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Motivation

Beautiful progress in obtaining within AAS/CFT results exact in the coupling
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' from integrability (assumed)
' from supersymmetric localization (BPS observable)

In the world-sheet string theory integrability only classically, localization not formulated.

Call for genuine 2d QFT to cover the Pnite-couplingregion.



Lattice QFT methods in AAS/CFT

Consolidated program on 4d CFT side,
subtleties with supersymmetry,
control on the perturbative region.

[Catterall, Damgaard, DeGrand, Giedt, SchaichE]
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Lattice QFT methods in AAS/CFT

Lattice 2d
f (g) Green-Schwarz string
. 4
Lattice 4d
N=4 SYM
- Y

[previous study: Roiban McKeown 2013]
Features:

' 2d: computationally cheap
' no supersymmetry (only in target space!)
' all gauge symmetries are bxed, only scalar belds

Non-trivial 2d gft with strong coupling analytically known,
Pnite-coupling (numerical) prediction.



Green-Schwarz string action in AdSs! S° + RR Rux

[Metsaev Tseytlin 1998]

Symmetries:
' global PSU(2, 2|4), local bosonic (diffeomorphism) and fermionic (! -symmetry)

' classical integrability

PSU (2,2|4)

manifest for " -model on G/H = SO(L.4)T SO

Explicitly

" #
S = g d#d" $aXHEEX' G+ H (D+ F5)%X + S I% ...

Quantized semiclassically

A

X =Xg+ X I l =g log+ —+ =+ ...
g @
Formally power-counting non-renormalizable, judicious choice of regularization

IS needed to verify UV Pniteness.



The cusp anomaly of N =4 SYM from string theory

Completely solved via integrability. [Beisert Eden Staudacher 2006]

Expectation value of a light-like cusped Wilson loop

L
| f | In —R
W [Causp]"# € @ " Tuy
AdS/CFT |
Zeasp = [DIX][DI" ¢! S Keusp +7X, ")
String partition function with OcuspO boundary conditior. /
[Giombi Ricci Roiban Tseytlin 2009]
X cusp IS the minimal surface
dz? + dx* dx' + dx dx
2 _ + _ 3 0 _ oyl iy2
dSAd|S5_ 3 X* = X% X X = X"+ IX
T
z= = xt = | K =1 L xtx' =1 Zz?
11 2" 2
ending on a null cusp, since x* x' =0 atthe boundaryz =0.




The cusp anomaly of N =4 SYM from string theory

Completely solved via integrability. [Beisert Eden Staudacher 2006]

Expectation value of a light-like cusped Wilson loop
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W [Ceusp " # € (g)

AdS/CFT |
Zeusp = [D!X]D!™ ]e! Sig (Xcusp +"X, "#) = ol leff ¢ ¢ f(g@
String partition function with OcuspO boundary conditior. /
Perturbatively
S I I # $

f(9)|g o =8¢g° 1! §g2+ 15 g*! +8# g°+ ... [Bemetal 2006]

. 3%5
', 321 K 1,
f(Qlgr =49 1! !

_ — + ... [Gubser Klebanov Polyakov 02]
4" g 16'? g2 [Frolov Tseytlin 02][Giombi et al. 2009]




The cusp anomaly of N =4 SYM from string theory

Completely solved via integrability. [Beisert Eden Staudacher 2006]

Expectation value of a light-like cusped Wilson loop
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Zeusp = [D!X]D!" ]e! Sip (Xcusp +"X, "#) = ol et ¢ g T(9)V2
String partition function with OcuspO boundary conditior. /

A lattice approach prefers expectation values
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Scusp = 9 Lecusp



Green-Schwarz string in the null cusp background

The (AdS lightcone) gauge-bxed action for 3uctuations above the null cusp is

Scusp = 9 dtdsL cusp [Giombi Ricci Roiban Tseytlin 2009]

n 0/
. # & Yo # $,
— 1 2 1 n 1 2 M 1 M | n MN ] 1 M n 1 M
Leusp = [Pex +5x[o+ S|t sX ™ oX[o+ 142V + 5327 + Hzny"i # : b+ 5 1sz 5Z

