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So far we can restore — just for the first leading term:
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when zz̄ æ 1.
We could as well specialise to the following limits:

• z, z̄ æ 1 or „, Ï æ 0. In this limit we have
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So the octagon is now:
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• z æ 0 and z̄ æ Œ or „ æ iŒ with Ï kept finite. In this limit we only need to focus
in „:
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so the logarithm of the octagon is now very large and negative:
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In N=4 SYM, we would like to compute

O ⌘ Tr (y · �(x))2where

hO(y1, x1) . . . O(yn, xn)i = F (z, . . . |�, N)

Positions (cross-ratios)

’t Hooft coupling

Number of colours

In AdS, this computes fully quantum graviton scattering. 

We can do very small coupling or very large coupling, typically in the planar limit, sometimes for  
the first few terms in the large N expansion. Finite coupling seems a bit intractable for now. 
Hopefully in a future Strings meeting. 

For now we try to start with large operators                                            where k is very large. O ! Ok ⌘ Tr (y · �)k

This is not too hard. 

This is too hard.  

is the simplest, smallest, protected, single trace operator in the theory. 

e.g. [Arutyunov, Dolan, Osborn, Sokatchev],  
[Eden, Heslop, Korchemsky, Sokatchev] 
[Chicherin, Drummond, Heslop, Sokatchev]

e.g. [D’Hoker, Freedman, Mathur, Matusis, Rastelli],  
[Arutyunov, Frolov], [Rastelli, Zhou],[Gonçalves], 
[Caron-Huot, Trinh].[Gonçalves,Pereira,Zhou]

e.g. [Alday,Bissi,Perlmutter], [Aprile,Drummond,Heslop,Paul],[Alday, Caron-Huot]

(n=2 and 3 are protected by SUSY 
and known for a long time) 
[Lee, Minwalla, Rangamani, Seiberg] 
[Freedman, Mathur, Matusis, Rastelli]

e.g. [Basso,Komatsu,PV],[Fleury, Komatsu], 
[Bargheer,Caetano,Fleury, Komatsu,PV],  
[Beem, Rastelli, van Rees]
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Figure 1: Large cyclic operators at genus zero. (a) The tree-level result is given by a
single Feynman graph of rectangular form. For large operators, this rectangle creates
a big frame. (b) The frame, when big, does not receive loop corrections because of
supersymmetry. Indeed these loop corrections are indistinguishable from those arising
in the two-point function of BPS operators, a protected quantity. (c) The inside
and the outside of the frame, on the other hand, are loop corrected. The sum of all
quantum corrections to the inside (or outside) define a function O of the ’t Hooft
coupling and of the four-point cross ratio.

where X and Z are two complex scalars in N = 4. This choice of two highest-weight
states and two BMN descendents might seem asymmetric and unorthodox but is actually
quite important, both technically and physically.

The technical simplification can already be seen at tree level in the planar limit:
Because of R-charge conservation, there is only a single Feynman diagram computing
the four-point correlation function! The correlator is simply given by a product of 4k
propagators, with k parallel propagators connecting each pair of consecutive operators Oi

and Oi+1, thus drawing a square frame as depicted in Figure 1(a).
Beyond tree level – but still at genus zero – we decorate this correlator by all possible

Feynman loops. The diagrams inside individual propagator bundles connecting two
operators – as depicted in Figure 1(b) – cancel out by supersymmetry, so they do not
correct the correlator. After all, those diagrams do not know they belong to a four-point
function rather than a protected two-point function of BPS operators. The diagrams inside
the square – represented in Figure 1(c) – do probe all four operators and hence lead to a

2

Contents

1 Introduction 1

2 A Matrix Model for Large Operators 5

3 Matrix Model Simplification and Limits 13

3.1 Small Octagon Limit, O æ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 Large Octagon Limit, O æ Œ . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Free Octagon Limit, O æ 1 . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Conclusions 20

A Constructing Graphs Explicitly 23

B From Minimal to Maximal Graphs 28

C Counting Quadrangulations Including Couplings 31

D Other Results On Quadrangulations 41

1 Introduction

In this work, we will consider correlation functions of single-trace half-BPS operators
in N = 4 super Yang–Mills theory. Each of these operators creates a closed string state,
so these correlation functions describe closed-string scattering in AdS5 ◊ S5.

