf0A4lk962oZkHyR2hlKIL/4obF4q49Ve489+YaSuo6IHA4Ts3JPf4sRQaHefDyiwtr6yuZddzG5tb2zv53b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+qOrNG/egNIiCms4jsEL2CAUfcEZGtTNH3RqQ0DWFbSjE18D0gVwu/mCY7uXqahjFx2j0y9TpK7tzFQgC1W6+fdOL+JJACFyybRuu06M3oQpFFzCNNdJNMSMj9gA2saGLADtTWYrTOmxIT3aj5Q5IdIZ/X5jwgKtx4FvJgOGQ/07S+FfWTvB/oU3EWGcIIR8/lA/kRQjmvZBe0IBRzk2hnElzF8pHzLFOJrWcqaEr03p/6ZRtN0zu1QtFcrVu3kdWXJIjsgJcck5KZNrUiF1wskteSBP5Nm6tx6tF+t1PpqxFhXukx+y3j4B/PKXpA==</latexit>

⇥i ⇢ ⇥1if

1.  If the environment is static  — i.e., single-agent RL: yes(E = {e})



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

<latexit sha1_base64="xfJr7knltSlJzfpJqhFfrwz4Q+k="></latexit>

min
✓2⇥1

fl(✓, e)  min
✓2⇥i

fl(✓, e)
<latexit sha1_base64="7ONM5zgsnhrb2A/AvsB4MExlDK0=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4GqYKfW1K7hx2UJf0A4lk962oZkHyR2hlKIL/4obF4q49Ve489+YaSuo6IHA4Ts3JPf4sRQaHefDyiwtr6yuZddzG5tb2zv53b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+qOrNG/egNIiCms4jsEL2CAUfcEZGtTNH3RqQ0DWFbSjE18D0gVwu/mCY7uXqahjFx2j0y9TpK7tzFQgC1W6+fdOL+JJACFyybRuu06M3oQpFFzCNNdJNMSMj9gA2saGLADtTWYrTOmxIT3aj5Q5IdIZ/X5jwgKtx4FvJgOGQ/07S+FfWTvB/oU3EWGcIIR8/lA/kRQjmvZBe0IBRzk2hnElzF8pHzLFOJrWcqaEr03p/6ZRtN0zu1QtFcrVu3kdWXJIjsgJcck5KZNrUiF1wskteSBP5Nm6tx6tF+t1PpqxFhXukx+y3j4B/PKXpA==</latexit>

⇥i ⇢ ⇥1if

<latexit sha1_base64="S3sU/RTgFBWcdACdIaib6KGLj4E="></latexit>

min
✓2⇥1

max
e2E

fl(✓, e)  min
✓2⇥i

max
e2E

fl(✓, e)
<latexit sha1_base64="7ONM5zgsnhrb2A/AvsB4MExlDK0=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4GqYKfW1K7hx2UJf0A4lk962oZkHyR2hlKIL/4obF4q49Ve489+YaSuo6IHA4Ts3JPf4sRQaHefDyiwtr6yuZddzG5tb2zv53b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+qOrNG/egNIiCms4jsEL2CAUfcEZGtTNH3RqQ0DWFbSjE18D0gVwu/mCY7uXqahjFx2j0y9TpK7tzFQgC1W6+fdOL+JJACFyybRuu06M3oQpFFzCNNdJNMSMj9gA2saGLADtTWYrTOmxIT3aj5Q5IdIZ/X5jwgKtx4FvJgOGQ/07S+FfWTvB/oU3EWGcIIR8/lA/kRQjmvZBe0IBRzk2hnElzF8pHzLFOJrWcqaEr03p/6ZRtN0zu1QtFcrVu3kdWXJIjsgJcck5KZNrUiF1wskteSBP5Nm6tx6tF+t1PpqxFhXukx+y3j4B/PKXpA==</latexit>

⇥i ⇢ ⇥1if

2. If the environment is adversarial  — i.e., zero-sum Markov Game:  yes( fe(θ, e) = − fl(θ, e))

1.  If the environment is static  — i.e., single-agent RL: yes(E = {e})



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

<latexit sha1_base64="xfJr7knltSlJzfpJqhFfrwz4Q+k="></latexit>

min
✓2⇥1

fl(✓, e)  min
✓2⇥i

fl(✓, e)
<latexit sha1_base64="7ONM5zgsnhrb2A/AvsB4MExlDK0=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4GqYKfW1K7hx2UJf0A4lk962oZkHyR2hlKIL/4obF4q49Ve489+YaSuo6IHA4Ts3JPf4sRQaHefDyiwtr6yuZddzG5tb2zv53b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+qOrNG/egNIiCms4jsEL2CAUfcEZGtTNH3RqQ0DWFbSjE18D0gVwu/mCY7uXqahjFx2j0y9TpK7tzFQgC1W6+fdOL+JJACFyybRuu06M3oQpFFzCNNdJNMSMj9gA2saGLADtTWYrTOmxIT3aj5Q5IdIZ/X5jwgKtx4FvJgOGQ/07S+FfWTvB/oU3EWGcIIR8/lA/kRQjmvZBe0IBRzk2hnElzF8pHzLFOJrWcqaEr03p/6ZRtN0zu1QtFcrVu3kdWXJIjsgJcck5KZNrUiF1wskteSBP5Nm6tx6tF+t1PpqxFhXukx+y3j4B/PKXpA==</latexit>

⇥i ⇢ ⇥1if

1.  If the environment is static : yes(E = {e})

3. The answer is no even in “well-behaved” general-sum games.

<latexit sha1_base64="S3sU/RTgFBWcdACdIaib6KGLj4E="></latexit>

min
✓2⇥1

max
e2E

fl(✓, e)  min
✓2⇥i

max
e2E

fl(✓, e)
<latexit sha1_base64="7ONM5zgsnhrb2A/AvsB4MExlDK0=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4GqYKfW1K7hx2UJf0A4lk962oZkHyR2hlKIL/4obF4q49Ve489+YaSuo6IHA4Ts3JPf4sRQaHefDyiwtr6yuZddzG5tb2zv53b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+qOrNG/egNIiCms4jsEL2CAUfcEZGtTNH3RqQ0DWFbSjE18D0gVwu/mCY7uXqahjFx2j0y9TpK7tzFQgC1W6+fdOL+JJACFyybRuu06M3oQpFFzCNNdJNMSMj9gA2saGLADtTWYrTOmxIT3aj5Q5IdIZ/X5jwgKtx4FvJgOGQ/07S+FfWTvB/oU3EWGcIIR8/lA/kRQjmvZBe0IBRzk2hnElzF8pHzLFOJrWcqaEr03p/6ZRtN0zu1QtFcrVu3kdWXJIjsgJcck5KZNrUiF1wskteSBP5Nm6tx6tF+t1PpqxFhXukx+y3j4B/PKXpA==</latexit>

⇥i ⇢ ⇥1if

2. If the environment is adversarial  — i.e., zero-sum Markov Game:  yes( fe(θ, e) = − fl(θ, e))



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

Theorem.        


 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E

Highly structured games with a unique Nash equilibrium

There exists a coordinated change that improves upon both players outcomes

(Not true in zero-sum games by definition)



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

Theorem.

        


There always exists a unilateral restriction of their action set  such that the 
Nash equilibrium  yields a better payoff.

Θ′￼ ⊂ Θ1
(θ′￼, e′￼) ∈ Θ′￼× E

 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

Theorem.

        


There always exists a unilateral restriction of their action set  such that the 
Nash equilibrium  yields a better payoff.

Θ′￼ ⊂ Θ1
(θ′￼, e′￼) ∈ Θ′￼× E

 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E

Proof Idea:

Choosing a model class to optimize over is a form of commitment, which gives you a 
first mover advantage

        




Proof Sketch:

Choosing a model class to optimize over is a form of commitment

        


Theorem.

        


<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

θ*

There always exists a unilateral restriction of their action set  such that the 
Nash equilibrium  yields a better payoff.

Θ′￼ ⊂ Θ1
(θ′￼, e′￼) ∈ Θ′￼× E

 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E

<latexit sha1_base64="FlbfsLjsYYrqB0SUKDbDkl8k1io="></latexit>

✓SE = arg min
✓2⇥1

fl(✓, b(✓))
<latexit sha1_base64="0ItKvJD4JHkZAMIRejTtQBajktU="></latexit>

: b(✓) = argmin
e2E

fe(✓, e)



<latexit sha1_base64="FlbfsLjsYYrqB0SUKDbDkl8k1io="></latexit>

✓SE = arg min
✓2⇥1

fl(✓, b(✓))

Proof Sketch:

Choosing a model class to optimize over is a form of commitment

        


<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

θ*
By definition:

since e* = b(θ*)

<latexit sha1_base64="CeMz7MA2Z3LmkZKA4EIIimnp1Oc="></latexit>

fl(✓SE , b(✓SE))  f(✓⇤, e⇤)

<latexit sha1_base64="0ItKvJD4JHkZAMIRejTtQBajktU="></latexit>

: b(✓) = argmin
e2E

fe(✓, e)

Theorem.

        


There always exists a unilateral restriction of their action set  such that the 
Nash equilibrium  yields a better payoff.

Θ′￼ ⊂ Θ1
(θ′￼, e′￼) ∈ Θ′￼× E

 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E



Proof Sketch:

Choosing a model class to optimize over is a form of commitment

        


<latexit sha1_base64="M+I5z/JI5QjR3uijq1bABuns2e4=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKeyKqMeAF48J5AVJCLOT3mTI7Ow60yuEJeA3ePGgiFd/x5t/4+RxUFGwoKGo6qa7K0ikMOR5H05uZXVtfSO/Wdja3tndK+4fNE2cao4NHstYtwNmUAqFDRIksZ1oZFEgsRWMr2d+6w61EbGq0yTBXsSGSoSCM7JSu1sfIbG+3y+W/LI3h/s3KcES1X7xvTuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfu/UPbHKwA1jbUuRO1e/TmQsMmYSBbYzYjQyP72Z+JvXSSm86mVCJSmh4otFYSpdit3Z8+5AaOQkJ5YwroW91eUjphknG1HhfyE0z8r+Rfm8dl6q1O4XceThCI7hFHy4hArcQBUawEHCAzzBs3PrPDovzuuiNecsIzyEb3DePgHN/ZBH</latexit>

⇥1

θ*

<latexit sha1_base64="X9kL2riVm2bDKGIzvXNk1ZEDDNg=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZJSX7uCCC5btLaQhjKZTtqhk0yYuRFKKPgTblwo4tavceffOOkDVPTAhcM593LvPUEiuAbH+bQKS8srq2vF9dLG5tb2Tnl3707LVFHWolJI1QmIZoLHrAUcBOskipEoEKwdjC5zv33PlOYyvoVxwvyIDGIeckrASF4XhgxIL7u5mvTKFcd2L3Jgx646BicLUsWu7UxRQXM0euWPbl/SNGIxUEG09lwnAT8jCjgVbFLqppolhI7IgHmGxiRi2s+mJ0/wkVH6OJTKVAx4qn6fyEik9TgKTGdEYKh/e7n4l+elEJ77GY+TFFhMZ4vCVGCQOP8f97liFMTYEEIVN7diOiSKUDAplUwIi0/x/+Suarundq1Zq9SbD7M4iugAHaJj5KIzVEfXqIFaiCKJHtEzerHAerJerbdZa8GaR7iPfsB6/wLciZIa</latexit>

✓SE

θ*

<latexit sha1_base64="X9kL2riVm2bDKGIzvXNk1ZEDDNg=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZJSX7uCCC5btLaQhjKZTtqhk0yYuRFKKPgTblwo4tavceffOOkDVPTAhcM593LvPUEiuAbH+bQKS8srq2vF9dLG5tb2Tnl3707LVFHWolJI1QmIZoLHrAUcBOskipEoEKwdjC5zv33PlOYyvoVxwvyIDGIeckrASF4XhgxIL7u5mvTKFcd2L3Jgx646BicLUsWu7UxRQXM0euWPbl/SNGIxUEG09lwnAT8jCjgVbFLqppolhI7IgHmGxiRi2s+mJ0/wkVH6OJTKVAx4qn6fyEik9TgKTGdEYKh/e7n4l+elEJ77GY+TFFhMZ4vCVGCQOP8f97liFMTYEEIVN7diOiSKUDAplUwIi0/x/+Suarundq1Zq9SbD7M4iugAHaJj5KIzVEfXqIFaiCKJHtEzerHAerJerbdZa8GaR7iPfsB6/wLciZIa</latexit>

✓SE

<latexit sha1_base64="utNTyj/S7BNQR6nKCTIjC3tCiZU=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GibjaNtdwY3LFvrCdiiZNNOGZjJDkhHKUPAj3LhQxK1/486/MX0IKnrgwuGce7n3niDhTGnH+bBya+sbm1v57cLO7t7+QfHwqK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHI99zt3VCoWi6aeJtSP8EiwkBGsjXTbb46pxoMMzQbFkmM7CHnVKnRsVL6sXFQMcd2y57gQ2c4CJbBCfVB87w9jkkZUaMKxUj3kJNrPsNSMcDor9FNFE0wmeER7hgocUeVni4tn8MwoQxjG0pTQcKF+n8hwpNQ0CkxnhPVY/fbm4l9eL9Vhxc+YSFJNBVkuClMOdQzn78Mhk5RoPjUEE8nMrZCMscREm5AKJoSvT+H/pO3a6Mr2Gl6p1rhfxpEHJ+AUnAMEyqAGbkAdtAABAjyAJ/BsKevRerFel605axXhMfgB6+0T+76RmQ==</latexit>

⇥1

Construct a new set that 
includes  but not θSE θ*

<latexit sha1_base64="WJKJRDX3ThJyL63Bgt7TuqOvQWw=">AAAB7nicjVDJSgNBEK2JW4xb1KOXxiB6ChMJ6jHoxWOEbJAMoadTkzTpWeiuEcKQj/DiQRGvfo83/8bOclBR8EHB470qqur5iZKGXPfDya2srq1v5DcLW9s7u3vF/YOWiVMtsCliFeuOzw0qGWGTJCnsJBp56Cts++Obmd++R21kHDVokqAX8mEkAyk4Wanda4yQ+Gm/WKqU3TnY36QES9T7xffeIBZpiBEJxY3pVtyEvIxrkkLhtNBLDSZcjPkQu5ZGPETjZfNzp+zEKgMWxNpWRGyufp3IeGjMJPRtZ8hpZH56M/E3r5tScOVlMkpSwkgsFgWpYhSz2e9sIDUKUhNLuNDS3srEiGsuyCZU+F8IrfNy5aJcvauWatfLOPJwBMdwBhW4hBrcQh2aIGAMD/AEz07iPDovzuuiNecsZw7hG5y3T9ymj0U=</latexit>

⇥0

Theorem.

        


There always exists a unilateral restriction of their action set  such that the 
Nash equilibrium  yields a better payoff.

Θ′￼ ⊂ Θ1
(θ′￼, e′￼) ∈ Θ′￼× E

 If the game is strongly monotone but the Nash equilibrium  is 
not Pareto optimal:


(θ*, e*) ∈ Θ1 × E



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

1.  If the environment is static : yes(E = {e})

2. If the environment is adversarial :  yes( fe(θ, e) = − fl(θ, e))

3. The answer is no even in “well-behaved” general-sum games.


Even with infinite data and infinite compute, less expressive model classes can give better 
equilibrium outcomes.


Should not be too surprising: game theory is full of such examples! 

e.g., Braess’ Paradox, LQG control, comparative statics…



Main Question:

Should the learner always choose  if they want the 
best equilibrium outcome?

Θ1

1.  If the environment is static : yes(E = {e})

2. If the environment is adversarial :  yes( fe(θ, e) = − fl(θ, e))

3. The answer is no even in “well-behaved” general-sum games.


Even with infinite data and infinite compute, less expressive model classes can give better 
equilibrium outcomes.