2
”#Ei! R PRI S T

N

z

A GRS 4 o
+20 LM M T g 4G D T I+ SaM i) gt A+ L e Ex

' 8bosons: x,x',zM (M =1,4446),z= zyzM:
- 8fermions: ' = (1) ,"' =("i) ,i=1,2,3,4, complex Gra8mann:
- #M are off-diagonal blocks of SO(6) Dirac matrices

- (#MN )} are the SO(6) generators

Remnant global symmetry is SO(6) ! SO(2).
Fermionic interactions at most quartic.




Lattice QFT basics

Discretize Euclidean worldsheet in a grid of lattice spacing a, size L = N a.

Ov

Fields! =!, dePned at" =(ani,an») = an.

! !
a) natural cutoff —= <py < < |

b) path integral measure [D!]= | d! . e
" v
Then L dln e Sdscr via Monte Carlo: generate an ensamble {! 1,...,! ¢ }
. : I Sz [l )
of beld conbgurations, each weighted byP[! ] = &—

) 1 # o« $ %
Ensemble average (A) = [D!|P[I JA[' |= &= 2 Alli]l+ O —==



Lattice QFT basics

Discretize Euclidean worldsheet in a grid of lattice spacing a, size L = N a.

Ov

Fields! =!, dePned at" =(ani,an») = an.

| |
a) natural cutoff —= <py < < |

b) path integral measure [D!]= | d! . C
1] ! s
Then L dln e Sdscr via Monte Carlo: generate an ensamble {! 1,...,! ¢ }
: : ' S [!il
of beld conbgurations, each weighted byP[! ] = &—
"’ # $ . %

Ensemble average (A)= [D!]P[']JA[']= & [, A[l'i]+ O L

: L Sg [ ]
GraSmann-odd Pelds are formally integrated out: P[! j]= & = > det O

' action must be guadratic in fermions

: . Introduce Pelds
' o (complex bosons)

' determinant must be dePnite positive
I

! iy N
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Lattice QFT basics

Discretize Euclidean worldsheet in a grid of lattice spacing a, size L = N a.
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Linearization



Four-fermion interactions

Linearization via Hubbard-Stratonovich transformation

exp{— g/dtds L4} N/d#d#'v' exp{ —g/dtds Laux}

TT b /Y & - H ) . . 2\
exp ! g dids ! 5 Ui f+ dLzgroNTai Ty
$ # $ # .#_ & I .|)
" D$D$M exp ! g dtds[3$2+ —2$!12+ F(Sm)2! i FSM Lzy AN 1]

' +7 bosonic auxiliary fields","M (M =1,4446)



Four-fermion interactions

Linearization via Hubbard-Stratonovich transformation

exp{— g/dtds L4} N/d#d#'v' exp{ —g/dtds Laux}

hermitian

' +7 bosonic auxiliary fields " ,"M (M =1,4446)
2 11} .
' Laux is not hermitian, e’ 2a = dx €' ax“+ibx ,b$ R.



Green-Schwarz string in the null cusp background

After linearization the Lagrangian reads (m ! P+ )

m 2 1' m 2 m 1 m
Leusp = [Pex+ EX| T 2_4!!8)(" ?X| +(1ezM + —ZM)2 + 2—4(!SZM' —zM)2
1 1
+ 5"2"' 5("M)2+ #'Op# |
where # = ($i,$i,%,%) and
" % & ,
0 iy QM g+ D2 w0 o
i : 0 "
5 0 0 | | .+ M2
OF:%'ZMM% & ZMM% x& & s _?T
1&g (p/o &22—4& lsX' ! m35 I!b/'b A 2
¢ I%&M st 3 e+ A '222l4&|v| Iox! I m¥’
1 1
Y4 Y4