We will focus on four-point correlation functions in an interesting limit of very large
BPS operators with carefully chosen polarizations, where the closed string scattering
process factorizes into several copies of an o�-shell open string partition function O that
was determined exactly in [1] at any value of the ’t Hooft coupling and further simplified
into an infinite determinant representation in [2].

The dimensions of the operators we will consider scale with the rank of the U(Nc) gauge
group as

Ô
Nc, reminiscent of inspiring earlier studies [3–6] in the plane-wave Berenstein–

Maldacena–Nastase (BMN) limit [7]. The motivation for this particular limit is similar
to the one considered in those works: It will allow us to re-sum the large Nc ’t Hooft
expansion. We now have a much stronger control over the ’t Hooft coupling behavior due
to integrability and bootstrap techniques that were not yet available at the time, so it
seems rather timely to revive those explorations in light of these newer technologies.

A key di�erence compared to the earlier BMN-related works [3–6] is that in those
studies there was typically a single R-charge that was taken to be large, while for the
present work it is crucial that the operators correspond to closed strings rotating in
di�erent S5 equators. To be precise, we will take two operators to be two di�erent BMN
highest-weight states

O2 = tr(X2k )(z) , O4 = tr(Z2k)(Œ) , (1.1)

and two other operators to be two equal BMN descendants

O1 = tr(Z̄k X̄k)(0) + permutations , O3 = tr(Z̄k X̄k)(1) + permutations , (1.2)
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highest-weight states
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Figure 2: Each bundle of propagators in the field theory can be thought of as a very
heavy BMN string geodesic which is protected by supersymmetry. The octagon is the
sum of all Feynman diagrams inside (or outside) the tree level frame or, equivalently,
the top (or bottom) of the folded string stretching between four consecutive geodesics.
At genus zero, the folded string has a top and bottom and hence the result is given
by O

2 in agreement with the field theory result.

non-trivial function O that depends on the ’t Hooft coupling ⁄ and on the conformal cross
ratios formed by the four operators. This function O was studied in detail in [1]. The
diagrams outside the square contribute by the same amount as the diagrams inside, hence
the full genus-zero result is simply given by (throughout this work, g denotes the genus)

ÈO1 . . . O4Íg=0 = ÈO1 . . . O4Í⁄=0,g=0 ◊ O
2 . (1.3)

Note that if it were not for large k, the decoupling between outside and inside would be
absent. Indeed, for any finite k and large enough loop order, diagrams can communicate
all the way from the inside to the outside.1

In dual string theory terms, each bundle of propagators connecting consecutive BPS
operators can be thought of as a heavy geodesic connecting points xi and xi+1 on the AdS
boundary, as represented in Figure 2(a). Because there are so many propagators k in
each bundle, these geodesics are very heavy and will not move away from their classical
configuration. The four classical geodesics will be connected by a folded string, as depicted
in Figure 2(b). The fold lines are given by the heavy geodesics, which e�ectively decouple
the top and bottom of the folded string. The two sides of the folded string are the string

1In the language of hexagonalization [8–12], the two faces decouple because mirror-particle propagation
across large propagator bundles is suppressed.
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AdS pictures:
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z, z̄0

1 1

O(z, z̄)2 = O � O = inside graphs � outside graphs

= top of folded string � bottom of folded string

Z propagators X propagators

Figure 1: We work here with the so-called simplest correlator introduced in [1]. Two
operators are BPS primaries made out of only Z or only X fields respectively while
the other two are BPS descendants composed of both Z̄ and X̄ so that at tree level
there is a single square frame diagram describing this correlator. At loop level, for large
operators, the inside and outside decouple. In string theory language the correlator is
described by a folded string ending on some spinning geodesics [2]; the top and bottom
folds decoupling is the string counterpart of the inside/outside gauge theory decoupling.

is framed by asymptotically large bridges, and hence the mirror magnons are confined to a
single bridge that splits the octagon into two hexagons. It turns out that this setup is very
similar to the case of a three-point function between two BPS operators and one non-BPS
operator, as illustrated in Figure 2. This case was considered by Komatsu, Kostov, Serban,
and Jiang [5], and we can follow their “clustering” analysis almost verbatim.

In the three-point function case, the bridges between the non-BPS operator and the
two BPS operators are taken to be large, such that the mirror magnons are confined to
the single bridge that connects the two BPS opertors to each other. The sum over mirror
magnons is weighted by the transfer matrix of the non-BPS operator, which accounts for
the interaction between the mirror magnons and the physical magnons on the non-BPS
operator. If the third operator were also BPS, the correlator would be protected and the
sum over mirror magnons would be trivial. The non-trivial weight breaks supersymmetry
and thus leads to a non-trivial result. The authors of [5] have shown how to evaluate this
“bottom-wrapping” non-trivial sum at strong coupling.