An extreme example in MARL

2 players, n states, 2 actions for each player {0,1}

‣ Player 2 controls the state transitions

‣ Player 1 has increasing payoff in        

  larger states



An extreme example in MARL

<latexit sha1_base64="9wEMNnVAdDQ3AWt31rvmCHJCxjM=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHp+r1jyy94c7t+kBEvUesX3bj/maYSKuGTGdHwvoSBjmgSXOC10U4MJ42M2xI6likVogmx+79Q9sUrfHcTaliJ3rn6dyFhkzCQKbWfEaGR+ejPxN6+T0uAyyIRKUkLFF4sGqXQpdmfPu32hkZOcWMK4FvZWl4+YZpxsRIX/hdA8K/vn5cptpVS9WsaRhyM4hlPw4QKqcAM1aAAHCQ/wBM/OnfPovDivi9acs5w5hG9w3j4Bo3qPuA==</latexit>

⇥1

<latexit sha1_base64="lzJ2R2p3AbGMke4ZVkPzbm6aN/E=">AAAB73icjVDJSgNBEK1xjXGLevTSGARPIROCegx68RghGyRD6OnUJE16FrtrhDDkJ7x4UMSrv+PNv7GzHFQUfFDweK+Kqnp+oqShcvnDWVldW9/YzG3lt3d29/YLB4ctE6daYFPEKtYdnxtUMsImSVLYSTTy0FfY9sfXM799j9rIOGrQJEEv5MNIBlJwslKn1xgh8X6lXyi6pfIc7G9ShCXq/cJ7bxCLNMSIhOLGdN1yQl7GNUmhcJrvpQYTLsZ8iF1LIx6i8bL5vVN2apUBC2JtKyI2V79OZDw0ZhL6tjPkNDI/vZn4m9dNKbj0MhklKWEkFouCVDGK2ex5NpAaBamJJVxoaW9lYsQ1F2Qjyv8vhFal5J6XqrfVYu1qGUcOjuEEzsCFC6jBDdShCQIUPMATPDt3zqPz4rwuWlec5cwRfIPz9gmk/o+5</latexit>

⇥2

<latexit sha1_base64="o28o2QQTNYPVarW69zL6SjHAsYc=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHqqVyz5ZW8O929SgiVqveJ7tx/zNEJFXDJjOr6XUJAxTYJLnBa6qcGE8TEbYsdSxSI0QTa/d+qeWKXvDmJtS5E7V79OZCwyZhKFtjNiNDI/vZn4m9dJaXAZZEIlKaHii0WDVLoUu7Pn3b7QyElOLGFcC3ury0dMM042osL/Qmielf3zcuW2UqpeLePIwxEcwyn4cAFVuIEaNICDhAd4gmfnznl0XpzXRWvOWc4cwjc4b5//7o/1</latexit>

⇥n

<latexit sha1_base64="tu4HpseORjYFyOAnfclIBKLfOWs=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZC3G5BLx4jmAWSIfR0epI2Pd1Dd48QQv7BiwdFvPo/3vwbe7KAij4oeLxXRVW9MOFMG8/7dJaWV1bX1nMb+c2t7Z3dwt5+Q8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMcXmd+84EqzaS4M6OEBjHuCxYxgo2VGp2ElfRJt1D0XP8yA/LcsmdxuiBl5LveFEWYo9YtfHR6kqQxFYZwrHXb9xITjLEyjHA6yXdSTRNMhrhP25YKHFMdjKfXTtCxVXooksqWMGiqfp8Y41jrURzazhibgf7tZeJfXjs10UUwZiJJDRVktihKOTISZa+jHlOUGD6yBBPF7K2IDLDCxNiA8jaExafof9Iou/6ZW7mtFKtX8zhycAhHUAIfzqEKN1CDOhC4h0d4hhdHOk/Oq/M2a11y5jMH8APO+xdC1o7x</latexit>

⇡(s)

<latexit sha1_base64="Ft8B/BE/RDeTdM1Z+QRr3THx/+w=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV12KriCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFyOPA==</latexit>

(1, 0, 0)

<latexit sha1_base64="mtrDIyr7alj7uKypRQQddqvxJxY=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFaeCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFqOPA==</latexit>

(0, 1, 0)
<latexit sha1_base64="Qs3nCFrvoJzt2sAav51PpKaz6N4=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFVxxTvvFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFiOPA==</latexit>

(0, 0, 1)

Player 1’s menu of policy classes:

(for ease of visualization consider the 3-simplex )

<latexit sha1_base64="s4V4aQsj6ZEiBZHd0JPxxuMj5/k=">AAACFXicdVDJSgNBEO2JW4zbqEcvjUGIoMPMENdT0IvHCNkgE4aeTiVp0rPQ3SOEkJ/w4q948aCIV8Gbf2NnAxV9UPB4r4qqekHCmVS2/WlkFhaXlleyq7m19Y3NLXN7pybjVFCo0pjHohEQCZxFUFVMcWgkAkgYcKgH/euxX78DIVkcVdQggVZIuhHrMEqUlnzzyKv0QBHfvcTOsRcQgRPfxR4H7CXML8jDCZ3pvpm3LediDGxbrq1xMicudix7gjyaoeybH147pmkIkaKcSNl07ES1hkQoRjmMcl4qISG0T7rQ1DQiIcjWcPLVCB9opY07sdAVKTxRv08MSSjlIAx0Z0hUT/72xuJfXjNVnfPWkEVJqiCi00WdlGMV43FEuM0EUMUHmhAqmL4V0x4RhCodZE6HMP8U/09qruWcWsXbYr50NYsji/bQPiogB52hErpBZVRFFN2jR/SMXowH48l4Nd6mrRljNrOLfsB4/wK9Upy2</latexit>

⇥2 : 1� p̄2  ⇡(s)  p̄2

<latexit sha1_base64="Tb0jF/iQvY6zUsTuaI2uR0dtVug=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9Cx09wgh5Ce8+CtePCjiVfDm39iTTEBFHxQ83quiqp4XcSaVZX0amYXFpeWV7GpubX1jcyu/vdOQYSwo1GnIQ9HyiATOAqgrpji0IgHE9zg0veF14jfvQEgWBjU1iqDjk37AeowSpSU3f+TUBqCIa19i+9jxiMCRa2OHA3Yi5hbl4ZSmupsvWKZ9kQBbZsnSOJmTErZNa4oCSlF18x9ON6SxD4GinEjZtq1IdcZEKEY5THJOLCEidEj60NY0ID7Iznj61QQfaKWLe6HQFSg8Vb9PjIkv5cj3dKdP1ED+9hLxL68dq955Z8yCKFYQ0NmiXsyxCnESEe4yAVTxkSaECqZvxXRABKFKB5nTIcw/xf+TRsm0T83ybblQuUrjyKI9tI+KyEZnqIJuUBXVEUX36BE9oxfjwXgyXo23WWvGSGd20Q8Y71+4ipyz</latexit>

⇥1 : 1� p̄1  ⇡(s)  p̄1

<latexit sha1_base64="RzzglFMMiio1LSVPgM/+uCWFxoE=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9PQM3T1CCPkJL/6KFw+KeBW8+Td2NlDRBwWP96qoqhfEnCntOJ9WamFxaXklvZpZW9/Y3Mpu79RUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60L8e+/U7kIpFoqIHMbRC0hWswyjRRvKzR16lB5r44hK7x15AJI59gT0O2IuZn1eHEzrT/WzOsd2LMbBjFxyDkzkpYNd2JsihGcp+9sNrRzQJQWjKiVJN14l1a0ikZpTDKOMlCmJC+6QLTUMFCUG1hpOvRvjAKG3ciaQpofFE/T4xJKFSgzAwnSHRPfXbG4t/ec1Ed85bQybiRIOg00WdhGMd4XFEuM0kUM0HhhAqmbkV0x6RhGoTZMaEMP8U/09qBds9tYu3xVzpahZHGu2hfZRHLjpDJXSDyqiKKLpHj+gZvVgP1pP1ar1NW1PWbGYX/YD1/gXcQZ1q</latexit>

⇥n : 1� p̄n  ⇡(s)  p̄n

<latexit sha1_base64="CrE2ln+BLZNbjkL8KLV7Icc5SqI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJSX7uiG5cV7APaUCaTSTt2kgkzN4US+g9uXCji1v9x59846QNU9MCFwzn3cu89fiK4Bsf5tAorq2vrG8XN0tb2zu5eef+gpWWqKGtSKaTq+EQzwWPWBA6CdRLFSOQL1vZHN7nfHjOluYzvYZIwLyKDmIecEjBSqzcOJOh+ueLY7lUO7NhVx+BsSarYtZ0ZKmiBRr/80QskTSMWAxVE667rJOBlRAGngk1LvVSzhNARGbCuoTGJmPay2bVTfGKUAIdSmYoBz9TvExmJtJ5EvumMCAz1by8X//K6KYSXXsbjJAUW0/miMBUYJM5fxwFXjIKYGEKo4uZWTIdEEQomoJIJYfkp/p+0qrZ7btfuapX69SKOIjpCx+gUuegC1dEtaqAmougBPaJn9GJJ68l6td7mrQVrMXOIfsB6/wIiSY+E</latexit>...

<latexit sha1_base64="PLzf3nMp0ZLa+rN1hw3ZvLIwBpA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuAqJ1Muy6MZlBXuBJoTJ9KQdOrkwMxFCqK/ixoUibn0Qd76N0zYLbf1h4OM/53DO/EHKmVS2/W1U1tY3Nreq27Wd3b39A/PwqCuTTFDo0IQnoh8QCZzF0FFMceinAkgUcOgFk9tZvfcIQrIkflB5Cl5ERjELGSVKW75Zt60Ll4MbEIFTn2nEjm82bMueC6+CU0IDlWr75pc7TGgWQawoJ1IOHDtVXkGEYpTDtOZmElJCJ2QEA40xiUB6xfz4KT7VzhCHidAvVnju/p4oSCRlHgW6MyJqLJdrM/O/2iBT4bVXsDjNFMR0sSjMOFYJniWBh0wAVTzXQKhg+lZMx0QQqnReNR2Cs/zlVeieW86l1bxvNlo3ZRxVdIxO0Bly0BVqoTvURh1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8Ac70k5k=</latexit>

0.5  p̄i  1



An extreme example in MARL

<latexit sha1_base64="9wEMNnVAdDQ3AWt31rvmCHJCxjM=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHp+r1jyy94c7t+kBEvUesX3bj/maYSKuGTGdHwvoSBjmgSXOC10U4MJ42M2xI6likVogmx+79Q9sUrfHcTaliJ3rn6dyFhkzCQKbWfEaGR+ejPxN6+T0uAyyIRKUkLFF4sGqXQpdmfPu32hkZOcWMK4FvZWl4+YZpxsRIX/hdA8K/vn5cptpVS9WsaRhyM4hlPw4QKqcAM1aAAHCQ/wBM/OnfPovDivi9acs5w5hG9w3j4Bo3qPuA==</latexit>

⇥1

<latexit sha1_base64="lzJ2R2p3AbGMke4ZVkPzbm6aN/E=">AAAB73icjVDJSgNBEK1xjXGLevTSGARPIROCegx68RghGyRD6OnUJE16FrtrhDDkJ7x4UMSrv+PNv7GzHFQUfFDweK+Kqnp+oqShcvnDWVldW9/YzG3lt3d29/YLB4ctE6daYFPEKtYdnxtUMsImSVLYSTTy0FfY9sfXM799j9rIOGrQJEEv5MNIBlJwslKn1xgh8X6lXyi6pfIc7G9ShCXq/cJ7bxCLNMSIhOLGdN1yQl7GNUmhcJrvpQYTLsZ8iF1LIx6i8bL5vVN2apUBC2JtKyI2V79OZDw0ZhL6tjPkNDI/vZn4m9dNKbj0MhklKWEkFouCVDGK2ex5NpAaBamJJVxoaW9lYsQ1F2Qjyv8vhFal5J6XqrfVYu1qGUcOjuEEzsCFC6jBDdShCQIUPMATPDt3zqPz4rwuWlec5cwRfIPz9gmk/o+5</latexit>

⇥2

<latexit sha1_base64="o28o2QQTNYPVarW69zL6SjHAsYc=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHqqVyz5ZW8O929SgiVqveJ7tx/zNEJFXDJjOr6XUJAxTYJLnBa6qcGE8TEbYsdSxSI0QTa/d+qeWKXvDmJtS5E7V79OZCwyZhKFtjNiNDI/vZn4m9dJaXAZZEIlKaHii0WDVLoUu7Pn3b7QyElOLGFcC3ury0dMM042osL/Qmielf3zcuW2UqpeLePIwxEcwyn4cAFVuIEaNICDhAd4gmfnznl0XpzXRWvOWc4cwjc4b5//7o/1</latexit>

⇥n

<latexit sha1_base64="tu4HpseORjYFyOAnfclIBKLfOWs=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZC3G5BLx4jmAWSIfR0epI2Pd1Dd48QQv7BiwdFvPo/3vwbe7KAij4oeLxXRVW9MOFMG8/7dJaWV1bX1nMb+c2t7Z3dwt5+Q8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMcXmd+84EqzaS4M6OEBjHuCxYxgo2VGp2ElfRJt1D0XP8yA/LcsmdxuiBl5LveFEWYo9YtfHR6kqQxFYZwrHXb9xITjLEyjHA6yXdSTRNMhrhP25YKHFMdjKfXTtCxVXooksqWMGiqfp8Y41jrURzazhibgf7tZeJfXjs10UUwZiJJDRVktihKOTISZa+jHlOUGD6yBBPF7K2IDLDCxNiA8jaExafof9Iou/6ZW7mtFKtX8zhycAhHUAIfzqEKN1CDOhC4h0d4hhdHOk/Oq/M2a11y5jMH8APO+xdC1o7x</latexit>

⇡(s)

<latexit sha1_base64="Ft8B/BE/RDeTdM1Z+QRr3THx/+w=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV12KriCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFyOPA==</latexit>

(1, 0, 0)

<latexit sha1_base64="mtrDIyr7alj7uKypRQQddqvxJxY=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFaeCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFqOPA==</latexit>

(0, 1, 0)
<latexit sha1_base64="Qs3nCFrvoJzt2sAav51PpKaz6N4=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFVxxTvvFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFiOPA==</latexit>

(0, 0, 1)

Player 1’s menu of policy classes:

(for ease of visualization consider the 3-simplex )

‣ Player 1 has a dominant strategy in every state (a=0).


<latexit sha1_base64="s4V4aQsj6ZEiBZHd0JPxxuMj5/k=">AAACFXicdVDJSgNBEO2JW4zbqEcvjUGIoMPMENdT0IvHCNkgE4aeTiVp0rPQ3SOEkJ/w4q948aCIV8Gbf2NnAxV9UPB4r4qqekHCmVS2/WlkFhaXlleyq7m19Y3NLXN7pybjVFCo0pjHohEQCZxFUFVMcWgkAkgYcKgH/euxX78DIVkcVdQggVZIuhHrMEqUlnzzyKv0QBHfvcTOsRcQgRPfxR4H7CXML8jDCZ3pvpm3LediDGxbrq1xMicudix7gjyaoeybH147pmkIkaKcSNl07ES1hkQoRjmMcl4qISG0T7rQ1DQiIcjWcPLVCB9opY07sdAVKTxRv08MSSjlIAx0Z0hUT/72xuJfXjNVnfPWkEVJqiCi00WdlGMV43FEuM0EUMUHmhAqmL4V0x4RhCodZE6HMP8U/09qruWcWsXbYr50NYsji/bQPiogB52hErpBZVRFFN2jR/SMXowH48l4Nd6mrRljNrOLfsB4/wK9Upy2</latexit>

⇥2 : 1� p̄2  ⇡(s)  p̄2

<latexit sha1_base64="Tb0jF/iQvY6zUsTuaI2uR0dtVug=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9Cx09wgh5Ce8+CtePCjiVfDm39iTTEBFHxQ83quiqp4XcSaVZX0amYXFpeWV7GpubX1jcyu/vdOQYSwo1GnIQ9HyiATOAqgrpji0IgHE9zg0veF14jfvQEgWBjU1iqDjk37AeowSpSU3f+TUBqCIa19i+9jxiMCRa2OHA3Yi5hbl4ZSmupsvWKZ9kQBbZsnSOJmTErZNa4oCSlF18x9ON6SxD4GinEjZtq1IdcZEKEY5THJOLCEidEj60NY0ID7Iznj61QQfaKWLe6HQFSg8Vb9PjIkv5cj3dKdP1ED+9hLxL68dq955Z8yCKFYQ0NmiXsyxCnESEe4yAVTxkSaECqZvxXRABKFKB5nTIcw/xf+TRsm0T83ybblQuUrjyKI9tI+KyEZnqIJuUBXVEUX36BE9oxfjwXgyXo23WWvGSGd20Q8Y71+4ipyz</latexit>

⇥1 : 1� p̄1  ⇡(s)  p̄1

<latexit sha1_base64="RzzglFMMiio1LSVPgM/+uCWFxoE=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9PQM3T1CCPkJL/6KFw+KeBW8+Td2NlDRBwWP96qoqhfEnCntOJ9WamFxaXklvZpZW9/Y3Mpu79RUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60L8e+/U7kIpFoqIHMbRC0hWswyjRRvKzR16lB5r44hK7x15AJI59gT0O2IuZn1eHEzrT/WzOsd2LMbBjFxyDkzkpYNd2JsihGcp+9sNrRzQJQWjKiVJN14l1a0ikZpTDKOMlCmJC+6QLTUMFCUG1hpOvRvjAKG3ciaQpofFE/T4xJKFSgzAwnSHRPfXbG4t/ec1Ed85bQybiRIOg00WdhGMd4XFEuM0kUM0HhhAqmbkV0x6RhGoTZMaEMP8U/09qBds9tYu3xVzpahZHGu2hfZRHLjpDJXSDyqiKKLpHj+gZvVgP1pP1ar1NW1PWbGYX/YD1/gXcQZ1q</latexit>

⇥n : 1� p̄n  ⇡(s)  p̄n

<latexit sha1_base64="CrE2ln+BLZNbjkL8KLV7Icc5SqI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJSX7uiG5cV7APaUCaTSTt2kgkzN4US+g9uXCji1v9x59846QNU9MCFwzn3cu89fiK4Bsf5tAorq2vrG8XN0tb2zu5eef+gpWWqKGtSKaTq+EQzwWPWBA6CdRLFSOQL1vZHN7nfHjOluYzvYZIwLyKDmIecEjBSqzcOJOh+ueLY7lUO7NhVx+BsSarYtZ0ZKmiBRr/80QskTSMWAxVE667rJOBlRAGngk1LvVSzhNARGbCuoTGJmPay2bVTfGKUAIdSmYoBz9TvExmJtJ5EvumMCAz1by8X//K6KYSXXsbjJAUW0/miMBUYJM5fxwFXjIKYGEKo4uZWTIdEEQomoJIJYfkp/p+0qrZ7btfuapX69SKOIjpCx+gUuegC1dEtaqAmougBPaJn9GJJ68l6td7mrQVrMXOIfsB6/wIiSY+E</latexit>...