Green-Schwarz string in the null cusp background

After linearization the Lagrangian reads (m ! P+ )

m 2 1: m 2 m 1 m
L = ix+ —x| + =Hex" —x| + (1M + —=Z2MY2+ Z (M —2ZM)?
cusp |1t 2 |+ Ztsxt x|+ (e )"+ (s >Z27)
+ 2"+ Z("m)P+ #TOp#
2 2
where # = ($, $;, %, %) and
11 % &M 1
; : oM m
0 ir Lig" s+ 5 25 o 0 2
7 ! 0 0 ig, Te+ M 24
OF:@iZM&Mcy?tlm& 0 22" g 1 mx® ! 'AT2 Z
7? - S - 2 .ZM % m& 24 | + S £ 2 ZM b/o | Xl&
0 |Z—3&M 'SI > |!t+A l 22_4&|\/| !SX. I m§
1 1 . ZN
A= #—"y&8MWNz ! #=—" +i =N 1, M
272 M N 27 z? t

AsA E A, Pfafban iscomplex: Pf(Og )= e? (O O )7 .



Phase problem

Even with Pf(Og ) = €' (O Of )%, vevOs can be still obtained viaeweighting:
!

D! APf(Op) e St
- D! Pf(Og)e Sl

I | 1

" D! D#DRA ¢! ¢ SUT dROROL)TaH p ity

(A) =

' | _1 i
" DI D#D#fei! ¢ SI'I! d2"#opol) dx CARIE

It gives meaningful results as long as the phase does not averages to zero.



Phase problem

number of configs
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Even with Pf(Og ) = €' (O Of )%, vevOs can be still obtained viaeweighting:
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It gives meaningful results as long as the phase does not averages to zero.
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Dedicated algorithms: active bPeld of study, no general proof of convergence.



Alternative linearization

b2 !

The phase is implicit in the linearization, like € 2a = dxe' @x*+ibx
Consider a simple SO(4) invariant four-fermion interaction [Catterall 2015]
1
Lar = Slabea " 2() " P00 " C) " 00 L A ER
11} #
where ! 8 = »anb fab = 2y 4" "9 Introducing! 3 = 2 13+ 1 cd  rewrite
#5

L = =+ 2 !ib

just exploiting the Gra8mann character of the underlying fermions.

. a c A "—é
) [2 51»4 Cabed 2 GLMZ gi j{%e’(fz ]
L ]

: %[Midd€o\bcd, (252 > 0\) L €obed €atef é
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Alternative linearization

In our case, (! M)m (1Mykn = 3=mkn e analogously rewrite

1 2 1 - :
Lrg = 2—2(#2)2 2—2(#2)2 2 £l s
il = =N g (08 n#cH L=l d

Choosing the good sign (! ), new set of 1 + 16 real auxiliary pelds

12 2 o
Laux = ?#2$+6$2+ E! iJ!$Ji + $J! $Ji Laux = Laux
Antisymmetry and " s-hermiticity (" ;"5 = 1,"¢c = ! " 5)
O = "50¢ "5, Of = ! Of

ensure positive-debnite determinant (Pf Og )2 = det O # 0, and a real Pfafban



Alternative linearization

In our case, (! M)m (1Mykn = 3=mkn e analogously rewrite

1 2 1.
Lea =1t S (#)% S@E)? S1ally]
L A Y G LN N (e T VIE O B B R AT

Choosing the good sign (! ), new set of 1 + 16 real auxiliary pelds

12 2 o
Laux = ?#2$+6$2+ E! iJ!$Ji + $J! $Ji Laux = Laux
Antisymmetry and " s-hermiticity (" ;"5 = 1,"¢c = ! " 5)
O = "50¢ "5, Of = ! Of

ensure positive-debnite determinant (Pf Og )2 = det O # 0, and a real Pfafban

.'FF
Gain in computational costs, but PfOg = + det Of.



