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Introduction: Chaos and OTOC
Butterfly Effect is the sensitivity of the system to the initial condition. 

In quantum system, the exponential growth can be captured by the out-of-time-ordered correlation (OTOC) 

Bound on Chaos [Maldacena, Shenker, Stanford, 1503.01409] 

saturated by black hole, SYK(-like) models: Maximal Chaos
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Schwarzian Action

The Schwarzian action is responsible for the saturation of the bound on chaos in SYK-like models. 

The Schwarzian action appear as 

Low Energy Effective action of maximally chaotic models (e.g. SYK-like models) 

Boundary action for 2D dilaton gravity on the nearly-AdS2 

Coadjoint orbit Diff(S1)/SL(2)
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GOAL

The contributions of Schwarzian mode to OTOCs 

assume that the contribution of the Schwarzian mode dominates 

Higher spin generalization of Schwarzian action at finite temperature 

The contribution of the higher spin Schwarzian mode to OTOC
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The Contribution of Schwarzian to OTOC
Schematically, the contribution of Schwarzian mode to OTOC 

Propagator of Schwarzian mode: In large c expansion around the saddle point, the quadratic action gives the (free) 
propagator of the Schwarzian mode 

“Coupling” to matter two point function: We expand two point functions “dressed” by Schwarzian mode (or, 
conformal transformed two point function) w.r.t. infinitesimal Schwarzian mode 

Junggi Yoon

hV (t)W (0)V (t)W (0)i
<latexit sha1_base64="cTpCO0IUJtmCix3r4+a/Zj0BIGU="></latexit>

�
<latexit sha1_base64="ZYWEWAS1gf8U5Xe43ZN4lWsoFxk="></latexit>

K I A S Imagine the Impossible

cf. [F, Haehl, M. Rozali]

Schwarzian 
mode

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>



The Contribution of Schwarzian to OTOC
Schematically, the contribution of Schwarzian mode to OTOC 

Propagator of Schwarzian mode: In large c expansion around the saddle point, the quadratic action gives the (free) 
propagator of the Schwarzian mode 

“Coupling” to matter two point function: We expand two point functions “dressed” by Schwarzian mode (or, 
conformal transformed two point function) w.r.t. infinitesimal Schwarzian mode 

Junggi Yoon

hV (t)W (0)V (t)W (0)i
<latexit sha1_base64="cTpCO0IUJtmCix3r4+a/Zj0BIGU="></latexit>

�
<latexit sha1_base64="ZYWEWAS1gf8U5Xe43ZN4lWsoFxk="></latexit>

�(⌧) = ⌧ +
1p
c
✏(⌧)

<latexit sha1_base64="c3Kp2XjMaXSJmdkSGHxtCEElxjA="></latexit>

S = cS(0) + S(2) +
1p
c
S(3) +

1

c
S(4) · · ·

<latexit sha1_base64="2bMRCl6gEbdv0WKnW20qzOSsalY=">AAASh3icrVhtb9s2EFa7t8Z7S7OP+8IuMZCgTWan3dYvAZI0wLKkRTskbQOEXkBRlMVaElWSSuMK2n/arxn2bfsnO+rFlmgnS5EJMEDc3fPc8Xh3ouwmIVe61/vr1u2PPv7k08/uLHQ+/+LLr75evLv0SolUUvaSilDIE5coFvKYvdRch+wkkYxEbsheu6MnRv/6nEnFRXysxwkbRGQYc59TokF0tnh4tEXR0W/Zam8tv18sNtdydB9lfSwAh7B6K3VG87zQPWzpaCl8tJZj6gmtzhaXexu94kGzi361WHaq58XZ3bsr2BM0jVisaUiUOu33Ej3IiNSchizv4FSxhNARGbJTWMYkYmqQFbvOURckHvKFhF+sUSFtIjISKTWOXLCMiA6UrTPCuTopIhLHaWT51/7jQcbjJNUspqV7Pw2RFsgkFnlcMqrDMSwIlRx2gGhAJKEa0t/BHvMRPpY </latexit>

S =

Z
d⌧

⇣
� c

12
Sch[�(⌧), ⌧ ]� c

24
[�0(⌧)]2

⌘

<latexit sha1_base64="TJCm4XiEZs2UW0m8cfPNnTqAGiU="></latexit>

✏
<latexit sha1_base64="JDUtuP2Ap4GUXYqSgb7y+TXvk6o="></latexit>

✏
<latexit sha1_base64="JDUtuP2Ap4GUXYqSgb7y+TXvk6o="></latexit>

K I A S Imagine the Impossible

cf. [F, Haehl, M. Rozali]

Schwarzian 
mode

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>



The Contribution of Schwarzian to OTOC
Schematically, the contribution of Schwarzian mode to OTOC 

Propagator of Schwarzian mode: In large c expansion around the saddle point, the quadratic action gives the (free) 
propagator of the Schwarzian mode 

“Coupling” to matter two point function: We expand two point functions “dressed” by Schwarzian mode (or, 
conformal transformed two point function) w.r.t. infinitesimal Schwarzian mode 

Junggi Yoon

hV (t)W (0)V (t)W (0)i
<latexit sha1_base64="cTpCO0IUJtmCix3r4+a/Zj0BIGU="></latexit>