<latexit sha1_base64="PLzf3nMp0ZLa+rN1hw3ZvLIwBpA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuAqJ1Muy6MZlBXuBJoTJ9KQdOrkwMxFCqK/ixoUibn0Qd76N0zYLbf1h4OM/53DO/EHKmVS2/W1U1tY3Nreq27Wd3b39A/PwqCuTTFDo0IQnoh8QCZzF0FFMceinAkgUcOgFk9tZvfcIQrIkflB5Cl5ERjELGSVKW75Zt60Ll4MbEIFTn2nEjm82bMueC6+CU0IDlWr75pc7TGgWQawoJ1IOHDtVXkGEYpTDtOZmElJCJ2QEA40xiUB6xfz4KT7VzhCHidAvVnju/p4oSCRlHgW6MyJqLJdrM/O/2iBT4bVXsDjNFMR0sSjMOFYJniWBh0wAVTzXQKhg+lZMx0QQqnReNR2Cs/zlVeieW86l1bxvNlo3ZRxVdIxO0Bly0BVqoTvURh1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8Ac70k5k=</latexit>

0.5  p̄i  1



An extreme example in MARL

<latexit sha1_base64="9wEMNnVAdDQ3AWt31rvmCHJCxjM=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHp+r1jyy94c7t+kBEvUesX3bj/maYSKuGTGdHwvoSBjmgSXOC10U4MJ42M2xI6likVogmx+79Q9sUrfHcTaliJ3rn6dyFhkzCQKbWfEaGR+ejPxN6+T0uAyyIRKUkLFF4sGqXQpdmfPu32hkZOcWMK4FvZWl4+YZpxsRIX/hdA8K/vn5cptpVS9WsaRhyM4hlPw4QKqcAM1aAAHCQ/wBM/OnfPovDivi9acs5w5hG9w3j4Bo3qPuA==</latexit>

⇥1

<latexit sha1_base64="lzJ2R2p3AbGMke4ZVkPzbm6aN/E=">AAAB73icjVDJSgNBEK1xjXGLevTSGARPIROCegx68RghGyRD6OnUJE16FrtrhDDkJ7x4UMSrv+PNv7GzHFQUfFDweK+Kqnp+oqShcvnDWVldW9/YzG3lt3d29/YLB4ctE6daYFPEKtYdnxtUMsImSVLYSTTy0FfY9sfXM799j9rIOGrQJEEv5MNIBlJwslKn1xgh8X6lXyi6pfIc7G9ShCXq/cJ7bxCLNMSIhOLGdN1yQl7GNUmhcJrvpQYTLsZ8iF1LIx6i8bL5vVN2apUBC2JtKyI2V79OZDw0ZhL6tjPkNDI/vZn4m9dNKbj0MhklKWEkFouCVDGK2ex5NpAaBamJJVxoaW9lYsQ1F2Qjyv8vhFal5J6XqrfVYu1qGUcOjuEEzsCFC6jBDdShCQIUPMATPDt3zqPz4rwuWlec5cwRfIPz9gmk/o+5</latexit>

⇥2

<latexit sha1_base64="o28o2QQTNYPVarW69zL6SjHAsYc=">AAAB73icjVDLSgNBEOyNrxhfUY9eFoPgKexKUI9BLx4j5AXJEmYnnWTI7Ow60yuEJT/hxYMiXv0db/6Nk8dBRcGChqKqm+6uMJHCkOd9OLmV1bX1jfxmYWt7Z3evuH/QNHGqOTZ4LGPdDplBKRQ2SJDEdqKRRaHEVji+nvmte9RGxKpOkwSDiA2VGAjOyErtbn2ExHqqVyz5ZW8O929SgiVqveJ7tx/zNEJFXDJjOr6XUJAxTYJLnBa6qcGE8TEbYsdSxSI0QTa/d+qeWKXvDmJtS5E7V79OZCwyZhKFtjNiNDI/vZn4m9dJaXAZZEIlKaHii0WDVLoUu7Pn3b7QyElOLGFcC3ury0dMM042osL/Qmielf3zcuW2UqpeLePIwxEcwyn4cAFVuIEaNICDhAd4gmfnznl0XpzXRWvOWc4cwjc4b5//7o/1</latexit>

⇥n

Player 1’s menu of policy classes:

(for ease of visualization consider the 3-simplex )

<latexit sha1_base64="tu4HpseORjYFyOAnfclIBKLfOWs=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIR4GWZC3G5BLx4jmAWSIfR0epI2Pd1Dd48QQv7BiwdFvPo/3vwbe7KAij4oeLxXRVW9MOFMG8/7dJaWV1bX1nMb+c2t7Z3dwt5+Q8tUEVonkkvVCrGmnAlaN8xw2koUxXHIaTMcXmd+84EqzaS4M6OEBjHuCxYxgo2VGp2ElfRJt1D0XP8yA/LcsmdxuiBl5LveFEWYo9YtfHR6kqQxFYZwrHXb9xITjLEyjHA6yXdSTRNMhrhP25YKHFMdjKfXTtCxVXooksqWMGiqfp8Y41jrURzazhibgf7tZeJfXjs10UUwZiJJDRVktihKOTISZa+jHlOUGD6yBBPF7K2IDLDCxNiA8jaExafof9Iou/6ZW7mtFKtX8zhycAhHUAIfzqEKN1CDOhC4h0d4hhdHOk/Oq/M2a11y5jMH8APO+xdC1o7x</latexit>

⇡(s)

<latexit sha1_base64="Ft8B/BE/RDeTdM1Z+QRr3THx/+w=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV12KriCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFyOPA==</latexit>

(1, 0, 0)

<latexit sha1_base64="mtrDIyr7alj7uKypRQQddqvxJxY=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFaeCT/vFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFqOPA==</latexit>

(0, 1, 0)
<latexit sha1_base64="Qs3nCFrvoJzt2sAav51PpKaz6N4=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiBECENPiNst6MVjBLNAMoSeTk/SpGehu0cIQz7CiwdFvPo93vwbe7KAij4oeLxXRVU9LxZcaYw/rdzK6tr6Rn6zsLW9s7tX3D9oqSiRlDVpJCLZ8YhigoesqbkWrBNLRgJPsLY3vsn89gOTikfhvZ7EzA3IMOQ+p0QbqV3GFVxxTvvFEradqwwI21VscLYkVeTYeIYSLNDoFz96g4gmAQs1FUSproNj7aZEak4FmxZ6iWIxoWMyZF1DQxIw5aazc6foxCgD5EfSVKjRTP0+kZJAqUngmc6A6JH67WXiX1430f6lm/IwTjQL6XyRnwikI5T9jgZcMqrFxBBCJTe3IjoiklBtEiqYEJafov9Jq2o753btrlaqXy/iyMMRHEMZHLiAOtxCA5pAYQyP8AwvVmw9Wa/W27w1Zy1mDuEHrPcvRFiOPA==</latexit>

(0, 0, 1)

<latexit sha1_base64="s4V4aQsj6ZEiBZHd0JPxxuMj5/k=">AAACFXicdVDJSgNBEO2JW4zbqEcvjUGIoMPMENdT0IvHCNkgE4aeTiVp0rPQ3SOEkJ/w4q948aCIV8Gbf2NnAxV9UPB4r4qqekHCmVS2/WlkFhaXlleyq7m19Y3NLXN7pybjVFCo0pjHohEQCZxFUFVMcWgkAkgYcKgH/euxX78DIVkcVdQggVZIuhHrMEqUlnzzyKv0QBHfvcTOsRcQgRPfxR4H7CXML8jDCZ3pvpm3LediDGxbrq1xMicudix7gjyaoeybH147pmkIkaKcSNl07ES1hkQoRjmMcl4qISG0T7rQ1DQiIcjWcPLVCB9opY07sdAVKTxRv08MSSjlIAx0Z0hUT/72xuJfXjNVnfPWkEVJqiCi00WdlGMV43FEuM0EUMUHmhAqmL4V0x4RhCodZE6HMP8U/09qruWcWsXbYr50NYsji/bQPiogB52hErpBZVRFFN2jR/SMXowH48l4Nd6mrRljNrOLfsB4/wK9Upy2</latexit>

⇥2 : 1� p̄2  ⇡(s)  p̄2

<latexit sha1_base64="Tb0jF/iQvY6zUsTuaI2uR0dtVug=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9Cx09wgh5Ce8+CtePCjiVfDm39iTTEBFHxQ83quiqp4XcSaVZX0amYXFpeWV7GpubX1jcyu/vdOQYSwo1GnIQ9HyiATOAqgrpji0IgHE9zg0veF14jfvQEgWBjU1iqDjk37AeowSpSU3f+TUBqCIa19i+9jxiMCRa2OHA3Yi5hbl4ZSmupsvWKZ9kQBbZsnSOJmTErZNa4oCSlF18x9ON6SxD4GinEjZtq1IdcZEKEY5THJOLCEidEj60NY0ID7Iznj61QQfaKWLe6HQFSg8Vb9PjIkv5cj3dKdP1ED+9hLxL68dq955Z8yCKFYQ0NmiXsyxCnESEe4yAVTxkSaECqZvxXRABKFKB5nTIcw/xf+TRsm0T83ybblQuUrjyKI9tI+KyEZnqIJuUBXVEUX36BE9oxfjwXgyXo23WWvGSGd20Q8Y71+4ipyz</latexit>

⇥1 : 1� p̄1  ⇡(s)  p̄1

<latexit sha1_base64="RzzglFMMiio1LSVPgM/+uCWFxoE=">AAACFXicdVDJSgNBEO2JW4xb1KOXxiBE0GEmxPUU9OIxQjbIhKGnU0ma9PQM3T1CCPkJL/6KFw+KeBW8+Td2NlDRBwWP96qoqhfEnCntOJ9WamFxaXklvZpZW9/Y3Mpu79RUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60L8e+/U7kIpFoqIHMbRC0hWswyjRRvKzR16lB5r44hK7x15AJI59gT0O2IuZn1eHEzrT/WzOsd2LMbBjFxyDkzkpYNd2JsihGcp+9sNrRzQJQWjKiVJN14l1a0ikZpTDKOMlCmJC+6QLTUMFCUG1hpOvRvjAKG3ciaQpofFE/T4xJKFSgzAwnSHRPfXbG4t/ec1Ed85bQybiRIOg00WdhGMd4XFEuM0kUM0HhhAqmbkV0x6RhGoTZMaEMP8U/09qBds9tYu3xVzpahZHGu2hfZRHLjpDJXSDyqiKKLpHj+gZvVgP1pP1ar1NW1PWbGYX/YD1/gXcQZ1q</latexit>

⇥n : 1� p̄n  ⇡(s)  p̄n

<latexit sha1_base64="CrE2ln+BLZNbjkL8KLV7Icc5SqI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJSX7uiG5cV7APaUCaTSTt2kgkzN4US+g9uXCji1v9x59846QNU9MCFwzn3cu89fiK4Bsf5tAorq2vrG8XN0tb2zu5eef+gpWWqKGtSKaTq+EQzwWPWBA6CdRLFSOQL1vZHN7nfHjOluYzvYZIwLyKDmIecEjBSqzcOJOh+ueLY7lUO7NhVx+BsSarYtZ0ZKmiBRr/80QskTSMWAxVE667rJOBlRAGngk1LvVSzhNARGbCuoTGJmPay2bVTfGKUAIdSmYoBz9TvExmJtJ5EvumMCAz1by8X//K6KYSXXsbjJAUW0/miMBUYJM5fxwFXjIKYGEKo4uZWTIdEEQomoJIJYfkp/p+0qrZ7btfuapX69SKOIjpCx+gUuegC1dEtaqAmougBPaJn9GJJ68l6td7mrQVrMXOIfsB6/wIiSY+E</latexit>...

‣ Player 1 has a dominant strategy in every state (a=0).


‣ Their Nash eq strategy in each state for a policy class  is: Θi
<latexit sha1_base64="J0XSE6uktPIo2lOEWypZYgT0Jr8=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARWtGSSFE3QtGNywr2Ak0Mk+mkHTpJhpmJUEK3bnwVNy4UcesbuPNtnLYRtPWHgY//nMOZ8/ucUaks68vILSwuLa/kVwtr6xubW+b2TlPGicCkgWMWi7aPJGE0Ig1FFSNtLggKfUZa/uBqXG/dEyFpHN2qISduiHoRDShGSlueCR1O7w49uyTLFyXHRwJyjx7Zxz9Y9syiVbEmgvNgZ1AEmeqe+el0Y5yEJFKYISk7tsWVmyKhKGZkVHASSTjCA9QjHY0RCol008klI3ignS4MYqFfpODE/T2RolDKYejrzhCpvpytjc3/ap1EBeduSiOeKBLh6aIgYVDFcBwL7FJBsGJDDQgLqv8KcR8JhJUOr6BDsGdPnofmScU+rVRvqsXaZRZHHuyBfVACNjgDNXAN6qABMHgAT+AFvBqPxrPxZrxPW3NGNrML/sj4+AbkW5fv</latexit>

⇡⇤
1(s) = (p̄i, 1� p̄i)

<latexit sha1_base64="PLzf3nMp0ZLa+rN1hw3ZvLIwBpA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuAqJ1Muy6MZlBXuBJoTJ9KQdOrkwMxFCqK/ixoUibn0Qd76N0zYLbf1h4OM/53DO/EHKmVS2/W1U1tY3Nreq27Wd3b39A/PwqCuTTFDo0IQnoh8QCZzF0FFMceinAkgUcOgFk9tZvfcIQrIkflB5Cl5ERjELGSVKW75Zt60Ll4MbEIFTn2nEjm82bMueC6+CU0IDlWr75pc7TGgWQawoJ1IOHDtVXkGEYpTDtOZmElJCJ2QEA40xiUB6xfz4KT7VzhCHidAvVnju/p4oSCRlHgW6MyJqLJdrM/O/2iBT4bVXsDjNFMR0sSjMOFYJniWBh0wAVTzXQKhg+lZMx0QQqnReNR2Cs/zlVeieW86l1bxvNlo3ZRxVdIxO0Bly0BVqoTvURh1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8Ac70k5k=</latexit>

0.5  p̄i  1



expressivity  =  performance

We construct the payoffs for player 2 such that the following scaling law holds for this game

An extreme example in MARL

We see reverse scaling:               



A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

‣  Takeaway: 


‣Choosing good function approximations in general-sum Markov games is non-trivial.

‣Could hurt equilibrium performance by choosing a more expressive class (even in a full-

information regime).


ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts


A Road Map 



1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

‣  Takeaway: 


‣Choosing good function approximations in zero-sum Markov games is similar to RL.

‣More expressive models will always help!


ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts


A Road Map 



A Road Map 
1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts




Function Approximation in Zero-Sum Markov Games

What makes good learning algorithms in games?


‣Convergent 

    last-iterate, ergodic, best iterate convergence to Nash


‣ Independent learning  

      agents should not know anything about their opponents utility


‣No-regret

     agents should be “rational” (e.g., take advantage of naive opponents)


‣Scalable

     Many real world applications have large state-spaces!


3361 states!


Can we design principled algorithms that use function approximation in zero-
sum Markov Games?



But, there’s no need to reinvent the wheel!

Classical algorithms for learning in games in Economics for independent learning have 
strong convergence guarantees:


                                     Smooth Fictitious-Play [Fudenberg & Kreps 1993] 


Independent, last-iterate convergent in finite-
action zero-sum games, no-regret1

Last Iterate Convergence of Generalized Frank Wolfe in Monotone Variational Inequalities, Chen, Mazumdar (Under Submission 2023)

‣ Trembling hand version of Fictitious-Play 

  [Brown 1949]

‣ Well analyzed (asymptotically) via stochastic approximations 

 [Hofbauer et al. 2002, Benaim & Hirsch 1999]



We develop a payoff-based version of smoothed Fictitious-Play that is:


1. Rational -  can take advantage of stationary opponents


2. Independent - requires no knowledge of the opponents’s policy


3. Convergent in the last iterate sense in two-player zero-sum games - not on average


4. Can be adjusted to work with function approximation - retains convergence guarantees with

                                                                                                          linear function approximation


Today:

Key Idea: two-timescale analyses of smoothed fictitious-play 




We develop a payoff-based version of smoothed Fictitious-Play that is:


1. Rational -  can take advantage of stationary opponents


2. Independent - requires no knowledge of the opponents’s policy


3. Convergent in the last iterate sense in two-player zero-sum games - not on average


4. Can be adjusted to work with function approximation - retains convergence guarantees with

                                                                                                          linear function approximation
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Zero-Sum Markov Games

‣ Finite Action Spaces: 

‣ Finite (but large) State Spaces: 

‣ Players only observe rewards and states

<latexit sha1_base64="2tOPbbtLi/XSwsQ/kusY/7LPY34=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZSkFHVZdeOygn1AG8JkOmmHTh7MTIQSunLjr7hxoYhbv8Gdf+OkzaK2Hhg4c8693HuPF3MmlWX9GIWV1bX1jeJmaWt7Z3fP3D9oySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3us389iMVkkXhgxrH1AnwIGQ+I1hpyTWPewFWQ4J5ej1xbXSO5v9V1yxbFWsKtEzsnJQhR8M1v3v9iCQBDRXhWMqubcXKSbFQjHA6KfUSSWNMRnhAu5qGOKDSSadnTNCpVvrIj4R+oUJTdb4jxYGU48DTldmSctHLxP+8bqL8KydlYZwoGpLZID/hSEUoywT1maBE8bEmmAimd0VkiAUmSidX0iHYiycvk1a1Yl9Uave1cv0mj6MIR3ACZ2DDJdThDhrQBAJP8AJv8G48G6/Gh/E5Ky0Yec8h/IHx9QsYSZhB</latexit>

A1,A2
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
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U2(⇡1,⇡2) = E⇡1,⇡2,P

" 1X

t=0

��trt

#

<latexit sha1_base64="iVo0ZrSVzkIlhBGKXDlQN/mO3L8="></latexit>

U1(⇡1,⇡2) = E⇡1,⇡2,P

" 1X

t=0

�trt

#

Environment
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r1t = rt
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r2t = �rt
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A brief look at prior work on infinite horizon zero-sum Markov Games

Fictitious-Play, Best-Response Dynamics

[Brown 1951] 


Fudenberg & Kreps 1993] [Shamma & Arslan 2004] 

Individual Q Learning 

[Leslie & Collins 2003, 2005]


[Sayin et al. 2021] 

Other learning dynamics (e.g., gradient-based, policy iteration)

[Zhang et al. 2019 ,2023], 


[Jin et al., 2021], [Cen et al., 2022],

[Winnicki and Srikant, 2023], ... 


All are missing at least one of the following 

‣ Convergence in Markov Games

‣ Payoff-Based Independent Learning

‣ Function Approximation

‣ Last-Iterate Convergence Guarantees



 Play                    observe 

Warm-Up: Smooth Fictitious-Play in Matrix Games

 Compute strategy: 
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x1,t = argmax
⇡2�

⇡TA⇡2,t + ⌧⌫(⇡)
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⇡2,t+1 = ⇡2,t +
1

t+ 1
(e(a2,t)� ⇡2,t) Update your belief: 

At round :t Belief over opponent’s 
strategy 

Smoothed fictitious-play (SFP). [Fudenberg & Kreps 1993]

Player’s approximately best-respond to their opponents empirical history of play



 Play                    observe 

 Compute strategy: 
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x1,t = argmax
⇡2�

⇡TA⇡2,t + ⌧⌫(⇡)

At round :t entropy 

empirical history of play of opponent

known payoffs

Requires observation of opponents’ actions!

*This is a case with neither bandit or full information feedback but somewhere in between* 
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⇡2,t+1 = ⇡2,t +
1

t+ 1
(e(a2,t)� ⇡2,t) Update your belief: 

Warm-Up: Smooth Fictitious-Play in Matrix Games

Smoothed fictitious-play (SFP). [Fudenberg & Kreps 1993]

Player’s approximately best-respond to their opponents empirical history of play
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Smoothed Fictitious-Play and Bandit Feedback

Implementing SFP requires observation of your opponent’s actions

 Update your belief: 

 Play                    observe 

 Compute strategy: 
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⇡2,t+1 = ⇡2,t +
1

t+ 1
(e(a2,t)� ⇡2,t)

At round :t
Suppose you do not know  and 

cannot observe 

A

a2,t

How should a player learn an 
estimate of  using only their 
own payoffs?