Where are we sign-problem free?

! min 14 | ‘
" min ng=10,r=1
5 B 0g=30,r=1 ||
12 g=25,r=0
vg=50,r=0
| |
A SR
6| 7 T
T ;
4l i i :
@ & N
20 .
O | | | | | | L
0 002 004 006 008 01 012 N

Eigenvalue distribution of fermionic operators well separated from zero,
no sign problem for g! 10, where nonperturbative physics is captured.



Discretization



Guiding lines for discretization

' Lattice perturbation theory %9 continuum perturbation theory
' Preserve the symmetries of the model
' No complex phases



Guiding lines for discretization

' Lattice perturbation theory %9 continuum perturbation theory

In the continuum, the free kinetic part of the fermionic operator

| $
0 I pol (pr! iZ) Muy 0
: | L imyr M &
Kg =" -.pOlM 0 0 (p1! I2).MU g
AL (prt+ i 5)!MMuwm 0 0 I pol
0 L (P + i )L, uM | pol 0
T m21 8
gives the contribution detKg = p% + p% + T to the one-loop partition function
! " 2
@ =y o Vel | dmdpy (RS + PR+ mA)(P3+ pE+ )5+ pR)°
8.2 2 I (2' )2 (p% + p% + mTZ)S
3In2
=1 =—m°V,

3!



Guiding lines for discretization

' Lattice perturbation theory %9 continuum perturbation theory

A naive discretization py ! iau ¥ % sin(apy ) leads to fermion doublers,
l $
0 | ool (B! i3 Muy 0 )
| ol 0 0 (B! iT)! UM B
T (e i) MUy, 0 0 | Pol %
0 (B + i D)L, uM | Bl 0

spoiling UV Pniteness (effective 2d supersymmetry).




A Wilson-like fermion discretization

' Lattice perturbation theory ¥ 9 continuum perturbation theory
' Preserve SO(6), breaks U(1) # SO(2)
' No complex phases: (OY) =150 !5, (OY)T =1 OY

Add to the action a OWilson termX g + W " K YW

| . $
) W, | ol (! iZ)!Muy 0 )
KW = | Bl I W, 0 (! I%)!MUMgg
# 1 (P + i%)!MUM 0 W, | 0ol
0 L (o + i D)L, uM | Bl LW,
! -
whereW: = & @+ i Muy,|r|=1,andp, ! 2sin 4>, leads to
(1) Vo # d?p $48(sin 2 PO 4sjn 2 P1y5(sin 2 PO ygin 2 P14 M 2)2(5in 2 PO 4qin 2 P1y M)l
| = 2 S 2 7 " 8 2 §8 7 " 2
LAT 2a2 (21)2 sin2 pg+sin 2 pp + '\"4—2+4sin 4 B0 1+qsin 4 BL
"ol

'- In2
3 0 5 3N2\, 2

, cusp anomaly at strong coupling (|r|=1,M = ma.)



Simulations, continuum limit: measurements



Parameter space, continuum limit (a! 0)

|
' Two bare parameters, g = 4—' and P* | m, assume the only additional scale is a

! : 1
Fiar = Fiar .M, N M=ma, N=-

! The continuum limit must be taken along a line of constant physics: curve in {g,M , N}
where physical quantities are kept bxed asa " 0.

2 # $
m l n
Eg. mi = — 1# —+0(g
g X > TR
L°m2 = const # (Lm)?$ (NM )? = const
X - - .
' For a generic observable e I e
#q19 t $

Fiar = Fuatr (g, M,N)= F(g)+ O NI +0 e MM

Recipe: bxg, bxMN large enough, evaluate F o1 forN =6,8,10,12,16,...
Obtain F (g) extrapolatingto N " %



Measurement I: (x,x" ) correlator

From the correlator of the « bPelds

81,82
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Measurement I: (x,x') correlator
Cx(t,O) 6&03

