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Punch-line and an highlight
• In AdS5, string amplitudes with complex topologies can be cut into rectangular, pentagonal or 

hexagonal patches which can be Bootstrapped using Integrability at any ’t Hooft coupling. 


• Amplitudes are given as infinite sums and integrals arising from stitching back these patches. 


• Sometimes we can re-sum (part of) these sums/integrals (often finding hints of yet to be 
understood structures). 


• Comparisons with weak and strong coupling computations work (so far) and they are key in 
developing new integrability tools themselves. "Shut up, calculate and contemplate"

[…, Komatsu, Fleury “Hexagonalization of Correlation Functions” 1611.05577, …] 

(Freddy Cachazo’s addition) 



Outline

• 2D and Integrability


• Spectrum (i.e. cylinder)


• Beyond the Spectrum (i.e. other topologies)


• Open problems
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• Strings are two dimensional.


• 4D large N gauge theories are also string theories when properly thought of.


• Correlation functions of n single trace operators = n closed strings


• Flux tubes = open strings

Start in 2D



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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A Zoo of 2D Possibilities

Disk with Null Polygonal Boundary  
[Alday, Maldacena 2007,…]

Disk with Circular Boundary  
[Giombi, Roiban, Tseytlin 2017]

Sphere with Four Punctures  
and one Handle 

Strings on AdS5 � S5

IIB superstrings on the curved AdS5 ⇥ S5 superspace

�⇤ ⇥ ⇥ fermi

Coset space

AdS5 ⇥ S5 ⇥ fermi =
PSU(2, 2|4)

Sp(1, 1)⇥ Sp(2)
.

Sigma model action on a cyclinder (Green-Schwarz superstring) [Metsaev
Tseytlin]
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Cylinder 
[Beisert et al review 2009]

Pair of pants
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Sphere with Four Punctures  



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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IIB superstrings on the curved AdS5 ⇥ S5 superspace
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Standard 2D QFT 
(in finite volume)

2D QFT 
on funny 

topologies



Integrability

Pinitial = {p1, p2, p3}

Integrability 
Smoking Gun

Generic case

Oliver: So Walter, roughly speaking what 
are the chances that the world is going to be 
destroyed?
Walter: It is 50%. If you have something that 
can happen and something that won’t 
necessarily happen, its gonna either happen 
or not happen and so the best is 1 in 2…
Oliver: I’m not sure that’s how probability 
works Walter…

[BHs at the LHC]

Pfinal =

8
>>>><

>>>>:

{p01, p02, p03} = {p1, p2, p3}

or

something else



ei�Q3

Integrability

In 2D Q1 =
�

pj , Q2 =
�

p2
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�
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Integrability : If ⇥Q3 =
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Integrable Spin Chains at Weak Coupling, 
	 	 Integrable Classical Ripples at Strong Coupling

Integrable Spin Chain 
[Minahan, Zarembo; Beisert, Staudacher]

Integrable Classical String
[Benna, Polchinski, Roiban]

composite operator in the gauge theory:

dual string state:

p

=

Integrability persists at any coupling 
(true but not proved)

N=4 SYM



Unusual and rich 2D particle theory

Half Spin-Chain Magnon,  
Half Relativistic Particle

E(p) =

r
1 + 16g2 sin2

p

2

{p,E(p)}

S(p0, p)

{p0, E(p0)}



Rapidity u

S(u, v)

8
>>>>>><

>>>>>>:

e

ip(u) = x(u+i/2)
x(u�i/2)

E(u) = 2ig
x(u+i/2) �

2ig
x(u�i/2)

x(u) =
u+

p
u

2�4g2

2g

, E(p) =

r
1 + 16g2 sin2

p

2

Analogue of usual hyperbolic rapidity
8
<

:

p(✓) = m sinh(✓)

E(✓) = m cosh(✓)
, E(p) =

p
m2

+ p2

u v

Crossing particle into anti-
particle is a path in u: 

A mirror transformation - or 
Wick rotation - is half that. 

Both are non-perturbative

Crossing here is just translation of rapidity by ip. 
A mirror transformation - or Wick rotation - is half that.



The Planar Spectrum of a Gauge Theory



Quantum Spectral Curve [Gromov, Kazakov, Leurent, Volin]



Cute spectrum plots

[Gromov, Levkovich-Maslyuuk, Sizov, 2015] [Gromov, Kazakov, Korchemsky, Negro, Sizov 2017]

N=4 SYM with extreme imaginary twists  
[Gurdogan, Kazakov 2015]



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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Strings on AdS5 � S5

IIB superstrings on the curved AdS5 ⇥ S5 superspace

�⇤ ⇥ ⇥ fermi

Coset space

AdS5 ⇥ S5 ⇥ fermi =
PSU(2, 2|4)

Sp(1, 1)⇥ Sp(2)
.

Sigma model action on a cyclinder (Green-Schwarz superstring) [Metsaev
Tseytlin]
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[Beisert et al review 2009]
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The Spectrum

... with hindsight, the 
spectrum was in The Book.  

(The Bethe ansatz story; the more sophisticated 
quantum spectral curve story is definitely new) 

The rest is less obvious as it 
involves dealing with 
Integrable theories on spaces 
of various topologies.

Bethe Ansatz   

 For Dummies



Same wonderful ‘t Hooft world-sheet fabric 
tailored into different topologies

As such, we should be able to tame any physical observable with 
a good large N limit - as well as any 1/N correction to it.



What can we do?
• Local operators are not the most natural thing in a string theory. After all, in 

quantum gravity (2d word-sheet gravity in this case) we have no local 
observables. We have S-matrices. They were key in the spectrum solution.

past

future

rightleft
S



Creative Patchwork

Spoiler: 
Pentagons control scattering amplitudes and Wilson loops.  
Hexagons govern correlation functions. 