�
<latexit sha1_base64="ZYWEWAS1gf8U5Xe43ZN4lWsoFxk="></latexit>

=<latexit sha1_base64="rEU9Ur5dzDu5zeOHVJEVczzkZSE="></latexit> +
<latexit sha1_base64="aW2Qg7RmJUhC4nOZSvdGz2M5qaA="></latexit>

+
<latexit sha1_base64="aW2Qg7RmJUhC4nOZSvdGz2M5qaA="></latexit>

+
<latexit sha1_base64="aW2Qg7RmJUhC4nOZSvdGz2M5qaA="></latexit>

�(⌧) = ⌧ +
1p
c
✏(⌧)

<latexit sha1_base64="c3Kp2XjMaXSJmdkSGHxtCEElxjA="></latexit>

S = cS(0) + S(2) +
1p
c
S(3) +

1

c
S(4) · · ·

<latexit sha1_base64="2bMRCl6gEbdv0WKnW20qzOSsalY=">AAASh3icrVhtb9s2EFa7t8Z7S7OP+8IuMZCgTWan3dYvAZI0wLKkRTskbQOEXkBRlMVaElWSSuMK2n/arxn2bfsnO+rFlmgnS5EJMEDc3fPc8Xh3ouwmIVe61/vr1u2PPv7k08/uLHQ+/+LLr75evLv0SolUUvaSilDIE5coFvKYvdRch+wkkYxEbsheu6MnRv/6nEnFRXysxwkbRGQYc59TokF0tnh4tEXR0W/Zam8tv18sNtdydB9lfSwAh7B6K3VG87zQPWzpaCl8tJZj6gmtzhaXexu94kGzi361WHaq58XZ3bsr2BM0jVisaUiUOu33Ej3IiNSchizv4FSxhNARGbJTWMYkYmqQFbvOURckHvKFhF+sUSFtIjISKTWOXLCMiA6UrTPCuTopIhLHaWT51/7jQcbjJNUspqV7Pw2RFsgkFnlcMqrDMSwIlRx2gGhAJKEa0t/BHvMRPpY </latexit>

S =

Z
d⌧

⇣
� c

12
Sch[�(⌧), ⌧ ]� c

24
[�0(⌧)]2

⌘

<latexit sha1_base64="TJCm4XiEZs2UW0m8cfPNnTqAGiU="></latexit>

✏
<latexit sha1_base64="JDUtuP2Ap4GUXYqSgb7y+TXvk6o="></latexit>

✏
<latexit sha1_base64="JDUtuP2Ap4GUXYqSgb7y+TXvk6o="></latexit>

K I A S Imagine the Impossible

cf. [F, Haehl, M. Rozali]

Schwarzian 
mode

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

V
<latexit sha1_base64="hH8BluW8dPTPxwYjkQutFfVhmRA="></latexit>

ε
ε

ε

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>

W
<latexit sha1_base64="bME2DxRYATuOK7+0EHrYbWhps1k="></latexit>



Coadjoint Orbit
General coadjoint orbit of reparametrization [E. Witten, 1988], …, [D. Stanford, E. Witten, 1703.04612]: 

Diff(S1)/SL(2):  

Diff(S1)/U(1): 

In the semi-classical analysis (large c limit), the stability condition of the quadratic action requires 

Propagator of Schwarzian mode (from quadratic action) 

Lyapunov exponent: 
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☞ maximal Lyapunov exponent
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1/C Correction to OTOC
Cubic and quartic vertices from 1/c expansion of Schwarzian action ( Diff(S1)/SL(2) ) 

1/c correction to OTOC 

In total, the contribution of order 1/c2 slows down the exponential growth of OTOC. 
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Higher Spin Generalization
[E. Perlmutter,1602.08272] evaluated Lyapunov exponent from the semi-classical WN vacuum block  

Question: How can we evaluate the Lyapunov exponent in the higher spin gravity? 

The higher spin generalization of Schwarzian action was observed long time ago. 

Two difficulties in the higher spin generalization: We don’t know the finite W transformation (for finite temperature). 

Higher spin Schwarzian action at finite temperature 

“Coupling” to matter at finite temperature 
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Finite Temperature Higher Spin Schwarzian
SL(N,C) Chern-Simons gravity with suitable boundary term, boundary condition and smoothness condition 

Asymptotic AdS solutions: smooth fluctuation around AdS, BTZ 

Quadratic boundary action of asymptotic AdS solutions fluctuating around BTZ [P. Narayan, JY, 1903.09086]. 
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“Coupling” to Higher Spin Schwarzian

Three methods to find “coupling” between matter two point function and Schwarzian mode:  

Wilson line dressed by higher spin Schwarzian mode (evaluated for the fluctuation around BTZ black hole) 

Null relations in large c limit, Ward identity 

Recursion relations among different spin cases 

Three independent methods leads to the same result for all spins. e.g. 
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Lyapunov Exponent in Higher Spin Gravity

In SL(N) Chern-Simons higher spin gravity, the OTOC behaves like 

Violation of chaos bound:  

Non-unitary of SL(N) Chern-Simons higher spin gravity (the semi-classical limit of Vasiliev hs[𝜆] higher 
spin gravity)
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Summary

    The stability condition of coadjoint orbit leads to the chaos bound.                                                                                    

    The 1/c correction slows down the exponential growth of OTOC.                                                                                      

    We developed techniques to evaluate the finite temperature higher spin Schwarzian and W transformation of        
two point function perturbatively.                                                                                                                                                      
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