% | | | ‘I:\L/a - 16, g—30
From the correlator of the = belds 5| % °L/a =16, g=30 ||
Ce(t:0) = > "z(t, s1)x (0, s2)# 1 |
51,52 .| % % |
2| i
X
it
1l % %H %% % % i
% 05 1 15 2 2R 2
tm x AT
m3 m2
F F 1 e Lm=4
0.5 == e e e e e — e — - PT, g. = 0.04g
4 ,o09f 0.8
0.3r ° * 0.6 l +
Courtesy of B. Basso } | - 1
o 0.2
Of5 1.I0 1j5 210 ° 0

Consistent with large g prediction, no clear signal of bending down.

No inPnite renormalization occurring.



Measurement Il: (derivative of the) cusp anomaly

V2m2

We measure ! Scusp " # f'(g). Atlarge g,

ISiar "# g Mo M 4+ Z(2N?)

guadratic divergences appear, withc = n,,s =8+ 17 =25

'Siar °
oz TIing 8o & =100
28|
261 ) g=70
/9
24 o= g=60
/,@/ - //* g:50
22|
S g=140
20} 9 _//E/:/// > 0g=30
o T -7 L g=2
=2 e - e g >
18 7T T .. 9=20
6@'/.‘(:://%"/ B’,//::/,Z/”/,:—V’ -7 g:15
P S S
1635 ﬁ::‘z, ST - ---=% 9:10
v~ #___#_$#/—-—-ﬁ"'#
O . ._._._..309=5
gg--—-p---§o-ooTTE T \ \ | | | _1
14 *
0O 02 04 06 08 1 12 14 16 18 2 N 2
L 2 aa 2
" 1
| | = . .
Indeed, !S" = $ 5 I|?1é and Z %! , . (det gO) 2, so for each bosonic species
(2N ?)

there is a factor % g ~ 2

. In lattice codes, coupling omitted from fermionic part.



Measurement Il: (derivative of the) cusp anomaly

2
We measure !Scusp" # ¢ VZ;‘ f’(g). At Pbniteg,

2 2
Suar’# N (@) + S EN)

3 ‘_5L‘_4‘ C 27—
Dg_  EM = 2 o Lm — 4
0g=10,Lm =4 Py
] % g=20,Lm =4 65| |~~~ 1. fit, g >=
~ 25 vg= 30, Im =4 o quad_ ﬁt, g >= 10
& ~g=50,Lm =4
% % >Qg = 100,Lm =4 12.6 |
¥ 5| g=30,Lm =6 |
= 12.55 |- |
| s i L.
g 15 - % | 125 _"'-'igtl- ‘.‘-§~-_. o
- : i 12.45 | -
03 @
1 @ [ ¥ ¥ 3 |
| | | | | | | | | 12.4 |Q I T A |
O 002 004 006 008 01 012 014 01 S & N
1/N \/\\’\\ \\ \\ ,\/\

In continuum, existing power divergences are set to zero (dim. reg.)
Here, expected mixing of the Lagrangian with lower dimension operator

O (sNr= >, Z1 0 ((x), zp 1 1 (B8IO D g3 (DE1on]
| [0, |# D

Q|



Measurement |l (derivative of the) cusp anomaly

To compare, assume g = ! gc: then fromf'(g) = f ' (gc)c is gc = 0.04g.

fO(g)/4

—BES, ¢.=0.04 g
-------- PT, g.=0.04 g
—eo—-LM =4
—eo—Lm =6

0.2

O \ \ \ \ \ \ \ \ \
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In progress with L. Bianchi, B. Leder, R. Roiban, E. Vescovi

» The relation among gc and g may be non-trivial. Then the cusp may be “declaredOO !
as the coupling, and e.g. mass measurements plotted against it.

f'(de) 1o

4
1.0} S
o
0.8} ¢
([ J
0.6}
04 °
0.2} ¢
[ J
| | | ‘ — m(Qc
0.2 04 0.6 0.8 1.0 (g )

» We are observing an unexpected splitting in the fermionic masses (m% = %)
related to the U (1) -breaking of the discretization.
The corresponding Ward identity may be used as renormalization condition,
a single tuning is expected.