Pentagon 
transition 
amplitude

[“Form factors of branch-point twist fields in quantum 
integrable models and entanglement entropy”,  

Cardy, Castro-Alvaredo, Doyon, 2007]
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N=4 SYM one can bootstrap two cases:

[Bereinstein, Maldacena, Nastase]  
BMN Vacuum

[Gubser, Klebanov, Polyakov]  
GKP Vacuum

Mirror BMN Vacuum

Tr(ZJ)

Tr(ZDSZ)

[Basso, Komatsu, PV]

[Basso, Sever, PV]

Increase  
spin,  

decrease  
R-charge 

Global AdS:



Fundamental relation

= S(u, v)

= S(u, v)

Usual Watson equation 

Mysterious  
Fundamental Relation 

(Holds both for the GKP pentagons and for the BMN hexagons) 
Why? 

No idea



Null Wilson Loops and Scattering Amplitudes

In planar N=4 SYM 
WL = Scattering Amplitudes

k1

k2

k1

k2

=
[Alday, Maldacena; Drummond, Korchemsky, Sokatchev; 
Brandhuber, Heslop, Travaglini; Drummond, Henn, Korchemsky, 
Sokatchev; Berkovits, Maldacena]

= 1 + + · · · + q q̄=



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of

5

Amplitudes  = Sum over Flux Tube states 
                      = Open String Partition Function

Basic idea 
1. Use the spectrum to describe the propagation 
2. Tesselate the flux tube world-sheet as quilt to 

tame the null polygonal geometry

q q̄

X

 



4D Amplitudes as 2D Flux Tube Gas
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[Caron-Huot;Mason,Skinner]

Tree Level Example

7
1

2

3

4
5

6
g2

(x� y)2

Z(x)

Z̄(y)

1
gh7 1i

1
gh4 5i

=
1

h7 1i(x� y)2h4 5iR(7145)
tree =

(11)

where we use blue and red colors to indicate the two conjugate field insertions. It could hardly
be simpler. The final expression can be written in terms of four-component momentum
twistors, which are briefly reviewed in appendix A. We get

R(7145)
tree =

1

h7, 1, 4, 5i , (12)

where the bracket in the denominator stands for the determinant of the four momentum
twistors. The result is now manifestly conformally invariant, since conformal transformations
act linearly as SL(4) transformations on the twistors.

To make contact with the pentagon decomposition (1), we should express the result (12)
in terms of the OPE variables {�i, ⌧i,�i}. The procedure, which was previously explained
in [3, 30, 32], goes as follows. The heptagon is composed from a sequence of four squares:

{⌧1, �1,�1}

{⌧2, �2,�2}

Top square

Bottom square

1st middle square

2nd middle square

(13)

It has in particular two middle squares, each of which has three conformal symmetries.
These play an important role in the OPE approach since they allow us to parametrize all
conformally inequivalent heptagons by acting with the symmetries of the middle squares on
the twistors (i.e., on the cusps) located to their bottom. The corresponding six parameters,
{⌧1, �1,�1} and {⌧2, �2,�2}, are the six independent conformal cross ratios of an heptagon.
The whole construction can be made very explicit by using a particular choice of momentum
twistors, as done in (158) in appendix C. Using these twistors, the determinant in (12) is now
expressed in terms of our OPE parameters. To single out the single-particle contribution in

8

From your favorite tree-level 
generator: BCFW, Nima’s 
form whatever…
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(1), which is the one of interest here, we then expand at large ⌧1 and ⌧2. This step has a
clear geometrical interpretation and corresponds to the collinear limit where the bottom and
top squares are being flattened. We find

R(7145)
tree = e�⌧

1

�⌧
2 ⇥ 1

e�1

��
2 + e�2

��
1 + e�1

+�
2

+ · · · =

⌧1 ! 1

⌧2 ! 1

�1

�2

(14)

Finally, to decompose (14) into energy eigenstates, we go to Fourier space

R(7145)
tree = e�⌧

1

�⌧
2

Z
dp1 dp2
(2⇡)2

eip1�1

+ip
2

�
2f(p1, p2) + . . . (15)

where the integration contours are slightly shifted in the upper-half planes, and read that

f(p1, p2) =
1

4
�

✓
1

2
+

ip1
2

◆
�

✓
� ip1

2
� ip2

2

◆
�

✓
1

2
+

ip2
2

◆
. (16)

As explained in [3] – and in much detail in this paper – this integrand should be identified
with the product

f(p1, p2) = P⇤(0|p1)µ(p1)P (�p1|p2)µ(p2)P⇤(�p2|0) (17)

of pentagon transitions P and square measures µ. Most of them drop out from the ratio
f(�p1, p2)/f(�p2, p1) leaving

P (p1|p2)
P (p2|p1)

=
�(1

2
� ip

1

2
)�(1

2
+ ip

2

2
)�( ip1

2
� ip

2

2
)

�(1
2
+ ip

1

2
)�(1

2
� ip

2

2
)�( ip2

2
� ip

1

2
)
, (18)

and revealing the sought-after relation with the scalar flux-tube S-matrix (10).

This concludes our illustration of the fundamental relation (3) for the scalar pentagon
transition. We stress again that the computations of the left and right hand sides in (3)
are very di↵erent. The left hand side in (18) is obtained by Fourier transforming a tree-level

propagator while the right hand side comes from diagonalizing a one-loop Hamiltonian. Still,
and remarkably enough, these two distinct computations yield the same result at the end.
When writing (3) we explicitly assume that the phenomenon will persist at any loop order,
such that at l loops, for instance, the same NMHV component as above will compute the
scalar flux-tube S-matrix coming from the l+ 1 loops light-ray Hamiltonian. The main goal
of the paper is to provide evidence for the validity of the fundamental relation at higher
loops for both scalar and gluonic transitions.