Aπ2
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Smoothed Fictitious-Play and Bandit Feedback

 Update your belief: 

 Play                    observe 

 Compute strategy: 
<latexit sha1_base64="u5EtxETeCMbX8ivhdZAAPtmLvVQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1ISKeqy6MZlBfuANoTJdNIOnUzCzESsofgrblwo4tb/cOffOG2z0NYDF86ccy9z7wkSzpR2nG+rsLS8srpWXC9tbG5t79i7e00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrid+6p1KxWNzpUUK9CPcFCxnB2ki+fYD9zD3VY9RVLEIPs4dvl52KMwVaJG5OypCj7ttf3V5M0ogKTThWquM6ifYyLDUjnI5L3VTRBJMh7tOOoQJHVHnZdPsxOjZKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M/rpDq89DImklRTQWYfhSlHOkaTKFCPSUo0HxmCiWRmV0QGWGKiTWAlE4I7f/IiaZ5V3PNK9bZarl3lcRThEI7gBFy4gBrcQB0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwBeJZSK</latexit>a1,t ⇠ x1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="AuwdcdB9udF5kQ5kx5h5GgbKp3A="></latexit>

x1,t = argmax
⇡2�

⇡TA⇡2,t + ⌧⌫(⇡)

<latexit sha1_base64="yFiCRV5kvg5olkC8wzLpa80CIbY=">AAACInicbVDLSsNAFJ3UV62vqEs3wSK0VEtSio+FUHTjsoJ9QBPCZDpph04mYWYilJBvceOvuHGhqCvBj3HaRtHqgYHDOedy5x4vokRI03zXcguLS8sr+dXC2vrG5pa+vdMWYcwRbqGQhrzrQYEpYbgliaS4G3EMA4/ijje6nPidW8wFCdmNHEfYCeCAEZ8gKJXk6md2RNykdigrVnr+xdOK7XOIEitNJnoJl+BMLx99R8quXjSr5hTGX2JlpAgyNF391e6HKA4wk4hCIXqWGUkngVwSRHFasGOBI4hGcIB7ijIYYOEk0xNT40ApfcMPuXpMGlP150QCAyHGgaeSAZRDMe9NxP+8Xiz9UychLIolZmi2yI+pIUNj0pfRJxwjSceKQMSJ+quBhlC1I1WrBVWCNX/yX9KuVa3jav26XmxcZHXkwR7YByVggRPQAFegCVoAgTvwAJ7As3avPWov2tssmtOymV3wC9rHJ494onM=</latexit>

⇡2,t+1 = ⇡2,t +
1

t+ 1
(e(a2,t)� ⇡2,t)

At round :t

Use Stochastic Approximation (TD-Learning) on   Aπ2 − q = 0

Implementing SFP requires observation of your opponent’s actions

Suppose you do not know  and 
cannot observe 


A
a2,t

How should a player learn an 
estimate of  using only their 
own payoffs?


Aπ2
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Doubly-Smoothed Best-Response Dynamics

 Update your belief: 

 Play                    observe 

 Compute smooth best-response: 

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

<latexit sha1_base64="XFHJX6EPcUZGgqupvz8xZSZbctg="></latexit>

qt+1(a) = qt(a) + ↵tIa=a1,t(rt � qt(a))
<latexit sha1_base64="qXoWdCPhW/N5t1K4xEZwb7zTJ0k="></latexit>

x1,t = argmax
⇡2�

⇡T qt + ⌧⌫(⇡)

<latexit sha1_base64="udVDSl4wWcUf4ZYhpaFNhyYHu6Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJFHVZdOOygn1AE8JkOmmHziRh5kYosQt/xY0LRdz6G+78G6dtFtp64MKZc+5l7j1hKrgGx/m2lpZXVtfWSxvlza3tnV17b7+lk0xR1qSJSFQnJJoJHrMmcBCskypGZChYOxzeTPz2A1OaJ/E9jFLmS9KPecQpASMF9iEJcvcMxtjTXGIv5bNnYFecqjMFXiRuQSqoQCOwv7xeQjPJYqCCaN11nRT8nCjgVLBx2cs0Swkdkj7rGhoTybSfT/cf4xOj9HCUKFMx4Kn6eyInUuuRDE2nJDDQ895E/M/rZhBd+TmP0wxYTGcfRZnAkOBJGLjHFaMgRoYQqrjZFdMBUYSCiaxsQnDnT14krfOqe1Gt3dUq9esijhI6QsfoFLnoEtXRLWqgJqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP1W6VWw==</latexit>a1,t ⇠ ⇡1,t

Update strategy: 

Bandit feedback:
<latexit sha1_base64="RiugrOPg1c64/2bYB48WLpZFLkE=">AAACGnicbVDLSsNAFJ34rPVVdelmsAguSklKUTdCVQSXFewDkhAm00k7dPJg5kYoId/hxl9x40IRd+LGv3H6WGjrgeEezrmXO/f4ieAKTPPbWFpeWV1bL2wUN7e2d3ZLe/ttFaeSshaNRSy7PlFM8Ii1gINg3UQyEvqCdfzh9djvPDCpeBzdwyhhbkj6EQ84JaAlr2Q5IYGB72c3uSNYALb0wJG8PwD3AtuXrpcRL7MqkFd0remae6WyWTUnwIvEmpEymqHplT6dXkzTkEVABVHKtswE3IxI4FSwvOikiiWEDkmf2ZpGJGTKzSan5fhYKz0cxFK/CPBE/T2RkVCpUejrzvEhat4bi/95dgrBuZvxKEmBRXS6KEgFhhiPc8I9LhkFMdKEUMn1XzEdEEko6DSLOgRr/uRF0q5VrdNq/a5eblzN4iigQ3SETpCFzlAD3aImaiGKHtEzekVvxpPxYrwbH9PWJWM2c4D+wPj6AV7AoQ8=</latexit>

E [rt] = [A]a1,t,a2,t

TD Learning on fast time-scale 

Update policy on slow time-scale

Main Idea: If                     on a fast timescale this algorithm mimics best-response dynamics on the slow timescale.
<latexit sha1_base64="ib6Y43IaO01gBNsilFuHFIPN3s4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKUoi6rblxWsA9oQphMJ+3QycOZG6WEght/xY0LRdz6E+78G6dtFtp64MLhnHu59x4/EVyBZX0bC4tLyyurhbXi+sbm1ra5s9tUcSopa9BYxLLtE8UEj1gDOAjWTiQjoS9Yyx9cjf3WPZOKx9EtDBPmhqQX8YBTAlryzP07D7Ajea8PRMr4AV84CfeyygmMPLNkla0J8Dyxc1JCOeqe+eV0Y5qGLAIqiFId20rAzYgETgUbFZ1UsYTQAemxjqYRCZlys8kPI3yklS4OYqkrAjxRf09kJFRqGPq6MyTQV7PeWPzP66QQnLsZj5IUWESni4JUYIjxOBDc5ZJREENNCJVc34ppn0hCQcdW1CHYsy/Pk2albJ+WqzfVUu0yj6OADtAhOkY2OkM1dI3qqIEoekTP6BW9GU/Gi/FufExbF4x8Zg/9gfH5A5kKl4A=</latexit>

qt ! A⇡2,t

A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

<latexit sha1_base64="l72tHWBVhGrzjgDhF1wSQV1fkSI=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIFbUkUtSNUHTjsoK9QBPCZDpph04uzJyIJeQ13Pgqblwo4lJXvo3Ti6itB4b5+P9zmDm/F3MmwTQ/tdzc/MLiUn65sLK6tr6hb241ZJQIQusk4pFoeVhSzkJaBwactmJBceBx2vT6l0O/eUuFZFF4A4OYOgHuhsxnBIOSXN20Y+am1iEcWNn5N2dHtkcBu1D6Ue7G976rF82yOSpjFqwJFNGkaq7+bncikgQ0BMKxlG3LjMFJsQBGOM0KdiJpjEkfd2lbYYgDKp10tFlm7CmlY/iRUCcEY6T+nkhxIOUg8FRngKEnp72h+J/XTsA/c1IWxgnQkIwf8hNuQGQMYzI6TFACfKAAE8HUXw3SwwITUGEWVAjW9Mqz0DguWyflynWlWL2YxJFHO2gXlZCFTlEVXaEaqiOC7tEjekYv2oP2pL1qb+PWnDaZ2UZ/Svv4AnZDn1o=</latexit>

⇡1,t+1 = ⇡1,t � �t(⇡1,t � x1,t)

Convergent Multiple-Timescales Reinforcement Learning Algorithms in Normal Form Games, Leslie & Collins [2003]

Not a new idea… using multiple timescales to stabilize 
Q learning was proposed in [Leslie & Collins 2003]!
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Doubly-Smoothed Best-Response Dynamics

 Update your belief: 

 Play                    observe 

 Compute smooth best-response: 

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

<latexit sha1_base64="XFHJX6EPcUZGgqupvz8xZSZbctg="></latexit>

qt+1(a) = qt(a) + ↵tIa=a1,t(rt � qt(a))
<latexit sha1_base64="qXoWdCPhW/N5t1K4xEZwb7zTJ0k="></latexit>

x1,t = argmax
⇡2�

⇡T qt + ⌧⌫(⇡)

<latexit sha1_base64="udVDSl4wWcUf4ZYhpaFNhyYHu6Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJFHVZdOOygn1AE8JkOmmHziRh5kYosQt/xY0LRdz6G+78G6dtFtp64MKZc+5l7j1hKrgGx/m2lpZXVtfWSxvlza3tnV17b7+lk0xR1qSJSFQnJJoJHrMmcBCskypGZChYOxzeTPz2A1OaJ/E9jFLmS9KPecQpASMF9iEJcvcMxtjTXGIv5bNnYFecqjMFXiRuQSqoQCOwv7xeQjPJYqCCaN11nRT8nCjgVLBx2cs0Swkdkj7rGhoTybSfT/cf4xOj9HCUKFMx4Kn6eyInUuuRDE2nJDDQ895E/M/rZhBd+TmP0wxYTGcfRZnAkOBJGLjHFaMgRoYQqrjZFdMBUYSCiaxsQnDnT14krfOqe1Gt3dUq9esijhI6QsfoFLnoEtXRLWqgJqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP1W6VWw==</latexit>a1,t ⇠ ⇡1,t

Update strategy: 

Bandit feedback:
<latexit sha1_base64="RiugrOPg1c64/2bYB48WLpZFLkE=">AAACGnicbVDLSsNAFJ34rPVVdelmsAguSklKUTdCVQSXFewDkhAm00k7dPJg5kYoId/hxl9x40IRd+LGv3H6WGjrgeEezrmXO/f4ieAKTPPbWFpeWV1bL2wUN7e2d3ZLe/ttFaeSshaNRSy7PlFM8Ii1gINg3UQyEvqCdfzh9djvPDCpeBzdwyhhbkj6EQ84JaAlr2Q5IYGB72c3uSNYALb0wJG8PwD3AtuXrpcRL7MqkFd0remae6WyWTUnwIvEmpEymqHplT6dXkzTkEVABVHKtswE3IxI4FSwvOikiiWEDkmf2ZpGJGTKzSan5fhYKz0cxFK/CPBE/T2RkVCpUejrzvEhat4bi/95dgrBuZvxKEmBRXS6KEgFhhiPc8I9LhkFMdKEUMn1XzEdEEko6DSLOgRr/uRF0q5VrdNq/a5eblzN4iigQ3SETpCFzlAD3aImaiGKHtEzekVvxpPxYrwbH9PWJWM2c4D+wPj6AV7AoQ8=</latexit>

E [rt] = [A]a1,t,a2,t

TD Learning on fast time-scale 

Update policy on slow time-scale

Main Idea: If                     on a fast timescale this algorithm mimics best-response dynamics on the slow timescale.
<latexit sha1_base64="ib6Y43IaO01gBNsilFuHFIPN3s4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKUoi6rblxWsA9oQphMJ+3QycOZG6WEght/xY0LRdz6E+78G6dtFtp64MLhnHu59x4/EVyBZX0bC4tLyyurhbXi+sbm1ra5s9tUcSopa9BYxLLtE8UEj1gDOAjWTiQjoS9Yyx9cjf3WPZOKx9EtDBPmhqQX8YBTAlryzP07D7Ajea8PRMr4AV84CfeyygmMPLNkla0J8Dyxc1JCOeqe+eV0Y5qGLAIqiFId20rAzYgETgUbFZ1UsYTQAemxjqYRCZlys8kPI3yklS4OYqkrAjxRf09kJFRqGPq6MyTQV7PeWPzP66QQnLsZj5IUWESni4JUYIjxOBDc5ZJREENNCJVc34ppn0hCQcdW1CHYsy/Pk2albJ+WqzfVUu0yj6OADtAhOkY2OkM1dI3qqIEoekTP6BW9GU/Gi/FufExbF4x8Zg/9gfH5A5kKl4A=</latexit>

qt ! A⇡2,t

We show that this is achievable using a single timescale:  
<latexit sha1_base64="NKmIdpk/wSExsUCJREMjW4+CFHM=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJFHUjFLtxWcFeoAlhMp22QyeTMHOilNhHceNCEbc+iTvfxmmbhbb+MPDxn3M4Z/4wEVyD43xbhbX1jc2t4nZpZ3dv/8AuH7Z1nCrKWjQWseqGRDPBJWsBB8G6iWIkCgXrhOPGrN55YErzWN7DJGF+RIaSDzglYKzALntEJCMSwHXDCxkYCOyKU3Xmwqvg5lBBuZqB/eX1Y5pGTAIVROue6yTgZ0QBp4JNS16qWULomAxZz6AkEdN+Nj99ik+N08eDWJknAc/d3xMZibSeRKHpjAiM9HJtZv5X66UwuPIzLpMUmKSLRYNUYIjxLAfc54pREBMDhCpubsV0RBShYNIqmRDc5S+vQvu86l5Ua3e1Sv0mj6OIjtEJOkMuukR1dIuaqIUoekTP6BW9WU/Wi/VufSxaC1Y+c4T+yPr8AQjpk94=</latexit>

↵t = C�t

A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

<latexit sha1_base64="l72tHWBVhGrzjgDhF1wSQV1fkSI=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIFbUkUtSNUHTjsoK9QBPCZDpph04uzJyIJeQ13Pgqblwo4lJXvo3Ti6itB4b5+P9zmDm/F3MmwTQ/tdzc/MLiUn65sLK6tr6hb241ZJQIQusk4pFoeVhSzkJaBwactmJBceBx2vT6l0O/eUuFZFF4A4OYOgHuhsxnBIOSXN20Y+am1iEcWNn5N2dHtkcBu1D6Ue7G976rF82yOSpjFqwJFNGkaq7+bncikgQ0BMKxlG3LjMFJsQBGOM0KdiJpjEkfd2lbYYgDKp10tFlm7CmlY/iRUCcEY6T+nkhxIOUg8FRngKEnp72h+J/XTsA/c1IWxgnQkIwf8hNuQGQMYzI6TFACfKAAE8HUXw3SwwITUGEWVAjW9Mqz0DguWyflynWlWL2YxJFHO2gXlZCFTlEVXaEaqiOC7tEjekYv2oP2pL1qb+PWnDaZ2UZ/Svv4AnZDn1o=</latexit>

⇡1,t+1 = ⇡1,t � �t(⇡1,t � x1,t)

Convergent Multiple-Timescales Reinforcement Learning Algorithms in Normal Form Games, Leslie & Collins [2003]



This algorithm is:

‣ Independent

‣ Payoff-Based

‣ No Markov Games

‣ No Function Approximation  


 Update your belief: 

 Play                    observe 

 Compute smooth best-response: 

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

<latexit sha1_base64="XFHJX6EPcUZGgqupvz8xZSZbctg="></latexit>

qt+1(a) = qt(a) + ↵tIa=a1,t(rt � qt(a))
<latexit sha1_base64="qXoWdCPhW/N5t1K4xEZwb7zTJ0k="></latexit>

x1,t = argmax
⇡2�

⇡T qt + ⌧⌫(⇡)

<latexit sha1_base64="udVDSl4wWcUf4ZYhpaFNhyYHu6Y=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJFHVZdOOygn1AE8JkOmmHziRh5kYosQt/xY0LRdz6G+78G6dtFtp64MKZc+5l7j1hKrgGx/m2lpZXVtfWSxvlza3tnV17b7+lk0xR1qSJSFQnJJoJHrMmcBCskypGZChYOxzeTPz2A1OaJ/E9jFLmS9KPecQpASMF9iEJcvcMxtjTXGIv5bNnYFecqjMFXiRuQSqoQCOwv7xeQjPJYqCCaN11nRT8nCjgVLBx2cs0Swkdkj7rGhoTybSfT/cf4xOj9HCUKFMx4Kn6eyInUuuRDE2nJDDQ895E/M/rZhBd+TmP0wxYTGcfRZnAkOBJGLjHFaMgRoYQqrjZFdMBUYSCiaxsQnDnT14krfOqe1Gt3dUq9esijhI6QsfoFLnoEtXRLWqgJqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP1W6VWw==</latexit>a1,t ⇠ ⇡1,t

Update strategy: 
<latexit sha1_base64="l72tHWBVhGrzjgDhF1wSQV1fkSI=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIFbUkUtSNUHTjsoK9QBPCZDpph04uzJyIJeQ13Pgqblwo4lJXvo3Ti6itB4b5+P9zmDm/F3MmwTQ/tdzc/MLiUn65sLK6tr6hb241ZJQIQusk4pFoeVhSzkJaBwactmJBceBx2vT6l0O/eUuFZFF4A4OYOgHuhsxnBIOSXN20Y+am1iEcWNn5N2dHtkcBu1D6Ue7G976rF82yOSpjFqwJFNGkaq7+bncikgQ0BMKxlG3LjMFJsQBGOM0KdiJpjEkfd2lbYYgDKp10tFlm7CmlY/iRUCcEY6T+nkhxIOUg8FRngKEnp72h+J/XTsA/c1IWxgnQkIwf8hNuQGQMYzI6TFACfKAAE8HUXw3SwwITUGEWVAjW9Mqz0DguWyflynWlWL2YxJFHO2gXlZCFTlEVXaEaqiOC7tEjekYv2oP2pL1qb+PWnDaZ2UZ/Svv4AnZDn1o=</latexit>
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Doubly-Smoothed Best-Response Dynamics
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Last-Iterate Convergence of Doubly Smoothed BRD

For a matrix game, define the regularized Nash Gap as:

Entropy
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Last-Iterate Convergence of Doubly Smoothed BRD

For a matrix game, define the regularized Nash Gap as:

Theorem. Doubly Smoothed BRD with                     and                   and             satisfies: 
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A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)
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Last-Iterate Convergence of Doubly Smoothed BRD

For a matrix game, define the regularized Nash Gap as:

Theorem. Doubly Smoothed BRD with                     and                   and             satisfies: 
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A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)
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Proof sketch:


1. View the fast timescale as constructing a variance-reduced estimator of the player’s marginalized 
payoffs for use in smoothed Fictitious-Play.