In the octagon case, the mirror magnons also live on a bridge connecting two BPS
operators. This time, the opposite sides of the two hexagons do not connect to the same
non-BPS operator, but to two di�erent BPS operators. In order to perform the sum over
mirror magnons, the two hexagons have to be brought to the same frame by a PSU(2, 2|4)
transformation that maps the two di�erent BPS operators onto each other. This change
of frame induces a non-trivial character-like Boltzmann weight into the sum over mirror
magnons. Again, this weight breaks supersymmetry and leads to a non-trivial result.

We thus see that the two cases are very similar at a technical level, and that is why
we can recycle the analysis of [5] rather e�ciently. We simply have to spot and replace

2

Two point function = classical geodesic:

Four point function = quantum folded string:
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O    is the octagon function. It was 
computed from integrability and even 
bootstrapped.  
It is thus known.

[Coronado],  
[Kostov,Petkova,Serban][Coronado]
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Figure 3: The thin lines which go wild as we reach the radius of convergence at
g = 1/4 are the perturbative results, from two loops all the way to 20 loops. The thicker
lines from darker orange to yellow are the numerical evaluation of the determinant
representation of [4]. It nicely agrees with the perturbative representation and continues
it beyond its radius of convergence. To evaluate the determinant we truncated the
semi-infinite matrix to sizes N = 10, 15, 20, 25 with the yellow line corresponding to the
largest size; clearly it becomes more and more important to consider larger matrices at
strong coupling. The dashed orange line represents an extrapolation of these results
towards infinite matrices (using the results from N = 2 to N = 25 and a simple fit
a + b/N). Finally the black horizontal dashed line is the strong coupling prediction
in (2.9). (In this plot we have euclidean cross-ratios Ï = 1/10, „ = fi/3.)

provide us with yet another powerful point of data to try to reproduce from the string
sigma model.

Note also that the result was derived for real „ œ [0, 2fi] and real Ï < 0 (see shift (2.4)).
This translates into z̄ = z

ú and |z|, |z̄| < 1. Of course, we can (and will) move away
and study any range of parameters – both real and complex – but we need to carefully
analytically continue the result starting from this safe starting point. This is particularly
obvious even if we remain in the fully Euclidean region where „ and Ï are both real. The
Y -function in (2.10) is even under Ï æ ≠Ï but because of the Ï outside the log in the
area (2.9), the integrand is odd and thus we would naively guess that the full result is odd.
That is wrong. The full area is even, nicely realizing the z æ 1/z symmetry of the octagon.
To see that, however, it a bit non-trivial. It turns out that as we rotate from Ï < 0 to
Ï > 0 infinitely many singularities hit the integration contour which therefore needs to
be rearranged dramatically. In the end the net result is to simply produce an additional
minus sign required to convert the naive odd guess into the correct even result. This
contour manipulation exercise illustrates very nicely the kind of manipulations involved in
such analytic continuations and is presented in detail in appendix C.1.
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[Bargheer,Coronado, PV] (to appear)

We don’t need its explicit form here.  
All we need is for the octagon to exist.  
 
(For other theories such octagon would be different 
but what comes next would still apply)



In the planar limit we had a single rectangular frame which we then fill in (and out).  

What is the analogue of  the rectangular frame at genus one and higher?  
There are now more than one option, e.g.:
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Figure 6: The three types of squares all large-k skeleton graphs are made of, see (2.2).
Squares can connect all four operators (top figure), and all such squares equal the
non-trivial function O of the ’t Hooft coupling ⁄ and the cross ratios parametrized
by z and z̄. Squares may also only connect three operators (bottom left) or two
operators (bottom right), such squares are protected by supersymmetry and hence
do not receive loop corrections.

at each genus g comes with an additional k4 enhancement compared to the genus g ≠ 1
contribution. This explains the powers of k in the series (1.4).6 This is also why the
double-scaling limit k ≥