9

Express it using the 
OPE coordinates
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are very di↵erent. The left hand side in (18) is obtained by Fourier transforming a tree-level

propagator while the right hand side comes from diagonalizing a one-loop Hamiltonian. Still,
and remarkably enough, these two distinct computations yield the same result at the end.
When writing (3) we explicitly assume that the phenomenon will persist at any loop order,
such that at l loops, for instance, the same NMHV component as above will compute the
scalar flux-tube S-matrix coming from the l+ 1 loops light-ray Hamiltonian. The main goal
of the paper is to provide evidence for the validity of the fundamental relation at higher
loops for both scalar and gluonic transitions.
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where we use blue and red colors to indicate the two conjugate field insertions. It could hardly
be simpler. The final expression can be written in terms of four-component momentum
twistors, which are briefly reviewed in appendix A. We get

R(7145)
tree =

1

h7, 1, 4, 5i , (12)

where the bracket in the denominator stands for the determinant of the four momentum
twistors. The result is now manifestly conformally invariant, since conformal transformations
act linearly as SL(4) transformations on the twistors.

To make contact with the pentagon decomposition (1), we should express the result (12)
in terms of the OPE variables {�i, ⌧i,�i}. The procedure, which was previously explained
in [3, 30, 32], goes as follows. The heptagon is composed from a sequence of four squares:

{⌧1, �1,�1}

{⌧2, �2,�2}

Top square

Bottom square

1st middle square

2nd middle square

(13)

It has in particular two middle squares, each of which has three conformal symmetries.
These play an important role in the OPE approach since they allow us to parametrize all
conformally inequivalent heptagons by acting with the symmetries of the middle squares on
the twistors (i.e., on the cusps) located to their bottom. The corresponding six parameters,
{⌧1, �1,�1} and {⌧2, �2,�2}, are the six independent conformal cross ratios of an heptagon.
The whole construction can be made very explicit by using a particular choice of momentum
twistors, as done in (158) in appendix C. Using these twistors, the determinant in (12) is now
expressed in terms of our OPE parameters. To single out the single-particle contribution in
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(1), which is the one of interest here, we then expand at large ⌧1 and ⌧2. This step has a
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Finally, to decompose (14) into energy eigenstates, we go to Fourier space

R(7145)
tree = e�⌧

1

�⌧
2

Z
dp1 dp2
(2⇡)2

eip1�1

+ip
2

�
2f(p1, p2) + . . . (15)

where the integration contours are slightly shifted in the upper-half planes, and read that

f(p1, p2) =
1

4
�

✓
1

2
+

ip1
2

◆
�

✓
� ip1

2
� ip2

2

◆
�

✓
1

2
+

ip2
2

◆
. (16)

As explained in [3] – and in much detail in this paper – this integrand should be identified
with the product

f(p1, p2) = P⇤(0|p1)µ(p1)P (�p1|p2)µ(p2)P⇤(�p2|0) (17)

of pentagon transitions P and square measures µ. Most of them drop out from the ratio
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and revealing the sought-after relation with the scalar flux-tube S-matrix (10).

This concludes our illustration of the fundamental relation (3) for the scalar pentagon
transition. We stress again that the computations of the left and right hand sides in (3)
are very di↵erent. The left hand side in (18) is obtained by Fourier transforming a tree-level

propagator while the right hand side comes from diagonalizing a one-loop Hamiltonian. Still,
and remarkably enough, these two distinct computations yield the same result at the end.
When writing (3) we explicitly assume that the phenomenon will persist at any loop order,
such that at l loops, for instance, the same NMHV component as above will compute the
scalar flux-tube S-matrix coming from the l+ 1 loops light-ray Hamiltonian. The main goal
of the paper is to provide evidence for the validity of the fundamental relation at higher
loops for both scalar and gluonic transitions.
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and revealing the sought-after relation with the scalar flux-tube S-matrix (10).

This concludes our illustration of the fundamental relation (3) for the scalar pentagon
transition. We stress again that the computations of the left and right hand sides in (3)
are very di↵erent. The left hand side in (18) is obtained by Fourier transforming a tree-level

propagator while the right hand side comes from diagonalizing a one-loop Hamiltonian. Still,
and remarkably enough, these two distinct computations yield the same result at the end.
When writing (3) we explicitly assume that the phenomenon will persist at any loop order,
such that at l loops, for instance, the same NMHV component as above will compute the
scalar flux-tube S-matrix coming from the l+ 1 loops light-ray Hamiltonian. The main goal
of the paper is to provide evidence for the validity of the fundamental relation at higher
loops for both scalar and gluonic transitions.
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Table 1: Hexagon WL W as ⌧ ! 1, � ! �1 and g ! 0. It is trivial to expand the functions A,B, C to any power in g. In this limit
we can easily compute the OPE integrals by residues; the ones closest to the real line dominate as � ! �1 (the dots stand for O(e3�)
coming from subleading residues). The contribution e

�⌧±i�A corresponds to the propagation of a single gluon with helicity ±1 and was
studied in [3,4]. The contribution e

�2⌧±2i�B describes the propagation of states with total twist 2 and total helicity ±2. These can either
be a bound-state of two gluons or a state with a pair of gluons of the same helicity. The latter start showing only at very high loop order
in perturbation theory (at four loops) in the terms indicated in bold. Finally, the contribution e

�2⌧C describes the propagation of states of
twist 2 and zero helicity. These can be a singlet pair of scalars or fermions or gluons with zero total R-charge and helicity. All these three
contributions start appearing at two loops as indicated in bold. The two fermions can also produce an e↵ective particle, commonly denoted
as F

+� that contributes already at leading order at one loop. The terms in C which are not bold-face are captured by this excitation.
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Weak Coupling @ many loops

This data was used intensively by Dixon et al in the so called Hexagon program  
[Dixon,Drummond,Henn],[Dixon,Duhr,Pennington,Von Hippel],[Dixon, Drummond, Duhr,Pennington],[Dixon,Von Hippel],…

With some Steinmann technology, this is no longer needed (up to 5 loops)! Integrability derivation?