2. Show that smoothed Fictitious-play has last-iterate convergence in the regularized Nash gap.
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Last-Iterate Convergence of Doubly Smoothed BRD

For a matrix game, define the regularized Nash Gap as:

A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

The convergence to the true Nash is much slower due to trade offs in stepsize selection

(but still converges at the fastest known rate for last-iterate convergence with bandit feedback)
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Last-Iterate Convergence of Doubly Smoothed BRD

For a matrix game, define the regularized Nash Gap as:

A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

The convergence to the true Nash is much slower due to trade offs in stepwise selection

(but still converges at the fastest known rate for last-iterate convergence with bandit feedback)
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From Matrix to Markov Games

Classic Q-Learning Minimax Q-Learning

Like in the single-agent setting, the 
optimal Q-function is a fixed point of a 
contraction mapping in the  norm ℓ∞

<latexit sha1_base64="2pzcwvWg7pkWstuk3MbGixg1QAg="></latexit>

Q⇤(s, a) = Es,a

h
R(s, a) + �max

a0
Q⇤(s0, a0)

i

<latexit sha1_base64="zCj1j4Ls0kPwjlyam5bi0bwXS0U=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahuiiJFHUjFN102YJ9QBvDZDpph04mYWYilFBw46+4caGIW3/CnX/jJM1CqwcuHM65l3vv8SJGpbKsL6OwtLyyulZcL21sbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k5vU794TIWnIb9U0Ik6ARpz6FCOlJdc8aLn23enVIEBqjBFLGrNKkkmzE9csW1UrA/xL7JyUQY6ma34OhiGOA8IVZkjKvm1FykmQUBQzMisNYkkihCdoRPqachQQ6STZDzN4rJUh9EOhiyuYqT8nEhRIOQ083ZneKhe9VPzP68fKv3QSyqNYEY7ni/yYQRXCNBA4pIJgxaaaICyovhXiMRIIKx1bSYdgL778l3TOqvZ5tdaqlevXeRxFcAiOQAXY4ALUQQM0QRtg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDRDuloY=</latexit>

Q⇤
1 = H(Q⇤

1)

Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

Requires solving a 
zero-sum game 


<latexit sha1_base64="mnkiFdUzkRdqxfYsHP2zypP1K7A="></latexit>

Q⇤(s, a1, a2) = R(s, a1, a2) + �Es0|s,a1,a2


min
⇡1

max
⇡2

⇡T
1 Q

⇤(s0)⇡2

�
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Doubly-Smoothed Best-Response Dynamics in MARL

 Update your belief: 

 Play                             observe       move to new state       

 Compute smooth best-response: 

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

<latexit sha1_base64="qXoWdCPhW/N5t1K4xEZwb7zTJ0k="></latexit>

x1,t = argmax
⇡2�

⇡T qt + ⌧⌫(⇡)

Update strategy: 
<latexit sha1_base64="yv2AT8MCQYVApqXNhIUFaojIvRg=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAIFW1JSlE3QtGNywr2Ak0Jk+m0HTq5MHMilpD3cOOruHGhiCvBhW/jtI1QWw8MfPz/OZw5vxtyJsE0v7XM0vLK6lp2PbexubW9o+/uNWQQCULrJOCBaLlYUs58WgcGnLZCQbHnctp0h9djv3lPhWSBfwejkHY83PdZjxEMSnL0sh0yJ7ZO4cRKLn85KdouBexAYcYtPky9Y0fPmyVzUsYiWCnkUVo1R/+0uwGJPOoD4VjKtmWG0ImxAEY4TXJ2JGmIyRD3aVuhjz0qO/HktsQ4UkrX6AVCPR+MiTo7EWNPypHnqk4Pw0DOe2PxP68dQe+iEzM/jID6ZLqoF3EDAmMclNFlghLgIwWYCKb+apABFpiAijOnQrDmT16ERrlknZUqt5V89SqNI4sO0CEqIAudoyq6QTVURwQ9omf0it60J+1Fe9c+pq0ZLZ3ZR39K+/oBau+fyg==</latexit>

⇡1,t+1 = ⇡1,t � �t(⇡1,t+1 � x1,t)

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1

Every K steps update value estimate:

<latexit sha1_base64="qffOKBTK5xLCKf2UQ8TLiCJWSrc=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKUmakqMuiG5cV7AM6w5DJpG1oJjMkd4Qy9gPc+CtuXCji1g9w59+YtrPQ1gOBk3POJbknSATXYNvf1tLyyuraemGjuLm1vbNb2ttv6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g6G1xO/fc+U5rG8g1HCvIj0Je9xSsBIfqlM/Mw5hTF2NY+wm/D8WnFpGAN+0D6cmJRdtafAi8TJSRnlaPilLzeMaRoxCVQQrbuOnYCXEQWcCjYuuqlmCaFD0mddQyWJmPay6TJjfGyUEPdiZY4EPFV/T2Qk0noUBSYZERjoeW8i/ud1U+hdehmXSQpM0tlDvVRgiPGkGRxyxSiIkSGEKm7+iumAKELB9Fc0JTjzKy+S1lnVOa/Wbmvl+lVeRwEdoiNUQQ66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zKJLVj5zgP7A+vwBzlSaNg==</latexit>

a1,t ⇠ ⇡1,t(·|st)

<latexit sha1_base64="THpUm0cPH81DrlJDIUqQIiqQKeo="></latexit>

vt+1 =

(
⇡1,t+1(·|s)T qt+1(s, ·) 8s 2 S ; (t+ 1) mod K = 0

vt otherwise

min-max value iteration on a slower timescale. 


Main Idea: 

Use SBRD to solve—online— a  matrix game in each state but adjust payoffs with slowly updated 
estimates of future discounted rewards.

future payoffs

<latexit sha1_base64="anqJGL4Ni1xR1uN7KtRqr06ozio="></latexit>

qt+1(s, a) = qt(s, a) + ↵tIs=st,a=a1,t(rt � qt(s, a) + �vt(st+1)) 8(s, a) 2 S ⇥A
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Doubly-Smoothed Best-Response Dynamics in MARL

Algorithm is independent and payoff-based

 Update your belief: 

 Play                             observe       move to new state       

 Compute smooth best-response: 

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

<latexit sha1_base64="qXoWdCPhW/N5t1K4xEZwb7zTJ0k="></latexit>

x1,t = argmax
⇡2�

⇡T qt + ⌧⌫(⇡)

Update strategy: 
<latexit sha1_base64="yv2AT8MCQYVApqXNhIUFaojIvRg=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAIFW1JSlE3QtGNywr2Ak0Jk+m0HTq5MHMilpD3cOOruHGhiCvBhW/jtI1QWw8MfPz/OZw5vxtyJsE0v7XM0vLK6lp2PbexubW9o+/uNWQQCULrJOCBaLlYUs58WgcGnLZCQbHnctp0h9djv3lPhWSBfwejkHY83PdZjxEMSnL0sh0yJ7ZO4cRKLn85KdouBexAYcYtPky9Y0fPmyVzUsYiWCnkUVo1R/+0uwGJPOoD4VjKtmWG0ImxAEY4TXJ2JGmIyRD3aVuhjz0qO/HktsQ4UkrX6AVCPR+MiTo7EWNPypHnqk4Pw0DOe2PxP68dQe+iEzM/jID6ZLqoF3EDAmMclNFlghLgIwWYCKb+apABFpiAijOnQrDmT16ERrlknZUqt5V89SqNI4sO0CEqIAudoyq6QTVURwQ9omf0it60J+1Fe9c+pq0ZLZ3ZR39K+/oBau+fyg==</latexit>

⇡1,t+1 = ⇡1,t � �t(⇡1,t+1 � x1,t)

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1

Every K steps update value estimate:

<latexit sha1_base64="qffOKBTK5xLCKf2UQ8TLiCJWSrc=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKUmakqMuiG5cV7AM6w5DJpG1oJjMkd4Qy9gPc+CtuXCji1g9w59+YtrPQ1gOBk3POJbknSATXYNvf1tLyyuraemGjuLm1vbNb2ttv6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g6G1xO/fc+U5rG8g1HCvIj0Je9xSsBIfqlM/Mw5hTF2NY+wm/D8WnFpGAN+0D6cmJRdtafAi8TJSRnlaPilLzeMaRoxCVQQrbuOnYCXEQWcCjYuuqlmCaFD0mddQyWJmPay6TJjfGyUEPdiZY4EPFV/T2Qk0noUBSYZERjoeW8i/ud1U+hdehmXSQpM0tlDvVRgiPGkGRxyxSiIkSGEKm7+iumAKELB9Fc0JTjzKy+S1lnVOa/Wbmvl+lVeRwEdoiNUQQ66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zKJLVj5zgP7A+vwBzlSaNg==</latexit>

a1,t ⇠ ⇡1,t(·|st)

<latexit sha1_base64="THpUm0cPH81DrlJDIUqQIiqQKeo="></latexit>

vt+1 =

(
⇡1,t+1(·|s)T qt+1(s, ·) 8s 2 S ; (t+ 1) mod K = 0

vt otherwise

future payoffs

<latexit sha1_base64="anqJGL4Ni1xR1uN7KtRqr06ozio="></latexit>

qt+1(s, a) = qt(s, a) + ↵tIs=st,a=a1,t(rt � qt(s, a) + �vt(st+1)) 8(s, a) 2 S ⇥A
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Doubly-Smoothed Best-Response Dynamics in MARL

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Captures the distance from “Nash”



152A Finite-Sample Analysis of Payoff-Based Independent Learning in Zero-Sum Stochastic Games, Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

Doubly-Smoothed Best-Response Dynamics in MARL

Theorem. Suppose there exists a pair of policies  such that the induced 
Markov Chain is irreducible and ergodic, then Doubly Smoothed BRD satisfies:

(π1, π2)

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Last iterate convergence No slower than the matrix case.

Due to geometric convergence of value iteration

<latexit sha1_base64="pCOypCwNeyjm/OQLnHc5gP34O88="></latexit>

E [NG(⇡1,T ,⇡2,T )]  O

✓
1

T 1/8

◆
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Doubly-Smoothed Best-Response Dynamics in MARL

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Payoff-based (i.e. bandit feedback), independent algorithm with finite-time iterate-
convergence to Nash equilibrium in zero-sum Markov Games.


Theorem. Suppose there exists a pair of policies  such that the induced 
Markov Chain is irreducible and ergodic, then Doubly Smoothed BRD satisfies:

(π1, π2)

<latexit sha1_base64="pCOypCwNeyjm/OQLnHc5gP34O88="></latexit>

E [NG(⇡1,T ,⇡2,T )]  O

✓
1

T 1/8

◆
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Doubly-Smoothed Best-Response Dynamics in MARL

Theorem. Suppose there exists a pair of policies  such that the induced 
Markov Chain is irreducible and ergodic, then Doubly Smoothed BRD satisfies:

(π1, π2)

<latexit sha1_base64="pCOypCwNeyjm/OQLnHc5gP34O88="></latexit>

E [NG(⇡1,T ,⇡2,T )]  O

✓
1

T 1/8

◆

Proof sketch:


1. Solve matrix game on a fast timescale using the Matrix-game version of the algorithm. 
Becomes highly nontrivial due to time inhomogeneous Markovian Noise, and the loss of zero-
sum structure since agents may have different beliefs over future payoffs.


2. Use regularized Nash gap as Lyapunov function for the slow timescale.


3.  timescale of value iteration to help stabilize the learning at the fast timescale.



How to incorporate function approximation?

Scalability: algorithms for deep reinforcement learning


Deep Q-Networks [Mnih et al. 2015]



How to incorporate function approximation?

Scalability: algorithms for deep reinforcement learning


Deep Q-Networks [Mnih et al. 2015]

Key Idea: DQN* can be viewed as smoothed fictitious-play under a basis transform




Note:                                        If           then we recover vanilla DQN 


Incorporating Function Approximation

Suppose we have a respecified functions class parametrized by weights :
w
<latexit sha1_base64="5fNTY+SpeJhvVzIlDWSI6bvrGQk=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUBIp6rLqxmWL9gFNCJPppB06mYSZiVJCPsKNv+LGhSJuXbjzb5y0AbX1wIXDOfdy7z1+zKhUlvVlLCwuLa+sltbK6xubW9vmzm5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oKvc7d0RIGvFbNY6JG6IBpwHFSGnJM4+dtOndQ4dy6IRIDTFi6U0GHUVDIn+kCy1lnlmxqtYEcJ7YBamAAg3P/HT6EU5CwhVmSMqebcXKTZFQFDOSlZ1EkhjhERqQnqYc6Z1uOnkqg4da6cMgErq4ghP190SKQinHoa878yvlrJeL/3m9RAXnbkp5nCjC8XRRkDCoIpgnBPtUEKzYWBOEBdW3QjxEAmGlcyzrEOzZl+dJ+6Rqn1ZrzVqlflnEUQL74AAcARucgTq4Bg3QAhg8gCfwAl6NR+PZeDPep60LRjGzB/7A+PgGd+aeeg==</latexit>

{Qw 2 S ⇥A}

 Update your belief:  update weights via SGD:                                   

 Play                             observe       move to new state       

At round :t
<latexit sha1_base64="ajAtzoZWBZnmAcO+/TnKa6vo/pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB93HfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH2sGjeY=</latexit>rt

Update strategy: 

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1

Every K steps synchronize policy, weights:

<latexit sha1_base64="qffOKBTK5xLCKf2UQ8TLiCJWSrc=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKUmakqMuiG5cV7AM6w5DJpG1oJjMkd4Qy9gPc+CtuXCji1g9w59+YtrPQ1gOBk3POJbknSATXYNvf1tLyyuraemGjuLm1vbNb2ttv6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g6G1xO/fc+U5rG8g1HCvIj0Je9xSsBIfqlM/Mw5hTF2NY+wm/D8WnFpGAN+0D6cmJRdtafAi8TJSRnlaPilLzeMaRoxCVQQrbuOnYCXEQWcCjYuuqlmCaFD0mddQyWJmPay6TJjfGyUEPdiZY4EPFV/T2Qk0noUBSYZERjoeW8i/ud1U+hdehmXSQpM0tlDvVRgiPGkGRxyxSiIkSGEKm7+iumAKELB9Fc0JTjzKy+S1lnVOa/Wbmvl+lVeRwEdoiNUQQ66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zKJLVj5zgP7A+vwBzlSaNg==</latexit>

a1,t ⇠ ⇡1,t(·|st)
target network

<latexit sha1_base64="z8FYWFnfN0y0klw57xdo+TAhjqg=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSJUijWRom6EohuXFewDmhAm02k7dPJg5kYpoZ/hxl9x40IRt935N07TCNp6YJgz59zLnXu8iDMJpvml5ZaWV1bX8uuFjc2t7R19d68pw1gQ2iAhD0Xbw5JyFtAGMOC0HQmKfY/Tlje8mfqtByokC4N7GEXU8XE/YD1GMCjJ1U9tGFDAbgJla3yVPaBse+ldepwZJz/GsasXzYqZwlgkVkaKKEPd1Sd2NySxTwMgHEvZscwInAQLYITTccGOJY0wGeI+7SgaYJ9KJ0kXGxtHSukavVCoE4CRqr87EuxLOfI9VeljGMh5byr+53Vi6F06CQuiGGhAZoN6MTcgNKYpGV0mKAE+UgQTwdRfDTLAAhNQWRZUCNb8youkeVaxzivVu2qxdp3FkUcH6BCVkIUuUA3dojpqIIKe0At6Q+/as/aqfWifs9KclvXsoz/QJt9ilp/8</latexit>

✓t+1 = ✓t + �t(wt+1 � ✓t)

<latexit sha1_base64="V3v2AERXApZLe8v/9JApKP2l0AA="></latexit>

wt+1 = P
�
wt � ↵trwkH⇡̄(Qw̄)�Qwtk

2
�

<latexit sha1_base64="a5+PZ/UwjNQkKTghErgb3DW97Zw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiRb0IRS8eK9gPaELYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvDDlTGnH+bZKa+sbm1vl7crO7t5+1T447Kgkk4S2ScIT2QuxopwJ2tZMc9pLJcVxyGk3HN/O/O4jlYol4kFPUurHeChYxAjWRgrsqhdiibyUXZsKNArsmlN35kCrxC1IDQq0AvvLGyQki6nQhGOl+q6Taj/HUjPC6bTiZYqmmIzxkPYNFTimys/nh0/RqVEGKEqkKaHRXP09keNYqUkcms4Y65Fa9mbif14/09GVnzORZpoKslgUZRzpBM1SQAMmKdF8YggmkplbERlhiYk2WVVMCO7yy6ukc153L+qN+0ateVPEUYZjOIEzcOESmnAHLWgDgQye4RXerCfrxXq3PhatJauYOYI/sD5/ANwikpU=</latexit>

⇡̄ = ⇡t
<latexit sha1_base64="9ok1+ta+bkk76QynA+LmDdKan2A=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPPAZAmzk9lkyOzsMtNrCCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeCwe3UbzxxbUSsHnCUcD+iPSVCwSha6bEdUE2G18MOdoolt+zOQJaJl5ESZKh2il/tbszSiCtkkhrT8twE/THVKJjkk0I7NTyhbEB7vGWpohE3/nh28YScWKVLwljbUkhm6u+JMY2MGUWB7Ywo9s2iNxX/81ophlf+WKgkRa7YfFGYSoIxmb5PukJzhnJkCWVa2FsJ61NNGdqQCjYEb/HlZVI/K3sX5fP781LlJosjD0dwDKfgwSVU4A6qUAMGCp7hFd4c47w4787HvDXnZDOH8AfO5w8lV5CW</latexit>

w̄ = wt

<latexit sha1_base64="RcoJyCRyvOXnoodJOti4g0sPaq4=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLrooujGZQV7gSaEyXTaDp1MwsyJEEJ9FTcuFHHrg7jzbZy2WWjrDwMf/zmHc+YPE8E1OM63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9kGgmuGRt4CBYL1GMRKFg3XByO6t3H5nSPJYPkCXMj8hI8iGnBIwV2FUvZEACwI0G9ohIxoYDu+bUnbnwKrgF1FChVmB/eYOYphGTQAXRuu86Cfg5UcCpYNOKl2qWEDohI9Y3KEnEtJ/Pj5/iU+MM8DBW5knAc/f3RE4irbMoNJ0RgbFers3M/2r9FIbXfs5lkgKTdLFomAoMMZ4lgQdcMQoiM0Co4uZWTMdEEQomr4oJwV3+8ip0zuvuZf3i/qLWvCniKKNjdILOkIuuUBPdoRZqI4oy9Ixe0Zv1ZL1Y79bHorVkFTNV9EfW5w+vz5Qq</latexit>