» We are extending our simulationstog! 5.



On the CFT side

Strong sign problem at strong coupling (! ! 1), one tuning.

The control is in the perturbative region (matching with NNLO).

Courtesy of David Schaich

Coupling dependence of Coulomb coefbcient

0.2

. . N =4 SYM, U(N)
Fit V(r) to Coulombic 13 x 24
or conbning form  o1s | PRELIMINARY %
V(r)= A! C/r ¢ o1l g
. -7 - Imin = 7
— 0 - UQ2), L =8 —¢—
V()= Al C/lr+!r - e R
G A C e e
. . P , L= —B—
C I1s Coulomb coefbcient e £ UQ). L =16 —o—
] ) _ -7 | | NNLO pelrturb. - - -
| is string tension 5 03 | s )
/llat / \/g

V(r) is Coulombic at all " :
bts to conPning form produce vanishing string tension

C for U(4) in good agreement with perturbation theory for" <3/ 5

U(2) and U(3) results less stable N working on further improvements

y

David Schaich (Bern) Lattice N' = 4 SYM Strings 2017, 29 June 8/13



Conclusions

» | presented a study of lattice field theory methods for gauge-bPxedstring ! -models
relevant in AAS/CFT: address ab initio, non-perturbative calculations within them.

' The model — GS string on GKP vacuum — is amenable to study
using standard techniques (Wilson-like fermion discretizations, RHMC algorithm).

' We observe good agreement with expectation at large g,
and indications of non-perturbative physics;

Ongoing work on several open guestions, which include the proper continuum limit.

»  Future: different backgrounds/gauge-bPxing/observables. ..

» Non-perturbative definition of string theory?
For sure, suitable framework for first principle statements (proofs of AAS/CFT)
and (potentially) very efficient tool in numerical holography.



Thanks for your attention.
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Boundary conditions

Fluctuations must vanish at the AdS boundary (two sides of the grid)
Xt=!" ,8)=0=X(t,s =+")

and be free to Ructuate elsewhere. Field redebnitions adopted in the continuum lead to
exotic (unstable) boundary conditions.

So far we used periodic BC for all the belds (antiperiodic temporal BC for fermions).

and evaluated bnite volume effects# e=™mL $ e M N,
7.75 —

o Im=14
7T7Hl o Lm=6
--- lin. fit, g >= 50
Most run are doneat MN =4 (e=* %0.02), 70 [ awdfitg>=10
[ ]
some at MN =6 (e~ % % 0.002). o O
Appear to play a role only in evaluating 755
the coefbcient of divergences. [C R TR S
7.45
e S %
,\/\NQ\@ \\% \Q \/\\ \/\




A remark on numerics

The most difbcult part of the algorithm is theinversion of the fermionic matrix
!
' ! L,
IPfOp|! (detO_.Of)z !  did@e 9% 20 O0F) ¢
The RHMC (Rational Hybrid Montecarlo) uses a rational approximation
np

B(O.OF) s1="¢B + B |
=1 Op Or *+ #

with " ; and #; tuned by the range of eigenvalues of Of .

1

Debnings; !
OF OfF + #;

l one solves

(O O + #j)si =1, 1 =1,...,P.

with a (multi-shift conjugate) solver for which

1

number of iterations " $_ -

In our case the spectrum of O has very small eigenvalues.

And: 10;
By

OfF =




Alternative linearization

I 5-hermiticity and antisymmetry hold now for the full operator (including aux. pelds)
O = !50¢ !s, Of =! Of

Pfafpan isreal, (Pf Og )2 = det O " 0, but not positive debnite, PfOr = + det Of .

Gain in computational costs: for large values of N (Pner lattices) the algorithm
for evaluating complex determinants is very inefpcient. Now just a sign Rip.
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where w = +1, and v/det O = (det O}; Op)i.