Ô
Nc is precisely the regime that we probe when re-summing that

expansion.
We conclude that at large k, the dominating graphs are the so-called maximal graphs,

to which no extra propagator bundles can be added without increasing the genus. In
such graphs, all faces are bounded by as few edges as possible. For our operator polar-
izations (1.1), (1.2), the irreducible faces are squares, and hence all maximal graphs are
quadrangulations. More precisely, since each operator Oi can only connect to operators

6For a more detailed discussion of this octopus principle (unbaptized until now) see the discussions
around equation (6) in [11] or equation (6.10) in [12]. This phenomenon was actually encountered long
before, in the times of the BMN explorations; see most notably the discussion on pages 5 and 6 in [3],
where it was already identified that the large-charge limit would project out skinny handles in the genus
expansion. As mentioned in the introduction, the key di�erence compared to those earlier BMN works is
that here several R-charge directions are taken to be large, and that only now we can take advantage of
the great control over the ’t Hooft coupling, as fully captured by the function O.
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0 (b) O

2 (c) O
4

Figure 3: Four operators (circles) are inserted on a torus (the top and bottom sides
as well as the left and right sides of the square are identified). Wick contractions
organize into skeleton graphs, where each edge (black line) is a bundle of parallel
propagators. For our choice of operators, all faces of all skeleton graphs are octagons.
Shown in shades of gray are octagons that touch only two or three of the operators,
these are protected by supersymmetry. Octagons that touch all four operators (blue
shades) are non-trivial functions of the ’t Hooft coupling and conformal cross ratios.

counterpart to the gauge-theory Feynman diagrams inside and outside of the square. In
contrast to the heavy geodesics, they do vibrate quantum mechanically, each of them thus
defining a full-fledged open string partition function2 – this open string partition function
is the string definition of the function O.

This concludes the genus-zero considerations. This paper’s main focus is on the higher-
genus picture. We will explain the general structure of the correlator in detail in the next
section. The upshot is that (i) the leading term in the large-k limit at fixed genus g is
proportional to k4g, and (ii) we can can stack from zero to 2g + 2 folded strings on top
of each other to construct a genus-g surface.3 Since each fold joins two open strings, the
number of open string surfaces ought to be even, and thus the full correlation function, i. e.
the full closed-string partition function – in the limit of large k – will be simply given by a
polynomial Pg+1 of degree g + 1 in the square of the open string partition function O,4

ÈO1 . . . O4Í = ÈO1 . . . O4Í⁄=0,g=0 ◊

C

O
2 + k4

N2
c

P2(O2) + k8

N4
c

P3(O2) + . . .

D

. (1.4)

2The boundary conditions for this open string partition function say that the string should end on
the BMN classical geodesics in the bulk. This is somewhat unusual – typically the boundary conditions
are such that the worldsheet ends at the boundary of AdS. To properly define the boundary conditions
for this open string partition function, we also need to specify how the four classical geodesics rotate in
the sphere. There are k units of R-charge of type X (Z) connecting O2 (O4) with its cyclic neighbours,
so the geodesics emanating from operator O2 (O4) rotate in the XX̄ (ZZ̄) equator of S5 with k units
of angular momentum, see Figure 1(a). The full open string will thus interpolate between these two
di�erent BMN geodesic behaviors. At large ’t Hooft coupling, the open string surfaces become classical,
and the open partition function should be given by the area of a minimal surface ending on the four BMN
geodesics. Reference [13] is an inspiring related paper where a slightly di�erent class of folded strings
were considered, corresponding to null squares with further movement in the sphere.
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And we will now have one non-BPS octagon and a few BPS octagons:
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Figure 5: Octopus principle. Configurations where some available propagator
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can be added without increasing the genus at hand.

to the four-point correlation function of our operators (1.1), (1.2). The key observation
illustrated by these examples is the following: For large operators, at any genus order,
all skeleton graphs that contribute are quadrangulations, i. e. all faces of these graphs are
quadrangles. This is because of what we call the octopus principle. It comes about because
we have to distribute a large number of propagators on the edges of the skeleton graphs.
For example, consider the k propagators connecting operators O1 and O2 in Figure 5. In
this case, operators O1 and O2 are connected by two bridges, and we have to sum over all
ways of distributing k propagators on these two bridges. For large k, the overwhelming
number of terms will have O(k) propagators on both bridges, and the sum of these terms
will produce a factor k. The sum of all terms where any of the bridges is populated by only
a finite number of propagators is finite, and thus suppressed in the large-k limit. Hence
we immediately see that all propagator bundles want to be heavily populated, evoking
the picture of an octopus who wants to spread its tentacles over all possible cycles of
the Riemann surface. More generally, if there are n edges connecting two operators, we
have to sum over the number ki of propagators on each edge i, with the constraint thatq