�t << ↵t
<latexit sha1_base64="GmFURUT/NH9iZMEkuBTn1pCpS5o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmldVL3Lau2hVqnf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+7ko8v</latexit>

� = 1

Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

<latexit sha1_base64="711Ea9NFEEG8mtp9hiEFvVvYK7Q="></latexit>

⇡t+1 = argmax
⇡2�

⇡TQ✓t+1 + ⌧⌫(⇡)



Suppose we are in a state-less regime and the fast timescales have converged: 


Relationship with Smoothed Fictitious-Play

<latexit sha1_base64="PT8SrZ7GWjUFyh9MjdhqJiEe4kU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTJdtMu3U3i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKxUrs7QCnx2u2VK27VnYEsEy8nFchR75W/uv2YppJFhgrUuuO5ifEzVIZTwSalbqpZgnSEA9axNELJtJ/N7p2QE6v0SRgrW5EhM/X3RIZS67EMbKdEM9SL3lT8z+ukJrzyMx4lqWERnS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUcmG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRpAQcAzvMKb8+i8OO/Ox7y14OQzh/AHzucPffWPnw==</latexit>

� = 0

<latexit sha1_base64="96aatXDoaEZJeloZQtAcALZ1728=">AAACIXicbVDLSgMxFM3UV62vqks3wSIoxTIjRbsRim5ctmJV6IxDJk3b0MyD5I5ahvkVN/6KGxeKdCf+jOlYRKsHLpyccy+593iR4ApM893IzczOzS/kFwtLyyura8X1jUsVxpKyFg1FKK89opjgAWsBB8GuI8mI7wl25Q1Ox/7VLZOKh8EFDCPm+KQX8C6nBLTkFmvNG8tN7twEylaaHn+/0rRsewyIC7vn+N6FfZxZNvQzMd1ziyWzYmbAf4k1ISU0QcMtjuxOSGOfBUAFUaptmRE4CZHAqWBpwY4ViwgdkB5raxoQnyknyS5M8Y5WOrgbSl0B4Ez9OZEQX6mh7+lOn0BfTXtj8T+vHUO35iQ8iGJgAf36qBsLDCEex4U7XDIKYqgJoZLrXTHtE0ko6FALOgRr+uS/5PKgYh1Wqs1qqX4yiSOPttA22kUWOkJ1dIYaqIUoekBP6AW9Go/Gs/FmjL5ac8ZkZhP9gvHxCbGuozw=</latexit>

Q1
wt+1

= Q1
wt

+ �t(Rxt �Q1
✓t)

<latexit sha1_base64="PL1CKffqAOG6pUuxpP1h/iTnJWs=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMBMOuBLURgjaWEcwDsskyO5kkQ2YfzNwVw5JPsPFXbCwUsbW082+cTVJo9MDA4ZxzuXOPFwmuwLK+jMzC4tLySnY1t7a+sbllbu/UVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vCGV6nfuGNS8TC4hVHE2j7pB7zHKQEtueahE3E3gaI97tgXmndsF4qOx4C4ULh34RinAThyzbxVsibAf4k9I3k0Q9U1P51uSGOfBUAFUaplWxG0EyKBU8HGOSdWLCJ0SPqspWlAfKbayeSgMT7QShf3QqlfAHii/pxIiK/UyPd00icwUPNeKv7ntWLonbcTHkQxsIBOF/VigSHEaTu4yyWjIEaaECq5/iumAyIJBd1hTpdgz5/8l9RPSvZpqXxTzlcuZ3Vk0R7aRwVkozNUQdeoimqIogf0hF7Qq/FoPBtvxvs0mjFmM7voF4yPb+V+m+A=</latexit>

⇡1
t+1 = ⇡1

t + �t(xt � ⇡t)

DQN Smoothed Best-Reponse Dynamics

<latexit sha1_base64="FQDwFZtJptP7fFt4IEoPUKRuUFM=">AAACH3icbVBNSwMxEM36bf2qevQSLIIilF0R9SKIevBoobWFpi6zaVpDs9klmRXL0n/ixb/ixYMi4s1/Y1p78OvBwMt7M2TmRamSFn3/w5uYnJqemZ2bLywsLi2vFFfXrmySGS5qPFGJaURghZJa1FCiEo3UCIgjJepR72zo12+FsTLRVeynohVDV8uO5IBOCosHdyEeMzBdFsNdmLNUUiY1ZedCIQyoe19XK9d7Ie4yhIwynW07bScslvyyPwL9S4IxKZExLsPiO2snPIuFRq7A2mbgp9jKwaDkSgwKLLMiBd6Drmg6qiEWtpWP7hvQLae0aScxrjTSkfp9IofY2n4cuc4Y8Mb+9obif14zw85RK5c6zVBo/vVRJ1MUEzoMi7alERxV3xHgRrpdKb8BAxxdpAUXQvD75L/kaq8cHJT3K/ulk9NxHHNkg2ySbRKQQ3JCLsglqRFO7skjeSYv3oP35L16b1+tE954Zp38gPfxCfMBokY=</latexit>

xt = argmax
⇡2�

⇡TQ2
t + ⌧⌫(⇡)

<latexit sha1_base64="U+39O72/i6l9vLovk5WfVgVYy+I="></latexit>

xt = argmax
⇡2�

⇡TR⇡2
t + ⌧⌫(⇡)
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<latexit sha1_base64="ycxB+xUftzBPDQTlHHeKWWoY4n4="></latexit>

wt = argmin
w

kH⇡̄(Qw̄)�Qwk
2



Relationship with Smoothed Fictitious-Play

Perform a change of basis:


<latexit sha1_base64="PL1CKffqAOG6pUuxpP1h/iTnJWs=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMBMOuBLURgjaWEcwDsskyO5kkQ2YfzNwVw5JPsPFXbCwUsbW082+cTVJo9MDA4ZxzuXOPFwmuwLK+jMzC4tLySnY1t7a+sbllbu/UVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vCGV6nfuGNS8TC4hVHE2j7pB7zHKQEtueahE3E3gaI97tgXmndsF4qOx4C4ULh34RinAThyzbxVsibAf4k9I3k0Q9U1P51uSGOfBUAFUaplWxG0EyKBU8HGOSdWLCJ0SPqspWlAfKbayeSgMT7QShf3QqlfAHii/pxIiK/UyPd00icwUPNeKv7ntWLonbcTHkQxsIBOF/VigSHEaTu4yyWjIEaaECq5/iumAyIJBd1hTpdgz5/8l9RPSvZpqXxTzlcuZ3Vk0R7aRwVkozNUQdeoimqIogf0hF7Qq/FoPBtvxvs0mjFmM7voF4yPb+V+m+A=</latexit>

⇡1
t+1 = ⇡1

t + �t(xt � ⇡t)

DQN Smoothed Best-Reponse Dynamics

<latexit sha1_base64="U+39O72/i6l9vLovk5WfVgVYy+I="></latexit>

xt = argmax
⇡2�

⇡TR⇡2
t + ⌧⌫(⇡)

<latexit sha1_base64="zwkJzd1pXBiErE4y+b5Qo1pWhGo="></latexit>

xt = argmax
⇡2�

⇡TRR�1Q2
t + ⌧⌫(⇡)

<latexit sha1_base64="vSTHjleRKaNEdaxMJ5G4+PUEgJU="></latexit>

R�1Q1
wt+1

= R�1Q1
wt

+ �t(xt �R�1Q1
✓t)

<latexit sha1_base64="2d+npg0Fv6aDzarCkL4SY8F/RWE=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQ3Dhmt07oQim5ctmIf0I5DJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnrgwuGce7n3Hi/mTCqEPoyFxaXlldXcWn59Y3Nru7Cz25RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3iV+a0RFZJF4a0ax9QJcD9kPiNYaclJXHZxc5ceW5O6y9xCEZnl83KlZENkIhvZdjkjpdOzCoKWiaYogjlqbuG924tIEtBQEY6l7FgoVk6KhWKE00m+m0gaYzLEfdrRNMQBlU46PXoCD7XSg34kdIUKTtXvEykOpBwHnu4MsBrI314m/uV1EuVXnJSFcaJoSGaL/IRDFcEsAdhjghLFx5pgIpi+FZIBFpgonVNeh/D1KfyfNE9MyzZL9VKxejmPIwf2wQE4AhYogyq4BjXQAATcgwfwBJ6NkfFovBivs9YFYz6zB37AePsEf/mR9A==</latexit>

ui = R�1Qi

Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

Suppose we are in a state-less regime and the fast timescales have converged: 

<latexit sha1_base64="PT8SrZ7GWjUFyh9MjdhqJiEe4kU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTJdtMu3U3i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKxUrs7QCnx2u2VK27VnYEsEy8nFchR75W/uv2YppJFhgrUuuO5ifEzVIZTwSalbqpZgnSEA9axNELJtJ/N7p2QE6v0SRgrW5EhM/X3RIZS67EMbKdEM9SL3lT8z+ukJrzyMx4lqWERnS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUcmG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRpAQcAzvMKb8+i8OO/Ox7y14OQzh/AHzucPffWPnw==</latexit>

� = 0
<latexit sha1_base64="ycxB+xUftzBPDQTlHHeKWWoY4n4="></latexit>

wt = argmin
w

kH⇡̄(Qw̄)�Qwk
2



Relationship with Smoothed Fictitious-Play

Perform a change of basis:


<latexit sha1_base64="PL1CKffqAOG6pUuxpP1h/iTnJWs=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMBMOuBLURgjaWEcwDsskyO5kkQ2YfzNwVw5JPsPFXbCwUsbW082+cTVJo9MDA4ZxzuXOPFwmuwLK+jMzC4tLySnY1t7a+sbllbu/UVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vCGV6nfuGNS8TC4hVHE2j7pB7zHKQEtueahE3E3gaI97tgXmndsF4qOx4C4ULh34RinAThyzbxVsibAf4k9I3k0Q9U1P51uSGOfBUAFUaplWxG0EyKBU8HGOSdWLCJ0SPqspWlAfKbayeSgMT7QShf3QqlfAHii/pxIiK/UyPd00icwUPNeKv7ntWLonbcTHkQxsIBOF/VigSHEaTu4yyWjIEaaECq5/iumAyIJBd1hTpdgz5/8l9RPSvZpqXxTzlcuZ3Vk0R7aRwVkozNUQdeoimqIogf0hF7Qq/FoPBtvxvs0mjFmM7voF4yPb+V+m+A=</latexit>

⇡1
t+1 = ⇡1

t + �t(xt � ⇡t)

DQN Smoothed Best-Reponse Dynamics

<latexit sha1_base64="U+39O72/i6l9vLovk5WfVgVYy+I="></latexit>

xt = argmax
⇡2�

⇡TR⇡2
t + ⌧⌫(⇡)<latexit sha1_base64="wrE9GvtPaaMgV3K2bL4ICovVnpk="></latexit>

xt = argmax
⇡2�

⇡TRu2
t + ⌧⌫(⇡)

<latexit sha1_base64="iMGAIgAk97lrXJrq16DCG2z7Z0Y=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKscxIUTdC0Y3LCvYB7Thk0rQNzTxI7ohl6Ae48VfcuFDErR/gzr8xM52Fth4IHM45l5t73FBwBab5bSwsLi2vrObW8usbm1vbhZ3dpgoiSVmDBiKQbZcoJrjPGsBBsHYoGfFcwVru6CrxW/dMKh74tzAOme2Rgc/7nBLQklMoRneWE0PZmlwkDMpdlwFxAJceHDhOpSOdMitmCjxPrIwUUYa6U/jq9gIaecwHKohSHcsMwY6JBE4Fm+S7kWIhoSMyYB1NfeIxZcfpMRN8qJUe7gdSPx9wqv6eiImn1NhzddIjMFSzXiL+53Ui6J/bMffDCJhPp4v6kcAQ4KQZ3OOSURBjTQiVXP8V0yGRhILuL69LsGZPnifNk4p1WqneVIu1y6yOHNpHB6iELHSGauga1VEDUfSIntErejOejBfj3fiYRheMbGYP/YHx+QOHXpoH</latexit>

u1
t+1 = u1

t + �t(xt � u1
t )

<latexit sha1_base64="2d+npg0Fv6aDzarCkL4SY8F/RWE=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQ3Dhmt07oQim5ctmIf0I5DJs20oZmHSaZQhn6HGxeKuPVj3Pk3ZtoKKnrgwuGce7n3Hi/mTCqEPoyFxaXlldXcWn59Y3Nru7Cz25RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3iV+a0RFZJF4a0ax9QJcD9kPiNYaclJXHZxc5ceW5O6y9xCEZnl83KlZENkIhvZdjkjpdOzCoKWiaYogjlqbuG924tIEtBQEY6l7FgoVk6KhWKE00m+m0gaYzLEfdrRNMQBlU46PXoCD7XSg34kdIUKTtXvEykOpBwHnu4MsBrI314m/uV1EuVXnJSFcaJoSGaL/IRDFcEsAdhjghLFx5pgIpi+FZIBFpgonVNeh/D1KfyfNE9MyzZL9VKxejmPIwf2wQE4AhYogyq4BjXQAATcgwfwBJ6NkfFovBivs9YFYz6zB37AePsEf/mR9A==</latexit>

ui = R�1Qi

Under a change of basis the two algorithms have the same limiting dynamics


Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

Suppose we are in a state-less regime and the fast timescales have converged: 

<latexit sha1_base64="PT8SrZ7GWjUFyh9MjdhqJiEe4kU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTJdtMu3U3i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKxUrs7QCnx2u2VK27VnYEsEy8nFchR75W/uv2YppJFhgrUuuO5ifEzVIZTwSalbqpZgnSEA9axNELJtJ/N7p2QE6v0SRgrW5EhM/X3RIZS67EMbKdEM9SL3lT8z+ukJrzyMx4lqWERnS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUcmG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRpAQcAzvMKb8+i8OO/Ox7y14OQzh/AHzucPffWPnw==</latexit>

� = 0
<latexit sha1_base64="ycxB+xUftzBPDQTlHHeKWWoY4n4="></latexit>

wt = argmin
w

kH⇡̄(Qw̄)�Qwk
2



Finite-Time Last Iterate Convergence

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)



Finite-Time Last Iterate Convergence

Theorem. Suppose there exists a pair of policies  such that the induced 
Markov Chain is irreducible and ergodic, and both agents use DQN* with linear 
function approximation then DQN* satisfies:

(π1, π2)

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Convergence of min-max 
value iteration 

Error due to soft-
max policies

Function 
approximation error

Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

<latexit sha1_base64="DbVwzW+4NUOd+A95QKOpTXiFNAc="></latexit>

E [NG(⇡1,T ,⇡2,T )]  O

✓
�
T

c1(⌧)

◆
+O

✓
1

c2(⌧)K

◆
+O(⌧) + ✏approx

Convergence of 
inner loop



Last Iterate Convergence of Deep Q Networks in Zero-Sum Markov Games with Linear Function Approximation , Chen, Zhang, Mazumdar, Ozdaglar, Wierman (2023)

Consider the Nash-Gap:

<latexit sha1_base64="/zmaXCEFdHc3lmNY1tP+amDTNTw="></latexit>

NG(⇡1,⇡2) = max
⇡̄1

U(⇡̄1,⇡2)�min
⇡̄2

U(⇡1, ⇡̄2)

Independent, payoff-based, algorithm that provably incorporates function approximation 
in zero-sum Markov Games while having last-iterate convergence


Finite-Time Last Iterate Convergence

Theorem. Suppose there exists a pair of policies  such that the induced 
Markov Chain is irreducible and ergodic, and both agents use DQN* with linear 
function approximation then DQN* satisfies:

(π1, π2)

<latexit sha1_base64="DbVwzW+4NUOd+A95QKOpTXiFNAc="></latexit>

E [NG(⇡1,T ,⇡2,T )]  O

✓
�
T

c1(⌧)

◆
+O

✓
1

c2(⌧)K

◆
+O(⌧) + ✏approx



A Road Map 

1. Normal-form & concave games: equilibrium computation and learning in games 
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3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games


‣Takeaway: Small tweaks to the DQN algorithm allow it to have strong 
convergence guarantees in zero-sum games under linear function 
approximation.


iii.New equilibrium concepts
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How should agents learn in dynamic game theoretic settings?

‣Convergent 


‣ Independent learning  


‣ Individually Rationalizable

 


Is this too much to ask for in 
general-sum multi-agent RL?
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How should agents learn in dynamic game theoretic settings?

Is this too much to ask for in 
general-sum multi-agent RL?


‣Computational hardness of Nash eq. 
in finite games  
[Daskalakis & Papadimitriou ’09] 


‣Computational hardness of stationary 
CCE  
[Daskalakis et al. 22, Jin et al. ’22]   

‣Non-trivial dynamics from no-regret 
algorithms 
[Palaiopanos et al 2017] 


‣Curse of multi-agency  
[Bai et al. ’20]


‣ Strong conditions for dynamic programming to work in infinite-horizon MARL  
[Hu & Wellman ’03]

‣Convergent 


‣ Independent learning  


‣ Individually Rationalizable

 


Learning in Games



How should agents learn in dynamic game theoretic settings?

Today:  Tractable MARL through behavioral economics.


Laixi Shi

(Caltech)

Kishan Panaganti

(Caltech)

‣Convergent 


‣ Independent learning  


‣ Individually Rationalizable

 


Learning in Games



Today:

*The equilibria can be computed through no-regret learning on a related convex game.

We define a computationally tractable* class of equilibria for all normal form (and finite-
horizon stochastic games)  that is


 (1). independent of the underlying game structure 

(2). can recreate human-play in experimental data.



This arises from assuming:


1. Risk Aversion: Agents are risk-averse to the randomness introduced by their opponents and the 

                                environment.