&
det O

In simpler models with four-fermion interactions, similar manipulations
ensure a debnite positive Pfafban. There real, antisymmetric operator
with doubly degenerate eigenvalues: quartets (ia,ia, ! ia, ! 1a) ,a" R.

[Catterall 2016, Catterall and Schaich 2016]



Spectrum of Of

From I's-hermiticity and antisymmetry,

73()\) = det(OF
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Spectrum characterized by quartets {! ,!

det O =

IS

4

I A1) = det(T's (O ! A1) D)
— det(O1, + A1) = det(Op + A*1)*

= P(I A*)*

RIS

Pf(OF) ==  |1i[°

Choosing a starting conbguration with positive Pfafban, no sign change possible.



Spectrum of Of

From I's-hermiticity and antisymmetry,

73()\) = det(OF ! )\1) = det(F5 (OF ! )\1) F5)
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For! = + !' no four-fold property: due to zero crossings, Pfafban may change sign.

= det(OL, + A1) = det(Op + A*1)* = P(! A*)*

Purely imaginary eigenvalues correspond to Yukawa-terms, even those present

In the original Lagrangian: no “suitable enough” choice of auxiliary fields.



Previous study

[McKeown Roiban, arXiv: 1308.4875]
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Parameters of the simulations

g T/a! L/a Lm am 1S 1mx statistics [MDU]
5 16! 8 4 050000 0.8 22 900
20! 10 4 0.40000 09 26 900
24! 12 4 033333 0.7 46 900,1000
32! 16 4 0.25000 0.7 4.4 850,1000
48! 24 4 0.16667 1.1 3.0 92,265
10 16! 8 4 050000 09 21 1000
20! 10 4 040000 09 21 1000
24! 12 4 033333 10 25 1000,1000
32! 16 4 0.25000 10 27 900,1000
48! 24 4 0.16667 1.1 3.9 594,564
20 16! 8 4 050000 54 19 1000
20! 10 4 040000 99 18 1000
24! 12 4 033333 44 20 850
32! 16 4 025000 74 23 850,1000
48! 24 4 0.16667 84 3.6 264,580
30 20! 10 6 0.60000 1.3 29 950
24! 12 6 050000 13 24 950
32! 16 6 037500 1.7 23 975
481 24 6 025000 15 23 533,652
16! 8 4 050000 14 19 1000
20! 10 4 0.40000 12 27 950
24! 12 4 033333 12 21 900
32! 16 4 025000 13 18 900,1000
48! 24 4 0.16667 1.3 4.3 150
50 16! 8 4 050000 11 1.8 1000
20! 10 4 040000 12 18 1000
24! 12 4 033333 08 20 1000
32! 16 4 025000 13 20 900,1000
48! 24 4 0.16667 12 23 412
100 le! 8 4 050000 14 27 1000
20! 10 4 040000 14 42 1000
24! 12 4 033333 13 138 1000
32! 16 4 0.25000 13 20 950,1000
48! 24 4 0.16667 14 24 541

Table 1: Parameters of the simulations: the couplingg, the temporal (T) and spatial (L)
extent of the lattice in units of the lattice spacing a, the line of constant physics Pxed byLm
and the mass parameteM = am. The size of the statistics after thermalization is given in the
last column in terms of Molecular Dynamic Units (MDU), which equals an HMC trajectory
of length one. In the case of multiple replica the statistics for each replica is given separately.
The auto-correlation times ! of our main observablesmy and S are also given in the same
units.



Measurement |l: (derivative of the) cusp anomaly

We proceed subtracting the continuum extrapolation of 5 multiplied by N 2:
divergences appear to be completely subtracted, confirming their quadratic nature.
Errors are small, and do not diverge for N !'"

Flatness of data points indicates very small lattice artifacts.
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We can thus extrapolate at infinite N to show the continuum limit.