[Caron-Huot,Dixon,Von Hippel 2017]
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Table 1: Hexagon WL W as ⌧ ! 1, � ! �1 and g ! 0. It is trivial to expand the functions A,B, C to any power in g. In this limit
we can easily compute the OPE integrals by residues; the ones closest to the real line dominate as � ! �1 (the dots stand for O(e3�)
coming from subleading residues). The contribution e

�⌧±i�A corresponds to the propagation of a single gluon with helicity ±1 and was
studied in [3,4]. The contribution e

�2⌧±2i�B describes the propagation of states with total twist 2 and total helicity ±2. These can either
be a bound-state of two gluons or a state with a pair of gluons of the same helicity. The latter start showing only at very high loop order
in perturbation theory (at four loops) in the terms indicated in bold. Finally, the contribution e

�2⌧C describes the propagation of states of
twist 2 and zero helicity. These can be a singlet pair of scalars or fermions or gluons with zero total R-charge and helicity. All these three
contributions start appearing at two loops as indicated in bold. The two fermions can also produce an e↵ective particle, commonly denoted
as F

+� that contributes already at leading order at one loop. The terms in C which are not bold-face are captured by this excitation.
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Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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loop ratio W , except for the most interesting one, the so-called Yang-Yang functional. It is
therefore against the latter quantity, henceforth denoted Y Yc, that we should compare all
our predictions.

For generic kinematics, i.e., choice of cross ratios, the Yang-Yang functional is given in
terms of the solution to the TBA equations for the minimal surface, whose explicit form is
not known analytically. Nonetheless, one can straightforwardly derive closed expression at
large ⌧ , or more generally at any order in the collinear limit expansion, as explained in [1].
One easily obtains, for instance, the first few terms of the development, that read
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We immediately recognize, in the first line, the contribution (56) from the gluons, hence
confirming the agreement with string theory.

String theory also provides us with a simple geometrical understanding for both terms in
(57). The first line describes the contribution of the two AdS string modes of mass

p
2 which

appear in the semi-classical quantization of the GKP string [31]. These modes can be viewed
as the quantum fluctuations polarized along the two AdS5 directions that are orthogonal to
the AdS3 subspace in which the classical string is moving. The last term in (57) pertains to
the third AdS string mode, a particle of mass 2 associated to fluctuations inside the AdS3

subspace. There are of course other string modes – with polarizations in the sphere or along
the fermionic directions – but these are not relevant classically for the minimal surface of
interest. The latter is living purely inside AdS and thus only the three AdS modes show up
in (57). At the end of this section, we shall point out, using our OPE series, that the sphere
is not that irrelevant, even classically.

For the moment, we note that we have a puzzle. We claimed earlier that the only
single particle states contributing were those corresponding to the two gluonic excitations F
and F̄ . However, at strong coupling, we ought to find a third mode, with mass 2, if we are
to reproduce (57). The problem is that there is no fundamental excitation whose mass goes
to 2 at strong coupling. The main purpose of this section is to explain how this third mode
emerges in the OPE context. We shall find it as an SU(4)-singlet compound state of two
fermions and we will show that its contribution perfectly reproduces the last term in (57).

With this in mind, we turn our attention to the twist-two contribution (40) and its several
terms. Given our discussion, we shall focus first on the two-fermion contribution W  ̄.

The strong coupling analysis of this term di↵ers slightly from the weak coupling one.
At strong coupling, we do not want to use the partition of the contour of integration as
presented in figure 6. Instead, we want to get back to the one drawn in 5, for a reason
that will become clear shortly. We thus divide the contour into two new pieces: one running
along (�1,�2g)[(2g,1) on the large sheet and the other one along Cstrong ⌘ (1� i✏, 2g)[
(�2g,�1� i✏) on the small sheet, see figure 10. The important point is that the fermionic
excitation looks very di↵erent on each one of these branches, as illustrated in figure 11. In

28

 
[Alday,Maldacena] (4pt),                                   Area 
[Alday,Maldacena] (special case of 8pt), 
[Alday,Gaiotto,Maldacena] (6pt) 
[Alday,Maldacena,Sever,PV] (general configuration)

Direct computation of the Area.  
(using classical Integrability of 
the string sigma model) 
Purely Geometrical Problem.



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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loop ratio W , except for the most interesting one, the so-called Yang-Yang functional. It is
therefore against the latter quantity, henceforth denoted Y Yc, that we should compare all
our predictions.

For generic kinematics, i.e., choice of cross ratios, the Yang-Yang functional is given in
terms of the solution to the TBA equations for the minimal surface, whose explicit form is
not known analytically. Nonetheless, one can straightforwardly derive closed expression at
large ⌧ , or more generally at any order in the collinear limit expansion, as explained in [1].
One easily obtains, for instance, the first few terms of the development, that read
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We immediately recognize, in the first line, the contribution (56) from the gluons, hence
confirming the agreement with string theory.