            2. Bounded Rationality: Agents have a systematic failure to perfectly optimize.

                                                         (i.e., they optimize over quantal responses)


We define a computationally tractable* class of equilibria for all normal form (and finite-
horizon stochastic games)  that is


 (1). independent of the underlying game structure 

(2). can recreate human-play in experimental data.

Today:

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Warm-Up: n-player finite-action games

‣ N players

‣ Finite Action Spaces: 

‣ Each player seeks to maximize their expected payoff over mixed strategies :πi ∈ Δ(𝒜1)
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A1,A2, ...,AN
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Ui(⇡i,⇡�i) = Ea⇠⇡[Ri(a)]
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Nash Eq: Natural solution concept for individually rational agents.
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⇡⇤ is Nash if for each player i:


Warm-Up: n-player finite-action games
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⇡⇤ is Nash if for each player i:


Intractable to compute outside of highly structured games (e.g., zero-sum).           

     [Daskalakis & Papadimitriou 2008]

‣Led to focus on: correlated eq [Moulin & Vial 1978] , coarse correlated eq. [Aumann 1974], …, smoothed Nash [Daskalakis et al. 2023]

Warm-Up: n-player finite-action games
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⇡⇤ is Nash if for each player i:


Intractable to compute outside of highly structured games (e.g., zero-sum).           

     [Daskalakis & Papadimitriou 2008]

‣Led to focus on: correlated eq [Moulin & Vial 1978] , coarse correlated eq. [Aumann 1974], …, smoothed Nash [Daskalakis et al. 2023]

Computationally tractable but still have drawbacks  

(e.g., eq. selection, support on dominated strategies) 

Warm-Up: n-player finite-action games
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⇡⇤ is Nash if for each player i:


Intractable to compute outside of highly structured games (e.g., zero-sum).           

     [Daskalakis & Papadimitriou 2008]

Not predictive of human play in games

    [Selten 1975], [Myerson 1978],[Mckelvey & Palfrey 1995],[Burchardi & Pencyniski 2012], [Wright & Leighton-Brown 2013]….

‣More predictive eq. concepts based around ideas that people fail to perfectly optimize

(but often not computationally tractable in general-sum games)

Warm-Up: n-player finite-action games



A computationally tractable equilibrium concept that arises when agents have natural features of human 
decision-making:


1. Risk Aversion             2. Bounded Rationality


Beyond Nash Eq.



A computationally tractable equilibrium concept that arises when agents have natural features of human 
decision-making:


1. Risk Aversion             2. Bounded Rationality


Quantal response alone is not 
enough to recreate human-play in 
matching pennies. 


Risk-aversion is a crucial feature of 
human decision-making.

Classic finding in behavioral economics 
(e.g., [Kahneman & Tversky 1979])

Beyond Nash Eq.



Risk-adjusted Matrix Games

‣ To introduce risk-aversion into games we make use of a general class of convex risk metrics.


Convex Risk Metric: 

Generalization of the expectation  such that satisfies:ρ
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1. Monotonicity: If X  Y almost surely, then ⇢(X) � ⇢(Y ).

2. Translation Invariance: If m 2 R then ⇢(X +m) = ⇢(X)�m.

3. Convexity: For all � 2 (0, 1), ⇢(�X + (1� �)Y )  �⇢(X) + (1� �)⇢(Y ).

E.g., entropic risk, CVAR, -divergence based risk metrics, shortfall risks,…ϕ

Sign difference because 
risk is minimized



Risk-adjusted Matrix Games

‣ Assume that players are risk-averse to their opponent’s randomness in some convex risk-metric.
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Risk-adjusted Matrix Games

‣ Assume that players are risk-averse to their opponent’s randomness in some convex risk-metric.
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max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]Maximize payof

Risk level associated with playing 
pure strategy  for agent ai i
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Risk-adjusted Matrix Games

‣ Assume that players are risk-averse to their opponent’s randomness in some convex risk-metric.
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max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]Maximize payof

1. Evaluate risk associated 
with each pure strategy

2. Minimize risk

Indifferent amongst pure strategies 
that yield the same risk level.
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Risk-adjusted Matrix Games

‣ Assume that players are risk-averse to their opponent’s randomness in some convex risk-metric.
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max
⇡i2�i

Ui(⇡i,⇡�i) = max
⇡i2�i

Ea⇠⇡[Ri(a)]Maximize payof

1. Evaluate risk associated 
with each pure strategy

2. Minimize risk

Reduces to well studied risk-averse control and 
risk averse RL paradigms in single-agent settings
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‣ Assume that players are risk-averse to their opponent’s randomness in some convex risk-metric.


Risk-adjusted Matrix Games
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Minimize Action-dependent Risk

Maximize payof

Minimize Aggregate RiskMore conservative:

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Risk-averse Nash Eq: Natural solution concept for individually rational and risk-averse agents.


Risk-averse Nash equilibria
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⇡⇤ is RNE if for each player i:
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Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 �i



Risk-averse Nash equilibria
<latexit sha1_base64="QpYUZsNXfMVKsfaKwNg1qA9xVTw="></latexit>

min
⇡i2�i

fi(⇡i,⇡�i) = min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)])

Do these always exist and are they 
computationally tractable to compute?

Risk-averse Nash Eq: Natural solution concept for individually rational and risk-averse agents.


<latexit sha1_base64="3rrzjAGrOIGF0/5mPkO1yuv9o5Y=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoRUuiRV0W3bisYB/QpGEynbRDJw9mJkIJ/RA3/oobF4q4cSH4N07aILb1wOUezrmXmXvciFEhDeNbyy0tr6yu5dcLG5tb2zv67l5ThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzhTeq3HggXNAzu5Sgito/6AfUoRlJJjn7uObRkRdSh3fJJ2pNTOu6Wj6HFCPz14Izl6EWjYkwAF4mZkSLIUHf0T6sX4tgngcQMCdExjUjaCeKSYkbGBSsWJEJ4iPqko2iAfCLsZHLcGB4ppQe9kKsKJJyofzcS5Asx8l016SM5EPNeKv7ndWLpXdkJDaJYkgBPH/JiBmUI06Rgj3KCJRspgjCn6q8QDxBHWKo8CyoEc/7kRdI8q5gXlepdtVi7zuLIgwNwCErABJegBm5BHTQABo/gGbyCN+1Je9HetY/paE7LdvbBDLSvHylan4s=</latexit>

fi(⇡
⇤
i ,⇡

⇤
�i)  fi(⇡i,⇡

⇤
�i)is RNE if for each player i:


<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ <latexit sha1_base64="hLzEL+PQVSjmYVohuq/zd7J1+FY="></latexit>

Ui(⇡
⇤
i ,⇡

⇤
�i) � Ui(⇡i,⇡

⇤
�i) 8⇡i 2 �i



Theorem: Existence of risk-averse Nash eq.

If agents’ risk aversion can be captured by convex risk metrics then a risk-averse Nash 
equilibrium exists.

Agents can only be risk averse to their opponents and the environments

 (if they are risk averse to their own randomness then this result does not hold [Fiat & Papadimitriou 2010])

Risk-averse Nash equilibria
<latexit sha1_base64="QpYUZsNXfMVKsfaKwNg1qA9xVTw="></latexit>

min
⇡i2�i

fi(⇡i,⇡�i) = min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)])

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Risk-averse Nash equilibria
<latexit sha1_base64="QpYUZsNXfMVKsfaKwNg1qA9xVTw="></latexit>

min
⇡i2�i

fi(⇡i,⇡�i) = min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)])

Risk aversion isn’t enough to ensure

1. Computational tractability.

2. The equilibrium is predictive of human-play [Goeree, Holt, Palfrey. 2002], [Goeree, Holt, Palfrey 2003].

Theorem: Existence of risk-averse Nash eq.

If agents’ risk aversion can be captured by convex risk metrics then a risk-averse Nash 
equilibrium exists.



Bounded Rationality in Risk-adjusted Matrix Games

‣ To have computational tractability we optimize over quantal responses.


Quantal Response Function: a quantal response function is a continuous function  
                                                                             such that if x>y, 
σ(y) > σ(x)

<latexit sha1_base64="gIFuMbXLsK+k+dK+gtO41Za94jg=">AAACEnicbVA9SwNBEN3zM8avqKXNYhS0CXciKlZBLSyjGBVyZ5jbbJLFvb1jd04JR36DjX/FxkIRWys7/42b5Aq/Hgw83pthZl6YSGHQdT+dsfGJyanpwkxxdm5+YbG0tHxh4lQzXmexjPVVCIZLoXgdBUp+lWgOUSj5ZXhzNPAvb7k2Ilbn2Et4EEFHibZggFZqlrbWfSM6ERz4EWA3DLOz/rXyteh0EbSO76h/zCVCU603S2W34g5B/xIvJ2WSo9YsffitmKURV8gkGNPw3ASDDDQKJnm/6KeGJ8BuoMMbliqIuAmy4Ut9umGVFm3H2pZCOlS/T2QQGdOLQts5ONz89gbif14jxfZ+kAmVpMgVGy1qp5JiTAf50JbQnKHsWQJMC3srZV3QwNCmWLQheL9f/ksutivebmXndLtcPczjKJBVskY2iUf2SJWckBqpE0buySN5Ji/Og/PkvDpvo9YxJ59ZIT/gvH8BbCud8w==</latexit>

� : Rn ! �n

Canonical example is space of softmax policies:

<latexit sha1_base64="7Qze/47wMxcd6QeBS3W8UqdjRMI="></latexit>

�✏(x) =
1Pn

i=1 e
�✏xi

2

64
e�✏x1

...
e�✏xn

3

75



Bounded Rationality in Risk-adjusted Matrix Games

‣ To have computational tractability we optimize over quantal responses.


Optimize over space of quantal best responses.

<latexit sha1_base64="gEqVrHrdyYnRrelsJTU8Lk9JSvM=">AAACH3icbVDNSgMxGMz6W+tf1aOXYBEqaNkVUY9FPXisYG2hW5Zsmq0fJtklyQpl6Zt48VW8eFBEvPVtzLZ70OpAwjAzH8k3YcJBG9cdO3PzC4tLy6WV8ura+sZmZWv7TsepoqxFYx6rTkg04yBZy4DhrJMoRkTIWTt8uMz99iNTGmJ5a4YJ6wkykBABJcZKQeXUFyCDzE8gAB8k9jUMBAmg5l8xbiw5GGEfR7VJ4DC/syMYHQSVqlt3J8B/iVeQKirQDCpffj+mqWDSUE607npuYnoZUQYoZ6Oyn2qWEPpABqxrqSSC6V422W+E963Sx1Gs7JEGT9SfExkRWg9FaJOCmHs96+Xif143NdF5LwOZpIZJOn0oSjk2Mc7Lwn1QjBo+tIRQBfavmN4TRaixlZZtCd7syn/J3XHdO62f3JxUGxdFHSW0i/ZQDXnoDDXQNWqiFqLoCb2gN/TuPDuvzofzOY3OOcXMDvoFZ/wN+KSiSQ==</latexit>

min
⇡i2�i(�i)

f(⇡i,⇡�i)
<latexit sha1_base64="QpYUZsNXfMVKsfaKwNg1qA9xVTw="></latexit>

min
⇡i2�i

fi(⇡i,⇡�i) = min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)])

Quantal Response Function: a quantal response function is a continuous function  
                                                                             such that if x>y, 
σ(y) > σ(x)

<latexit sha1_base64="gIFuMbXLsK+k+dK+gtO41Za94jg=">AAACEnicbVA9SwNBEN3zM8avqKXNYhS0CXciKlZBLSyjGBVyZ5jbbJLFvb1jd04JR36DjX/FxkIRWys7/42b5Aq/Hgw83pthZl6YSGHQdT+dsfGJyanpwkxxdm5+YbG0tHxh4lQzXmexjPVVCIZLoXgdBUp+lWgOUSj5ZXhzNPAvb7k2Ilbn2Et4EEFHibZggFZqlrbWfSM6ERz4EWA3DLOz/rXyteh0EbSO76h/zCVCU603S2W34g5B/xIvJ2WSo9YsffitmKURV8gkGNPw3ASDDDQKJnm/6KeGJ8BuoMMbliqIuAmy4Ut9umGVFm3H2pZCOlS/T2QQGdOLQts5ONz89gbif14jxfZ+kAmVpMgVGy1qp5JiTAf50JbQnKHsWQJMC3srZV3QwNCmWLQheL9f/ksutivebmXndLtcPczjKJBVskY2iUf2SJWckBqpE0buySN5Ji/Og/PkvDpvo9YxJ59ZIT/gvH8BbCud8w==</latexit>

� : Rn ! �n



Bounded Rationality in Risk-adjusted Matrix Games

‣ To have computational tractability we optimize over quantal responses.


<latexit sha1_base64="QpYUZsNXfMVKsfaKwNg1qA9xVTw="></latexit>

min
⇡i2�i

fi(⇡i,⇡�i) = min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)])

Can be captured with a strictly convex regularizer

 captures an agents’ degree of bounded rationality.ϵi

<latexit sha1_base64="PLvhuR/zPmj4JFLVh3ihHru+ZQM="></latexit>

min
⇡i2�i

f ✏
i (⇡i,⇡�i) = ⇢⇡�i (E⇡i [Ri(a)]) + ✏i⌫i(⇡i)

Quantal Response Function: a quantal response function is a continuous function  
                                                                             such that if x>y, 
σ(y) > σ(x)

<latexit sha1_base64="gIFuMbXLsK+k+dK+gtO41Za94jg=">AAACEnicbVA9SwNBEN3zM8avqKXNYhS0CXciKlZBLSyjGBVyZ5jbbJLFvb1jd04JR36DjX/FxkIRWys7/42b5Aq/Hgw83pthZl6YSGHQdT+dsfGJyanpwkxxdm5+YbG0tHxh4lQzXmexjPVVCIZLoXgdBUp+lWgOUSj5ZXhzNPAvb7k2Ilbn2Et4EEFHibZggFZqlrbWfSM6ERz4EWA3DLOz/rXyteh0EbSO76h/zCVCU603S2W34g5B/xIvJ2WSo9YsffitmKURV8gkGNPw3ASDDDQKJnm/6KeGJ8BuoMMbliqIuAmy4Ut9umGVFm3H2pZCOlS/T2QQGdOLQts5ONz89gbif14jxfZ+kAmVpMgVGy1qp5JiTAf50JbQnKHsWQJMC3srZV3QwNCmWLQheL9f/ksutivebmXndLtcPczjKJBVskY2iUf2SJWckBqpE0buySN5Ji/Og/PkvDpvo9YxJ59ZIT/gvH8BbCud8w==</latexit>

� : Rn ! �n



Bounded Rationality in Risk-adjusted Matrix Games
<latexit sha1_base64="UizQ0D59XqdgnN2DGIxE33DPJhs="></latexit>

min
⇡i2�i(�i)

f ✏
i (⇡i,⇡�i) = min

⇡i2�i

⇢⇡�i (E⇡i [Ri(a)]) + ✏i⌫i(⇡i)

Risk-averse Quantal Response Eq (RQE): Natural solution concept for risk averse and 
individually boundedly rational agents.


<latexit sha1_base64="fGch9OLczDVJTCrcySeq1lpLhgM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrF7OEM9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSgSOq/XR27RSdWGWAQqlsCYNm6u+JFEdaT6LAdkbYjPSil4n/ed3EhFd+ykScGCrIfFGYcGQkyl5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqrW7WqV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/EnY6c</latexit>

⇡⇤ is RQE if for each player i:

<latexit sha1_base64="NIaX5g7F0Bx4GEGwkf1lxPJyQPw=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxC3ZREiros6sJlBXuBJoTJ9KQdOpmEmYlQSl/Aja/ixoUibt27822ctllo6w8DH/85hznnD1POlHacb2tpeWV1bb2wUdzc2t7Ztff2myrJJIUGTXgi2yFRwJmAhmaaQzuVQOKQQyscXE/qrQeQiiXiXg9T8GPSEyxilGhjBfaxFyWScI69lAUMe0xgT7FeTAJW9m6AawOngV1yKs5UeBHcHEooVz2wv7xuQrMYhKacKNVxnVT7IyI1oxzGRS9TkBI6ID3oGBQkBuWPpteM8YlxutisZZ7QeOr+nhiRWKlhHJrOmOi+mq9NzP9qnUxHl/6IiTTTIOjsoyjjWCd4Eg3uMglU86EBQiUzu2LaJ5JQbQIsmhDc+ZMXoXlWcc8r1btqqXaVx1FAh+gIlZGLLlAN3aI6aiCKHtEzekVv1pP1Yr1bH7PWJSufOUB/ZH3+AFpYmxw=</latexit>

8⇡i 2 �i(�i)

Given these definitions, we can show that a class of RQE 
is computationally tractable in all games. 

Will focus on 2-player for today 

 paper has n-player results

<latexit sha1_base64="f1ZO9ICsFdkXoUNfmASkDa3j380=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoRWsiRV0W3bisYB/QpGUynbRDJ5MwMxFK6Ge48VfcuFDEbXf+jZM2C1s9cLmHc+5l5h4vYlQqy/o2ciura+sb+c3C1vbO7p65f9CUYSwwaeCQhaLtIUkY5aShqGKkHQmCAo+Rlje6S/3WExGShvxRjSPiBmjAqU8xUlrqmRd+yYloj3bLZ2lPzumkWz6FDiMwc+CC0TOLVsWaAf4ldkaKIEO9Z06dfojjgHCFGZKyY1uRchMkFMWMTApOLEmE8AgNSEdTjgIi3WR22ASeaKUP/VDo4grO1N8bCQqkHAeengyQGsplLxX/8zqx8m/chPIoVoTj+UN+zKAKYZoS7FNBsGJjTRAWVP8V4iESCCudZUGHYC+f/Jc0Lyv2VaX6UC3WbrM48uAIHIMSsME1qIF7UAcNgMEzeAXv4MN4Md6MT+NrPpozsp1DsABj+gPs4p3T</latexit>

f(⇡⇤
i ,⇡

⇤
�i)  f(⇡i,⇡

⇤
�i)

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Computationally Tractability of RQE in Matrix Games

Risk metric can be fully defined by a penalty function D that is 
convex in its first argument.


e.g., when D is the KL divergence we recover the entropic risk


‣ Using a dual representation theorem, we can write any convex risk metric in a variational form 
[Follmer & Shied 2002] 


 captures agent i’s degree of 
risk aversion.


 yields risk-neural game


 yields security strategy 

τi

τi → 0
τi → ∞

<latexit sha1_base64="ULeh0T3FZxAQMrQN+4F1Q0fXu+c="></latexit>

min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)]) + ✏i⌫i(⇡i) = min
⇡i2�i

max
pi2��i

E⇡i,pi [Ri(a)]�
1

⌧i
D(pi,⇡�i) + ✏i⌫i(⇡i)



Computationally Tractability of RQE in Matrix Games

Risk metric can be fully defined by a penalty function D that is 
convex in its first argument.


e.g., when D is the KL divergence we recover the entropic risk


‣ Using a dual representation theorem, we can write any convex risk metric in a variational form 
[Follmer & Shied 2002] 


 captures agent i’s degree of 
risk aversion.


 yields risk-neural game


 yields security strategy 

τi

τi → 0
τi → ∞

<latexit sha1_base64="ULeh0T3FZxAQMrQN+4F1Q0fXu+c="></latexit>

min
⇡i2�i

⇢⇡�i (E⇡i [Ri(a)]) + ✏i⌫i(⇡i) = min
⇡i2�i

max
pi2��i

E⇡i,pi [Ri(a)]�
1

⌧i
D(pi,⇡�i) + ✏i⌫i(⇡i)

Interpretation: Introduce an adversary for each player that is fully adversarial but is 
penalized from deviations from the opponents strategy



Computationally Tractability of RQE in Matrix Games

This result doesn’t depend on the structure of the underlying game!