i ki = k. This sum expands to

ÿ

k1,...,kn
k1+···+kn=k

= kn≠1

(n ≠ 1)! + O(kn≠2) , (2.1)

and the leading term only receives contributions from configurations where all ki = O(k).
This has two consequences: At large k, (i) all edges of all skeleton graphs are occupied
by O(k) propagators, and (ii) only graphs where the total number of edges between all
operators is maximal will contribute. All terms that violate any of these two conditions
will only contribute at subleading orders in large k. At every fixed genus, we will call
graphs whose total number of edges is maximal maximal graphs. As will be seen below, the
number of edges in a maximal graph of genus g is equal to 4g + 4. Hence the contribution
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Figure 4: AdS embeddings of the three graphs in Figure 3. Each edge in Figure 3
represents a bundle of O(

Ô
Nc) propagators, and therefore becomes a heavy BMN

geodesic connecting two operators. These geodesics are folds of the worldsheet that
connect adjacent octagons. The BPS octagons have no extent in AdS, they curl up
along the BMN geodesics. The non-BPS octagons are extended objects that touch
all four operators.

Resumming the full large Nc expansion, at any value of the ’t Hooft coupling, thus amounts
to finding the function of two variables

A(’, O) © lim
NcæŒ

ÈO1 . . . O4Í

ÈO1 . . . O4Í⁄=0,g=0

-----
k=’

Ô
Nc

. (1.5)

Note that this correlation function A depends very non-trivially on the conformal cross
ratios and on the ’t Hooft coupling of the theory through the octagon function O computed
in [1]. The main result of this paper is a representation of the function A and of the
associated polynomials Pg+1 in (1.4) in terms of a matrix model, where the octagon
function O enters as an e�ective quartic coupling.

2 A Matrix Model for Large Operators

The basis of our computation is the (planar and non-planar) hexagonalization prescription
for correlation functions [8–12]. The starting point of that prescription is a sum over
all Wick contractions of the free gauge theory. We organize this sum by first summing
over “skeleton graphs” of the desired genus. Each edge in a skeleton graph represents a
bundle of one or more parallel propagators.5 For each skeleton graph, we then sum over all
possible ways of distributing propagators on the edges of the graph (that are compatible
with the charges of the operators).

We saw in the introduction that, for our choice of operators, there is only a single
skeleton graph at genus zero. At higher genus, there are several contributing diagrams.
For example, the top row of Figure 3 shows three di�erent genus-one graphs contributing

5Because they represent Wick contractions of single-trace operators, the incident edges at each vertex
(operator) have a well-defined cyclic ordering. Graphs with this property are called ribbon graphs (or fat
graphs). See Appendix A for more details.
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Figure 3: Four operators (circles) are inserted on a torus (the top and bottom sides
as well as the left and right sides of the square are identified). Wick contractions
organize into skeleton graphs, where each edge (black line) is a bundle of parallel
propagators. For our choice of operators, all faces of all skeleton graphs are octagons.
Shown in shades of gray are octagons that touch only two or three of the operators,
these are protected by supersymmetry. Octagons that touch all four operators (blue
shades) are non-trivial functions of the ’t Hooft coupling and conformal cross ratios.

counterpart to the gauge-theory Feynman diagrams inside and outside of the square. In
contrast to the heavy geodesics, they do vibrate quantum mechanically, each of them thus
defining a full-fledged open string partition function2 – this open string partition function
is the string definition of the function O.

This concludes the genus-zero considerations. This paper’s main focus is on the higher-
genus picture. We will explain the general structure of the correlator in detail in the next
section. The upshot is that (i) the leading term in the large-k limit at fixed genus g is
proportional to k4g, and (ii) we can can stack from zero to 2g + 2 folded strings on top
of each other to construct a genus-g surface.3 Since each fold joins two open strings, the
number of open string surfaces ought to be even, and thus the full correlation function, i. e.
the full closed-string partition function – in the limit of large k – will be simply given by a
polynomial Pg+1 of degree g + 1 in the square of the open string partition function O,4

ÈO1 . . . O4Í = ÈO1 . . . O4Í⁄=0,g=0 ◊

C

O
2 + k4

N2
c

P2(O2) + k8

N4
c

P3(O2) + . . .