String theory also provides us with a simple geometrical understanding for both terms in
(57). The first line describes the contribution of the two AdS string modes of mass
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appear in the semi-classical quantization of the GKP string [31]. These modes can be viewed
as the quantum fluctuations polarized along the two AdS5 directions that are orthogonal to
the AdS3 subspace in which the classical string is moving. The last term in (57) pertains to
the third AdS string mode, a particle of mass 2 associated to fluctuations inside the AdS3

subspace. There are of course other string modes – with polarizations in the sphere or along
the fermionic directions – but these are not relevant classically for the minimal surface of
interest. The latter is living purely inside AdS and thus only the three AdS modes show up
in (57). At the end of this section, we shall point out, using our OPE series, that the sphere
is not that irrelevant, even classically.

For the moment, we note that we have a puzzle. We claimed earlier that the only
single particle states contributing were those corresponding to the two gluonic excitations F
and F̄ . However, at strong coupling, we ought to find a third mode, with mass 2, if we are
to reproduce (57). The problem is that there is no fundamental excitation whose mass goes
to 2 at strong coupling. The main purpose of this section is to explain how this third mode
emerges in the OPE context. We shall find it as an SU(4)-singlet compound state of two
fermions and we will show that its contribution perfectly reproduces the last term in (57).

With this in mind, we turn our attention to the twist-two contribution (40) and its several
terms. Given our discussion, we shall focus first on the two-fermion contribution W  ̄.

The strong coupling analysis of this term di↵ers slightly from the weak coupling one.
At strong coupling, we do not want to use the partition of the contour of integration as
presented in figure 6. Instead, we want to get back to the one drawn in 5, for a reason
that will become clear shortly. We thus divide the contour into two new pieces: one running
along (�1,�2g)[(2g,1) on the large sheet and the other one along Cstrong ⌘ (1� i✏, 2g)[
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Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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loop ratio W , except for the most interesting one, the so-called Yang-Yang functional. It is
therefore against the latter quantity, henceforth denoted Y Yc, that we should compare all
our predictions.

For generic kinematics, i.e., choice of cross ratios, the Yang-Yang functional is given in
terms of the solution to the TBA equations for the minimal surface, whose explicit form is
not known analytically. Nonetheless, one can straightforwardly derive closed expression at
large ⌧ , or more generally at any order in the collinear limit expansion, as explained in [1].
One easily obtains, for instance, the first few terms of the development, that read
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We immediately recognize, in the first line, the contribution (56) from the gluons, hence
confirming the agreement with string theory.

String theory also provides us with a simple geometrical understanding for both terms in
(57). The first line describes the contribution of the two AdS string modes of mass
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appear in the semi-classical quantization of the GKP string [31]. These modes can be viewed
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the AdS3 subspace in which the classical string is moving. The last term in (57) pertains to
the third AdS string mode, a particle of mass 2 associated to fluctuations inside the AdS3

subspace. There are of course other string modes – with polarizations in the sphere or along
the fermionic directions – but these are not relevant classically for the minimal surface of
interest. The latter is living purely inside AdS and thus only the three AdS modes show up
in (57). At the end of this section, we shall point out, using our OPE series, that the sphere
is not that irrelevant, even classically.

For the moment, we note that we have a puzzle. We claimed earlier that the only
single particle states contributing were those corresponding to the two gluonic excitations F
and F̄ . However, at strong coupling, we ought to find a third mode, with mass 2, if we are
to reproduce (57). The problem is that there is no fundamental excitation whose mass goes
to 2 at strong coupling. The main purpose of this section is to explain how this third mode
emerges in the OPE context. We shall find it as an SU(4)-singlet compound state of two
fermions and we will show that its contribution perfectly reproduces the last term in (57).

With this in mind, we turn our attention to the twist-two contribution (40) and its several
terms. Given our discussion, we shall focus first on the two-fermion contribution W  ̄.

The strong coupling analysis of this term di↵ers slightly from the weak coupling one.
At strong coupling, we do not want to use the partition of the contour of integration as
presented in figure 6. Instead, we want to get back to the one drawn in 5, for a reason
that will become clear shortly. We thus divide the contour into two new pieces: one running
along (�1,�2g)[(2g,1) on the large sheet and the other one along Cstrong ⌘ (1� i✏, 2g)[
(�2g,�1� i✏) on the small sheet, see figure 10. The important point is that the fermionic
excitation looks very di↵erent on each one of these branches, as illustrated in figure 11. In
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Figure 2: Masses m(g) of the twist-one excitations as functions of the coupling g =
p
�/(4⇡).

The lightest excitations are the scalar ones. Their mass defines the mass gap of the theory and
it becomes exponentially small at strong coupling [9]. Its plot above agrees with the one in [10]
which studied the related problem of solving the Freyhult-Rej-Staudacher equation [11]. The mass
of the fermions is protected by supersymmetry [9] while the one of the gluons interpolates between
1 and

p
2.

2 Review of the flux-tube spectrum

As alluded to before, in the OPE approach, one has to sum over all the excitations  of the
colour flux tube. This set of states forms the Fock space of a two dimensional theory whose
structure can be unravelled at any coupling, thanks to the integrability of the flux-tube
dynamics in the planar limit. In this section we review its main features.

As recently discussed in [4], in relation to our problem, there are many equivalent ways of
thinking about the flux tube and its excitations. One of them operates in terms of large-spin
single trace operators which are dual to excitations of the Gubser-Klebanov-Polyakov (GKP)
string [12]. This picture equips us with both a classification of the flux-tube eigenstates and
a diagonalization of the flux-tube Hamiltonian, by means of the asymptotic Bethe ansatz
equations [13]. The relevant analysis was carried out in [14] (see also [15] and [16]) building
on previous studies [17, 18]. The outcome is that the spectrum of large-spin operators, or
equivalently the flux-tube Hilbert space, is entirely built out of the lightest (= twist-one)
excitations and their bound states, as we will now explain.