Only on players’ relative degrees of risk-aversion/bounded rationality

Theorem: Computational Tractability of RQE (2-player)


   Suppose.                         then resulting RQE can be computed using no-regret learning    

   on a related 4-player convex game.


    

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2

e.g., policy gradients, 
multiplicative weights

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Theorem: Computational Tractability of RQE (2-player)


   Suppose.                         then a resulting RQE can be computed using no-regret learning    

   on a related 4-player convex game.


    

Computationally Tractability of RQE in Matrix Games

ϵ2τ2

ϵ1τ1

RQE 
Computationally  

tractable 

Nash 

(PPAD)

∞

∞



Agents are risk-neutral.


τ, ϵ = 0

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2

general-sum game where 
approximating Nash Eq is known 

to be hard in general


Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Theorem: Computational Tractability of RQE (2-player)


   Suppose.                         then a resulting RQE can be computed using no-regret learning    

   on a related 4-player convex game.


    

Computationally Tractability of RQE in Matrix Games

ϵ2τ2

ϵ1τ1

RQE 
Computationally  

tractable 

Nash 

(PPAD)

∞

∞



Player is so risk averse they treat 

their opponent as adversarial


τ = ∞, ϵ ≥ 0

zero-sum game for agent

computationally tractable 


for any 
ϵ ≥ 0



Agents are risk-neutral.


τ, ϵ = 0

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2

general-sum game where 
approximating Nash Eq is known 

to be hard in general


Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)



Computationally Tractability of RQE in Matrix Games

<latexit sha1_base64="HGSdKpldfAPnUDjRCB+H4B8kupo="></latexit>

min
⇡22�2(�2)

E⇡2 [⇢⇡1 (R2(a))]

<latexit sha1_base64="AMvKf9h+cdQAAtmCS7PZJmxe4zc="></latexit>

min
⇡12�1(�1)

E⇡1 [⇢⇡2 (R1(a))]

Proof sketch:

‣Start with 2 player game
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Proof sketch:

‣Start with 2 player game


<latexit sha1_base64="YYchWbOnr7aZbOb5fuLGeaCECug="></latexit>

min
⇡12�1

E⇡1 [⇢⇡2 (R1(a))] = min
⇡12�1

max
p12�2

E⇡1,p1 [R1(a)]�
1

⌧1
D(p1,⇡2) + ✏1⌫(⇡1)

<latexit sha1_base64="FuTzO3m2lnk7IedT3f+FEtu2NWU="></latexit>

min
⇡22�2

E⇡2 [⇢⇡1 (R2(a))] = min
⇡22�2

max
p22�1

E⇡2,p2 [R2(a)]�
1

⌧2
D(p2,⇡1) + ✏2⌫(⇡2)

Computationally Tractability of RQE in Matrix Games
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Proof sketch:

‣Lift the game to a 4-player game by introducing adversaries for each player (who are penalized from deviations from opponents).


<latexit sha1_base64="YYchWbOnr7aZbOb5fuLGeaCECug="></latexit>

min
⇡12�1

E⇡1 [⇢⇡2 (R1(a))] = min
⇡12�1

max
p12�2

E⇡1,p1 [R1(a)]�
1

⌧1
D(p1,⇡2) + ✏1⌫(⇡1)

<latexit sha1_base64="FuTzO3m2lnk7IedT3f+FEtu2NWU="></latexit>

min
⇡22�2

E⇡2 [⇢⇡1 (R2(a))] = min
⇡22�2

max
p22�1

E⇡2,p2 [R2(a)]�
1

⌧2
D(p2,⇡1) + ✏2⌫(⇡2)

Computationally Tractability of RQE in Matrix Games

<latexit sha1_base64="Cy6QknFEKGi+CVopWo4Y2KfLd9U="></latexit>

min
⇡22�2

E⇡2,p2 [R2(a)]�
1

⌧2
D(p2,⇡1) + ✏2⌫(⇡2)

<latexit sha1_base64="6eC4Am2znjxvPioZjTGBD53tEnk="></latexit>

min
⇡12�1

E⇡1,p1 [R1(a)]�
1

⌧1
D(p1,⇡2) + ✏1⌫(⇡1)

<latexit sha1_base64="DfX27OEygvlGDzBMw89k2MFyOaw="></latexit>

min
p12�2

�E⇡1,p1 [R1(a)] +
1

⌧1
D(p1,⇡2)� ✏2⌫(⇡2)

<latexit sha1_base64="BNY5PU6C7Pf6DtyMy70Ca0MoUAE="></latexit>

min
p22�1

�E⇡2,p2 [R2(a)] +
1

⌧2
D(p2,⇡1)� ✏1⌫(⇡1)
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Proof sketch:

‣This four player game is convex and nonlinear but zero-sum.


<latexit sha1_base64="Cy6QknFEKGi+CVopWo4Y2KfLd9U="></latexit>

min
⇡22�2

E⇡2,p2 [R2(a)]�
1

⌧2
D(p2,⇡1) + ✏2⌫(⇡2)

<latexit sha1_base64="6eC4Am2znjxvPioZjTGBD53tEnk="></latexit>

min
⇡12�1

E⇡1,p1 [R1(a)]�
1

⌧1
D(p1,⇡2) + ✏1⌫(⇡1) Using convexity and concavity in opponents’ 

strategies one can show that CCE coincide with 
Nash for all parameters in the range 


independent of R1 and R2!

Computationally Tractability of RQE in Matrix Games

<latexit sha1_base64="DfX27OEygvlGDzBMw89k2MFyOaw="></latexit>

min
p12�2

�E⇡1,p1 [R1(a)] +
1

⌧1
D(p1,⇡2)� ✏2⌫(⇡2)

<latexit sha1_base64="BNY5PU6C7Pf6DtyMy70Ca0MoUAE="></latexit>

min
p22�1

�E⇡2,p2 [R2(a)] +
1

⌧2
D(p2,⇡1)� ✏1⌫(⇡1)

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2
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Computationally Tractability of RQE in Matrix Games

‣ Class is independent of reward structure (i.e., applies to all games)

‣ Arises due to the combination of risk aversion and bounded rationality. 


Similar results hold for n-player games and via dynamic 
programming in finite-horizon Markov games.

Theorem: Computational Tractability of RQE (2-player)


   Suppose.                         then a resulting RQE can be computed using no-regret learning    

   on a related 4-player convex game.


    

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2
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Computationally Tractability of RQE in Matrix Games

Does this class of RQE capture meaningful solutions? 

Or is this too restrictive an assumption?


Theorem: Computational Tractability of RQE (2-player)


   Suppose.                         then a resulting RQE can be computed using no-regret learning    

   on a related 4-player convex game.


    

<latexit sha1_base64="UDTXgccsyk2byqzBpZ6rETYwZO4=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyyiqzpTirosunFZwV6gM5RMetqGZjJDkhHK0Edw46u4caGIW5fufBvT6SDaeiDh4//PITl/EHOmtON8WUvLK6tr64WN4ubW9s6uvbffVFEiKTRoxCPZDogCzgQ0NNMc2rEEEgYcWsHoeuq37kEqFok7PY7BD8lAsD6jRBupa594ECvGDbqeJom5B4DdM/wjVzK50rVLTtnJCi+Cm0MJ5VXv2p9eL6JJCEJTTpTquE6s/ZRIzSiHSdFLFMSEjsgAOgYFCUH5abbQBB8bpYf7kTRHaJypvydSEio1DgPTGRI9VPPeVPzP6yS6f+mnTMSJBkFnD/UTjnWEp+ngHpNANR8bIFQy81dMh0QSqk2GRROCO7/yIjQrZfe8XL2tlmpXeRwFdIiO0Cly0QWqoRtURw1E0QN6Qi/o1Xq0nq03633WumTlMwfoT1kf33lOnDw=</latexit>

✏1⌧1 � 1/✏2⌧2
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Expressivity of Computationally Tractable RQE
‣ We look at experimental data on human-play in 13 games from [1] and [2].


[1] Risk averse behavior in generalized matching pennies games Goeree, Holt, Palfrey, Games and Economic Behavior, 2003
[2] Stationary concepts for experimental 2x2-games, Selten & Chmura, American Economic Review, 2008



Expressivity of Computationally Tractable RQE

‣ For each game, we show that there exists an RQE can recreate the peoples’ aggregate play 
(to within 3 decimal places).
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Finite-Horizon Risk-Averse Markov Games
‣ Finite Action Spaces: 

‣ Finite State Spaces: 

‣ Finite Horizon: H

‣ Dynamics: 

‣ Players are also risk averse to the stochastic transitions (i.e., environmental uncertainties)

P (s |s, a1, a2)

<latexit sha1_base64="2tOPbbtLi/XSwsQ/kusY/7LPY34=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZSkFHVZdeOygn1AG8JkOmmHTh7MTIQSunLjr7hxoYhbv8Gdf+OkzaK2Hhg4c8693HuPF3MmlWX9GIWV1bX1jeJmaWt7Z3fP3D9oySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3us389iMVkkXhgxrH1AnwIGQ+I1hpyTWPewFWQ4J5ej1xbXSO5v9V1yxbFWsKtEzsnJQhR8M1v3v9iCQBDRXhWMqubcXKSbFQjHA6KfUSSWNMRnhAu5qGOKDSSadnTNCpVvrIj4R+oUJTdb4jxYGU48DTldmSctHLxP+8bqL8KydlYZwoGpLZID/hSEUoywT1maBE8bEmmAimd0VkiAUmSidX0iHYiycvk1a1Yl9Uave1cv0mj6MIR3ACZ2DDJdThDhrQBAJP8AJv8G48G6/Gh/E5Ky0Yec8h/IHx9QsYSZhB</latexit>

A1,A2
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t

<latexit sha1_base64="lmKkPeinCd/b8sTRm0DW/O1AZPI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtWk/q17itF8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95VpfZQK9dv8zgKcApncAEeXEMd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w/xkI9T</latexit>a2,t

<latexit sha1_base64="Gi6mecE/6P71EAa0BiYSco2USCc="></latexit>

U1(⇡1,⇡2) = E⇡1,⇡2,P

"
HX

t=0

R1,t

#

<latexit sha1_base64="31uDZgiVqfvJt6TZw+y3p0od9G0="></latexit>

U2(⇡1,⇡2) = E⇡1,⇡2,P

"
HX

t=0

R2,t

#



Finite-Horizon Risk-Averse Markov Games
‣ Finite Action Spaces: 

‣ Finite State Spaces: 

‣ Finite Horizon: H

‣ Dynamics: 

‣ Players are also risk averse to the stochastic transitions (i.e., environmental uncertainties)

P (s |s, a1, a2)

<latexit sha1_base64="2tOPbbtLi/XSwsQ/kusY/7LPY34=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZSkFHVZdeOygn1AG8JkOmmHTh7MTIQSunLjr7hxoYhbv8Gdf+OkzaK2Hhg4c8693HuPF3MmlWX9GIWV1bX1jeJmaWt7Z3fP3D9oySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3us389iMVkkXhgxrH1AnwIGQ+I1hpyTWPewFWQ4J5ej1xbXSO5v9V1yxbFWsKtEzsnJQhR8M1v3v9iCQBDRXhWMqubcXKSbFQjHA6KfUSSWNMRnhAu5qGOKDSSadnTNCpVvrIj4R+oUJTdb4jxYGU48DTldmSctHLxP+8bqL8KydlYZwoGpLZID/hSEUoywT1maBE8bEmmAimd0VkiAUmSidX0iHYiycvk1a1Yl9Uave1cv0mj6MIR3ACZ2DDJdThDhrQBAJP8AJv8G48G6/Gh/E5Ky0Yec8h/IHx9QsYSZhB</latexit>

A1,A2
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

Assume access to a generative model

(i.e., can collect collect i.i.d samples of transitions and rewards to estimate Ri and P)

Environment
<latexit sha1_base64="BCwuRXFY1CxrVgnl+ES+CpYixTY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJN/0cp/1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xSCnGgWTfFrpZYanlI3pkHctVTTmJsjnx07JmVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzqdgQvOWXV0nrou5d1S8fLmuN2yKOMpzAKZyDB9fQgHtogg8MBDzDK7w5ynlx3p2PRWvJKWaO4Q+czx8xao7z</latexit>st

<latexit sha1_base64="FIUMeFE9kFwUoHwhVJD5XJWiokw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtU0/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcKzI9j</latexit>st+1
<latexit sha1_base64="nMF+GUWO6yujUAznt0O2DPlmVFw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWatN+5l3gtF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/wCY9S</latexit>a1,t
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Approximating RQE in Finite-Horizon Markov Games

Theorem: Approximating (non-stationary) Markov RQE in Markov Games 


    Suppose                       then a RQE can be computed in 


    

δ− poly(S, H, δ−1)∏Ai

Tractable Equilibrium Computation in Markov Games through Risk Aversion, Eric Mazumdar, Kishan Panaganti, Laixi Shi, (under submission)
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Our algorithm suffers from the curse of multi-agency!

 


Open Question: Can we overcome this? 


May be hard since the intermediate adversaries action spaces are 
essentially the size of the joint action space, which is .
∏Ai



Extensions to Finite-Horizon MARL

Blue is more risk-averse: τ2 = 0.02 Blue is less risk-averse: τ2 = 0.005
Red is risk-averse: τ1 = 0.01 Red is risk-averse:  τ1 = 0.01

Tractable Multi-Agent Reinforcement Learning through Behavioral Economics, Eric Mazumdar, Kishan Panaganti, Laixi Shi, ICLR 2025 (Oral)
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i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts
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ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts

‣Takeaway: 

‣Equilibria rooted in behavioral economics may be more amenable to learning 
than Nash and have more desirable properties than CCE.




A Road Map 

1. Normal-form & concave games: equilibrium computation and learning in games 


2. Algorithmic structures in Multi-Agent Reinforcement Learning


i.  Policy-gradient algorithms in games

ii.  Value-based algorithms


3. Further directions


i. The role of function approximation

ii. Scalable algorithms for zero-sum games

iii.New equilibrium concepts

‣Takeaway: 

‣Current Work: Showing it gives rise to a computationally feasible eq. In infinite-
horizon Markov Games (CDC 2025), and a set of MARL learning algorithms.
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Reinforcement Learning Multi-Agent Reinforcement Learning

This is fundamentally hard in general, but notions 
like non stationary CCE are feasible to learn

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.
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Reinforcement Learning Multi-Agent Reinforcement Learning

Makes proving convergence of algorithms 
particularly difficult, though timescale 

separation is a useful principle in MARL.

As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Challenges: Strategic interactions vastly complicate the task of learning



Structured non-convex optimization Structured (?) equilibrium computation 

Stationary environment Coupling between agents introduce non-stationarities in learning

Role of function approximation is clear Choosing a function class is non-trivial

Larger, more expressive function classes have 
the potential to yield better performance


(Modulo optimization/data)

Larger, more expressive function classes can 
yield worse solutions!
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As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Opportunities: Require a careful rethinking of algorithm design.

Though it is less well understood, we can build on foundations from game theory and reinforcement learning 

to explore and design new algorithmic principles.

Challenges: Strategic interactions vastly complicate the task of learning

‣Convergence of algorithms 

‣ e.g., stochastic approximation ideas [Sayin et al. 2023], [Chen et al 2024], no -regret learning [Farina et al. 2024], [Cai et al. 2024],…


‣  New equilibrium concepts 

‣ e.g., behavioral Econ ideas [Mazumdar et al 2024], robust Eq. [Lanzetti et al. 2025], smoothed analysis [Daskalakis, et al 2023],… 


‣  New formulations of Markov games 

‣ e.g., Convex Markov games [Gemp et al. 2024, 2025], Stackelberg Markov Games [Gerstgrasser et al. 2022],…


‣  Better algorithms with function approximation for zero-sum games. 

‣ e.g., surveys [Wong el at. 2022], [Gemp et al. 2022], stabilizing actor critic algorithms [Foerester et al. 2017, 2018], PPO in games [Yu et al. 2022],…



As we will see, strategic interactions can break our intuition on the behavior of learning algorithms and give 
rise to new challenges for algorithm design.

Opportunities: Require a careful rethinking of algorithm design.

Though it is less well understood, we can build on foundations from game theory and reinforcement learning 

to explore and design new algorithmic principles.

Challenges: Strategic interactions vastly complicate the task of learning

‣ robustness in Markov games

‣sim-to-real gaps

‣ incomplete information games (e.g., partially observed Markov games)

‣continuous action/state spaces

‣empirical evaluation of algorithms

‣ training LLM agents for multi-agent problems

‣exploring other game theoretic strategies 

‣  ….


Many other directions:
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Simons Institute Bootcamps on Learning in games

Great talks like Chi Jin (Princeton) overview of MARL, Costis Daskalakis (MIT) overview of Eq. Computation,…


https://simons.berkeley.edu/workshops/learning-games-boot-camp

Multi-agent reinforcement learning: A selective overview of theories and algorithms

Kaiqing Zhang, Zhuoran Yang, Tamer Başar


https://arxiv.org/pdf/1911.10635

Other Useful Resources:


Predictions, Learning, & Games

Nicolò Cesa-Bianchi & Gabor Lugosi


Book on learning in games


https://simons.berkeley.edu/workshops/learning-games-boot-camp
https://arxiv.org/pdf/1911.10635