D

. (1.4)

2The boundary conditions for this open string partition function say that the string should end on
the BMN classical geodesics in the bulk. This is somewhat unusual – typically the boundary conditions
are such that the worldsheet ends at the boundary of AdS. To properly define the boundary conditions
for this open string partition function, we also need to specify how the four classical geodesics rotate in
the sphere. There are k units of R-charge of type X (Z) connecting O2 (O4) with its cyclic neighbours,
so the geodesics emanating from operator O2 (O4) rotate in the XX̄ (ZZ̄) equator of S5 with k units
of angular momentum, see Figure 1(a). The full open string will thus interpolate between these two
di�erent BMN geodesic behaviors. At large ’t Hooft coupling, the open string surfaces become classical,
and the open partition function should be given by the area of a minimal surface ending on the four BMN
geodesics. Reference [13] is an inspiring related paper where a slightly di�erent class of folded strings
were considered, corresponding to null squares with further movement in the sphere.

3For example, if we remove the folded string from Figure 2(b), we are left with the four geodesics with
a hole in the middle – a genus 1 surface, see Figure 4.

4The dots in this formula contain higher-genus terms, but also, for each genus, including the terms
presented here, smaller powers of k, subleading in the large k limit we are interested in.
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4The dots in this formula contain higher-genus terms, but also, for each genus, including the terms
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Figure 9: Example graphs at genus g = 0, 1, 2 (top) with their duals (bottom). In
the top row we have four vertices (the BPS operators) and 2g + 2 faces (the squares).
In the bottom row we have four faces (the BPS operators) and 2g + 2 quartic vertices
(the squares).

connecting Oi and Oi+1. The limit of large charges now amounts to taking all the ki to be
of order

Ô
Nc. At genus zero, for example, we have

ÈO1 . . . O4Íg=0 = O
2

(x1 ≠ x2)2k1(x2 ≠ x3)2k2(x3 ≠ x4)2k3(x4 ≠ x1)2k4
. (2.8)

At higher genus, in the large charge limit and with ’i © ki/
Ô

Nc,

ÈO1 . . . O4Í

ÈO1 . . . O4Í⁄=0,g=0

ki≥
Ô

Nc
≠≠≠≠≠æ

Œÿ

g=0

P4g|g+1(k1, k2, k3, k4, O2)
N2g

c
© A(’1, ’2, ’3, ’4, O) , (2.9)

where P4g|g+1 are polynomials of degree g + 1 in O
2 whose coe�cients are homogeneous

polynomials of degree 4g in the four ki. When all ki are equal, then

P4g|g+1(ki|O
2) kiæk

≠≠≠æ k4gPg+1(O2) , (2.10)

and we get back to our previous correlator (1.4).
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Quadrangulations = Quartic Matrix Model

All faces are 
squares. There are 
four vertices of  
unfixed valency = 
the four operators in 
our correlation 
function.
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four faces only in a 
dual graph picture. 
Four faces = the four 
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1 2

32

• Ā N
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Figure 8: Matrix model vertices. Each is the dual counterpart of the corresponding
three square types represented in Figure 6.

quartic vertex, and where the original 4 vertex operators O1, . . . , O4 become four faces
of the dual graph. Each bridge connecting operators Oi with Oi+1 is now pierced by a
propagator of the dual graph; since there are four types of bridges Oi≠Oi+1, we will have
four complex matrices, one for each such original bridge type. See Figure 8 for the vertices
and Figure 9 for example graphs with their duals. There are 10 di�erent square faces
in (2.2), and so there will be 10 di�erent vertices in the matrix model. All in all, the
partition function of our matrix model is

Z ©

⁄
[DA][DB][DC][DD] exp

1
≠Skin[A, B, C, D] + Sint[A, B, C, D]

2
, (2.4)

with the kinetic action term

Skin = tr
C

AĀ

k1
+ BB̄

k2
+ CC̄

k3
+ DD̄

k4

D

(2.5)

and the interaction term

Sint = O tr(ABCD) + O tr(D̄C̄B̄Ā) (2.6)

+ tr
C

(AĀ)2 + (BB̄)2 + (CC̄)2 + (DD̄)2

2 + ABB̄Ā + BCC̄B̄ + CDD̄C̄ + DAĀD̄

D

.

The interaction part consists of two non-BPS vertices in the first line (the duals of the
non-BPS squares, which therefore come with a factor O), and eight BPS vertices (which
come with a factor of 1 since they are BPS) in the second line.