All states in the spectrum can be classified according to their transformations under
the symmetries of the flux tube, see [1] for a discussion. The latter consist of the three
kinematical (and commuting abelian) transformations generated by @⌧ , @�, @�, on the one
hand, and of the internal SU(4) R-symmetry of the gauge theory, on the other hand. (Note
in particular that none of the supersymmetries remains on the flux tube background.) Flux-
tube eigenstates can then be organized, at any value of the coupling, according to their
energy E, momentum p, angular momentum (a.k.a. helicity or U(1) charge), and SU(4)
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Figure 3: Table of fundamental excitations, represented by the squares in this figure. The twist-
one excitations sit on the diagonal and their multiplicities follow from the dimensions of their
SU(4) representations. The two towers of gluon bound states, with twist 2, 3, . . ., and U(1) charge
±2,±3, . . ., are depicted on the two semi-infinite lines at the top and bottom of the table. Multi-
particle states made out of these excitations span the flux-tube Hilbert space at any coupling.

trivially described in u space at any value of the coupling. It simply amounts to certain
(coupling independent) shifts of the rapidity, as in (4) for instance.

There is a subtlety, discussed in detail in section 4.4 of [14], that is worth recalling.
Namely, to properly obtain the energy of the bound state DF , we must compute the sum
in (4) for rapidity u with real part lying between �2g and 2g. Only afterwards, can we
analytically continue it toward the full u plane and take the small g limit to obtain EDF (u)
in perturbation theory. We cannot construct EDF (u) out of EF (u) by applying (4) at a
given order in perturbation theory, i.e., at small g for fixed u = O(1). The two operations
simply do not commute. Since, for the latter reason, computing EDF and similarly pDF is
not totally straightforward, we recall their final expressions in appendix C.2.

The twist-one states and the two gluonic towers of bound states support the entire spec-
trum of flux-tube excitations – see figure 3 for a graphical summary. We dub them as the
fundamental excitations. The claim is that it is possible to write the complete OPE in terms
of multi-particle states made out of these excitations and these excitations only. Said other-
wise, they provide us with a complete basis of asymptotic states for the flux tube. Thereby,
if one knew the pentagon transitions for all these states, one would have the full amplitude
in its OPE series representation.

That the set of fundamental excitations sketched before is enough for our purposes is
not obvious at all. Naively, any adjoint (local) field of the theory, modded out by the field’s
equations of motion, is candidate for being a flux-tube excitation. A description in these
terms would clearly involve many more excitations than we have in our set. Whether the
additional excitations are stable and visible asymptotically (i.e. can propagate over large

7

[Basso]

We see two excitations with mass

p
2 and one excitation with mass 2



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of
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loop ratio W , except for the most interesting one, the so-called Yang-Yang functional. It is
therefore against the latter quantity, henceforth denoted Y Yc, that we should compare all
our predictions.

For generic kinematics, i.e., choice of cross ratios, the Yang-Yang functional is given in
terms of the solution to the TBA equations for the minimal surface, whose explicit form is
not known analytically. Nonetheless, one can straightforwardly derive closed expression at
large ⌧ , or more generally at any order in the collinear limit expansion, as explained in [1].
One easily obtains, for instance, the first few terms of the development, that read

Wstring ' exp
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⇡ sinh2(2✓)
e�2⌧ cosh ✓+2i� sinh ✓ + . . . . (57)

We immediately recognize, in the first line, the contribution (56) from the gluons, hence
confirming the agreement with string theory.

String theory also provides us with a simple geometrical understanding for both terms in
(57). The first line describes the contribution of the two AdS string modes of mass

p
2 which

appear in the semi-classical quantization of the GKP string [31]. These modes can be viewed
as the quantum fluctuations polarized along the two AdS5 directions that are orthogonal to
the AdS3 subspace in which the classical string is moving. The last term in (57) pertains to
the third AdS string mode, a particle of mass 2 associated to fluctuations inside the AdS3

subspace. There are of course other string modes – with polarizations in the sphere or along
the fermionic directions – but these are not relevant classically for the minimal surface of
interest. The latter is living purely inside AdS and thus only the three AdS modes show up
in (57). At the end of this section, we shall point out, using our OPE series, that the sphere
is not that irrelevant, even classically.

For the moment, we note that we have a puzzle. We claimed earlier that the only
single particle states contributing were those corresponding to the two gluonic excitations F
and F̄ . However, at strong coupling, we ought to find a third mode, with mass 2, if we are
to reproduce (57). The problem is that there is no fundamental excitation whose mass goes
to 2 at strong coupling. The main purpose of this section is to explain how this third mode
emerges in the OPE context. We shall find it as an SU(4)-singlet compound state of two
fermions and we will show that its contribution perfectly reproduces the last term in (57).

With this in mind, we turn our attention to the twist-two contribution (40) and its several
terms. Given our discussion, we shall focus first on the two-fermion contribution W  ̄.

The strong coupling analysis of this term di↵ers slightly from the weak coupling one.
At strong coupling, we do not want to use the partition of the contour of integration as
presented in figure 6. Instead, we want to get back to the one drawn in 5, for a reason
that will become clear shortly. We thus divide the contour into two new pieces: one running
along (�1,�2g)[(2g,1) on the large sheet and the other one along Cstrong ⌘ (1� i✏, 2g)[
(�2g,�1� i✏) on the small sheet, see figure 10. The important point is that the fermionic
excitation looks very di↵erent on each one of these branches, as illustrated in figure 11. In
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(using classical Integrability of 
the string sigma model) 
Purely Geometrical Problem.

m(g)

p
2

1

0.2 0.4 0.6 0.8 1.0 1.2 g

Scalar

Gluon

Fermion

0

Figure 2: Masses m(g) of the twist-one excitations as functions of the coupling g =
p
�/(4⇡).

The lightest excitations are the scalar ones. Their mass defines the mass gap of the theory and
it becomes exponentially small at strong coupling [9]. Its plot above agrees with the one in [10]
which studied the related problem of solving the Freyhult-Rej-Staudacher equation [11]. The mass
of the fermions is protected by supersymmetry [9] while the one of the gluons interpolates between
1 and

p
2.

2 Review of the flux-tube spectrum

As alluded to before, in the OPE approach, one has to sum over all the excitations  of the
colour flux tube. This set of states forms the Fock space of a two dimensional theory whose
structure can be unravelled at any coupling, thanks to the integrability of the flux-tube
dynamics in the planar limit. In this section we review its main features.

As recently discussed in [4], in relation to our problem, there are many equivalent ways of
thinking about the flux tube and its excitations. One of them operates in terms of large-spin
single trace operators which are dual to excitations of the Gubser-Klebanov-Polyakov (GKP)
string [12]. This picture equips us with both a classification of the flux-tube eigenstates and
a diagonalization of the flux-tube Hamiltonian, by means of the asymptotic Bethe ansatz
equations [13]. The relevant analysis was carried out in [14] (see also [15] and [16]) building
on previous studies [17, 18]. The outcome is that the spectrum of large-spin operators, or
equivalently the flux-tube Hilbert space, is entirely built out of the lightest (= twist-one)
excitations and their bound states, as we will now explain.

All states in the spectrum can be classified according to their transformations under
the symmetries of the flux tube, see [1] for a discussion. The latter consist of the three
kinematical (and commuting abelian) transformations generated by @⌧ , @�, @�, on the one
hand, and of the internal SU(4) R-symmetry of the gauge theory, on the other hand. (Note
in particular that none of the supersymmetries remains on the flux tube background.) Flux-
tube eigenstates can then be organized, at any value of the coupling, according to their
energy E, momentum p, angular momentum (a.k.a. helicity or U(1) charge), and SU(4)

5

�

 

F DF D2F

 ̄

F̄D̄F̄

1 2 32

0 1
2

1 2 3�2 �1 �1
2

U(1) charge

twist (energy)

6

4

1

¯

4

1

S
U
(4
)
re
p

Figure 3: Table of fundamental excitations, represented by the squares in this figure. The twist-
one excitations sit on the diagonal and their multiplicities follow from the dimensions of their
SU(4) representations. The two towers of gluon bound states, with twist 2, 3, . . ., and U(1) charge
±2,±3, . . ., are depicted on the two semi-infinite lines at the top and bottom of the table. Multi-
particle states made out of these excitations span the flux-tube Hilbert space at any coupling.

trivially described in u space at any value of the coupling. It simply amounts to certain
(coupling independent) shifts of the rapidity, as in (4) for instance.

There is a subtlety, discussed in detail in section 4.4 of [14], that is worth recalling.
Namely, to properly obtain the energy of the bound state DF , we must compute the sum
in (4) for rapidity u with real part lying between �2g and 2g. Only afterwards, can we
analytically continue it toward the full u plane and take the small g limit to obtain EDF (u)
in perturbation theory. We cannot construct EDF (u) out of EF (u) by applying (4) at a
given order in perturbation theory, i.e., at small g for fixed u = O(1). The two operations
simply do not commute. Since, for the latter reason, computing EDF and similarly pDF is
not totally straightforward, we recall their final expressions in appendix C.2.

The twist-one states and the two gluonic towers of bound states support the entire spec-
trum of flux-tube excitations – see figure 3 for a graphical summary. We dub them as the
fundamental excitations. The claim is that it is possible to write the complete OPE in terms
of multi-particle states made out of these excitations and these excitations only. Said other-
wise, they provide us with a complete basis of asymptotic states for the flux tube. Thereby,
if one knew the pentagon transitions for all these states, one would have the full amplitude
in its OPE series representation.

That the set of fundamental excitations sketched before is enough for our purposes is
not obvious at all. Naively, any adjoint (local) field of the theory, modded out by the field’s
equations of motion, is candidate for being a flux-tube excitation. A description in these
terms would clearly involve many more excitations than we have in our set. Whether the
additional excitations are stable and visible asymptotically (i.e. can propagate over large

7
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Tailoring 3pt Functions
[Basso, Komatsu, PV, 2015] 

The Hexagon twist operators can then once again be Bootstrapped using Integrability and 
the results can be then compared against direct perturbative computations:

[Basso, Komatsu, PV, 2015] = [Dolan, Osborn 2001] up to 2 loops 

[Basso, Gonçalves, Komatsu, PV, 2016] = [Eden 2012; Chicherin, Drummond, Heslop, Sokatchev ] @ 3 loops 

[Basso, Gonçalves, Komatsu, 2017] = [Gonçalves 2017; Eden, Paul 2016] @ 4 loops 

 

The last one is more than just a check as it also fixes some ambiguities in the original prescription.



Four-Point Functions

2 Building a correlator with hexagons

Furthermore, the original AdS/CFT correspondence concerned precisely the duality
between planar N = 4 SYM and type IIB string theory on AdS5 ⇥ S5 background
[4]. It is thus possible to probe non-perturbative string theory through integrability
methods. Thus, it might be a road to understand the many intriguing phenomena
of holography and perhaps even quantum gravity.

The applications of decoding this supersymmetric gauge theory go even further.
Approximating high energy QCD [5], which is close to conformal even though QCD
itself evidently is not1, is one of the oldest ideas. But other directions, like N = 8
supergravity through double-copy [6] of N = 4 SYM, also abound.

To study this QFT, correlation functions, or correlators, are the natural quantity
to explore. With N = 4 SYM being a CFT, three point-function is constrained
in its spacetime dependence, leaving the structure constants to be determined. In
[7], Basso, Komatsu and Vieira (BKV) proposed a bootstrap approach to the three-
point function by “cutting a pair of pants” into two hexagon form factors. Next,
in [8] Vieira et al. further explored the power of this hexagon by applying it to
four point functions. Four-point functions are an extremely rich object since they
are the first correlator not heavily constrained by symmetry. This essay is largely
based on the latter paper and aims to explain the necessary elements to understand
the approach established there. We will also briefly outline work done on the weak
coupling checks. It is meant to be mostly pedagogical, guiding through the main
ideas involved in these computations without delving too far into technicalities.

1.1 Overview

= =
=

=
=

Figure 1: A visual summary of this essay: we will take the four-point function in N = 4

SYM (Sections 2-3), expand its OPE to reveal the superconformal blocks and the spin chains

inside (Sections 4-5) and compute it by cutting the pairs of pants into the BKV hexagon

(Sections 6-7).

1A simple exercise for the reader to prove this fact is to observe that they exist

[Basso, Coronado, Komatsu, Tat Lam, PV, Zhong, 2017] 

[Fleury, Komatsu 2017] (see also Eden,Stronfrini 2017)
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Figure 13: Three distinct graphs contributing to the four-point function of 200 operators.
Here we just put numbers i to denote the operator O

i

. Dashed lines are the zero-length
bridges on which we insert a mirror magnon (denoted by a red dot).

By setting ` = 0 and going to the weak coupling (see Appendix B for expressions at weak
coupling), we get
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The expressions for other channels can be obtained by replacing the cross ratios with appro-
priate ones.

5.2 Simplest Example: Four 200

We first compute the simplest four-point function: The four-point function of length 2 BPS
operators, also known as 200 operators. For this correlation function, there are only three
distinct planar graphs as depicted in figure 13. To apply the hexagonalization, we split them
into four hexagons by adding dashed lines shown in the figure. These lines denote zero-length
bridges and the one-loop correction comes from adding a mirror magnon on these lines.

The contribution from each channel can be computed straightforwardly using the inte-
grand (52). For instance, two channels (inside and outside the square) in the graph (1243)
produce the same contribution and their sum reads
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Here F (1) is the so-called one-loop conformal integral,
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which satisfies the following properties:
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2 Building a correlator with hexagons

Furthermore, the original AdS/CFT correspondence concerned precisely the duality
between planar N = 4 SYM and type IIB string theory on AdS5 ⇥ S5 background
[4]. It is thus possible to probe non-perturbative string theory through integrability
methods. Thus, it might be a road to understand the many intriguing phenomena
of holography and perhaps even quantum gravity.

The applications of decoding this supersymmetric gauge theory go even further.
Approximating high energy QCD [5], which is close to conformal even though QCD
itself evidently is not1, is one of the oldest ideas. But other directions, like N = 8
supergravity through double-copy [6] of N = 4 SYM, also abound.

To study this QFT, correlation functions, or correlators, are the natural quantity
to explore. With N = 4 SYM being a CFT, three point-function is constrained
in its spacetime dependence, leaving the structure constants to be determined. In
[7], Basso, Komatsu and Vieira (BKV) proposed a bootstrap approach to the three-
point function by “cutting a pair of pants” into two hexagon form factors. Next,
in [8] Vieira et al. further explored the power of this hexagon by applying it to
four point functions. Four-point functions are an extremely rich object since they
are the first correlator not heavily constrained by symmetry. This essay is largely
based on the latter paper and aims to explain the necessary elements to understand
the approach established there. We will also briefly outline work done on the weak
coupling checks. It is meant to be mostly pedagogical, guiding through the main
ideas involved in these computations without delving too far into technicalities.

1.1 Overview
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=
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=

Figure 1: A visual summary of this essay: we will take the four-point function in N = 4

SYM (Sections 2-3), expand its OPE to reveal the superconformal blocks and the spin chains

inside (Sections 4-5) and compute it by cutting the pairs of pants into the BKV hexagon

(Sections 6-7).

1A simple exercise for the reader to prove this fact is to observe that they exist

[Basso, Coronado, Komatsu, Tat Lam, PV, Zhong, 2017] 

[Fleury, Komatsu 2017] (see also Eden,Stronfrini 2017)
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Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional a minimal surface streches in the AdS bulk and ends on the polygonal contour
at the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [22, 23, 24, 25, 26, 27]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H . Let us assume that the Lie algebra G
has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g−1dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its
components along H and K as

J = g−1dg = H + K (3)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of

5
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Open Problems
• Carry out some non-planar example in detail.  

Work in progress with Bargheer, Basso, Caetano, Komatsu, Fleury


• Connect Hexagons and Pentagons. (Large spin perhaps…)  
Inspiring first connection a few weeks ago by Basso and Dixon.


• Is there a master Quantum Curve for all quantities in N=4 SYM re-summing all these 
gluing sums and integrals? 
Very nice partial recent results by Bajnok, Janik. Are strong coupling Y-systems hints or red herrings? Partial 
resummations at strong couplings by Jiang, Komatsu, Kostov, Serban, see also Kazama, Komatsu, Nishimura


• Find interesting physical limits where the expressions simplify. Bulk Locality, Regge limit, 
Rastelli and Zhou’s results, Heavy-Heavy-Light’s…


• Relate the CFT/OPE cutting to the String theory/Hexagonalization cutting. 
Work in progress with Coronado and Komatsu


• General lessons for CFT’s? General lessons for string theory? Can we define closed 
String theories as collections of hexagons obeying some set of consistency relations?