In the kinetic term, we have introduced parameters ki, i = 1, . . . , 4 as a means of
counting the number of propagator bundles connecting Oi and Oi+1 in each skeleton graph
by simply reading o� the corresponding power of ki. This is quite important, because
we have to dress each quadrangulation by four factors of the type (2.1), one for each
type of connection. Keeping track of the numbers of di�erent types of edges individually
also allows us to calculate the correlator of a more general and considerably richer set of
operators (the sum over permutations for O1 and O3 is implicit)

O1 = tr(Z̄k4 X̄k1), O2 = tr(Xk1+k2 ), O3 = tr(Z̄k3 X̄k2), O4 = tr(Zk3+k4). (2.7)

At genus zero, there is again a single graph contributing to the correlator, and it is again a
nice rectangle frame as in Figure 1(a). The di�erence is that now there are ki propagators
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The interaction part consists of two non-BPS vertices in the first line (the duals of the
non-BPS squares, which therefore come with a factor O), and eight BPS vertices (which
come with a factor of 1 since they are BPS) in the second line.
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also allows us to calculate the correlator of a more general and considerably richer set of
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O1 = tr(Z̄k4 X̄k1), O2 = tr(Xk1+k2 ), O3 = tr(Z̄k3 X̄k2), O4 = tr(Zk3+k4). (2.7)

At genus zero, there is again a single graph contributing to the correlator, and it is again a
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To obtain the full correlator (2.9) at genus g from the matrix model (2.4), we bring
down 2g + 2 vertices, pick the N4 coe�cient10 (since we are after a four-point correlation
function, which in terms of the dual matrix model means that we are interested in graphs
with four faces), and focus on those contributions where all kj appear. That last condition
is due to R-charge conservation, which implies that all types of bridges between operators
Oi and Oi+1 must appear. We thus discard any monomials such as k2

1k2
2 which do not

contain all ki. All in all, the term that we are interested in is

Z = · · · + N4k1k2k3k4

3
Z ©

Œÿ

g=0
P̃4g|g+1(k1, k2, k3, k4|O

2)
4

+ . . . (2.11)

These tilded polynomials P̃4g|g+1 count our quadrangulations, and are thus almost the
polynomials arising in the correlator (2.9). To get precisely those, however, we also need
to include the combinatorial factors (2.1). Since we strip out an overall k1, . . . , k4 factor
in defining the reduced partition function Z, we finally conclude that

P4g|g+1(k1, k2, k3, k4|O
2) = P̃4g|g+1(k1, k2, k3, k4|O

2)
-----
kn1

1 . . . kn4
4 æ

kn1
1 . . . kn4

4
n1! . . . n4!

.
(2.12)

or equivalently
A(’1, ’2, ’3, ’4, O) = Z

---
kn

i æ’n
i /n!

(2.13)

for the full correlator at any genus and any coupling.11 This is our main result.
As a trivial check, consider genus zero. We need to bring down 2g + 2 = 2 vertices, i. e.

we consider terms in the expansion of exp (≠Sint) that are of degree 2 in the interaction
vertices. If we bring down two vertices from the second line in (2.6), we see right away
that we either get more than four faces (from Ètr(ABB̄Ā) tr(CDD̄C̄)Í for example) or
we generate terms which do not contain all ki’s (from Ètr(AĀ)2 tr(BB̄)2

Í for example).
Bringing down an odd number of vertices from the first line in (2.6) gives a zero result by
charge conservation. So we are left with the possibility of bringing down two non-BPS
vertices from the first line. This leads to

O
2
Ètr(ABCD) tr(D̄C̄B̄Ā)Í = N4k1k2k3k4O

2 , (2.14)

recognizing precisely the genus zero result in (2.8).
Bringing down further octagon vertices from exp (≠Sint), we generate all the above-

mentioned polynomials P̃ and thus their transformed partners P , which enter the four-point
correlation function (2.9). We managed to compute the general polynomials P4g|g+1 up to
genus g = 4. As we saw above, the genus-zero polynomial is simply P0|1 = O
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one, we find

P4|2 = k1k2k3k4

C

1 + O
2

q4
j=1[(kj + kj+1)4

≠ k4
j ] + 12(k1k2 + k3k4)(k1k4 + k2k3)
24k1k2k3k4

+ O
4

2

D

.

10The matrix model comes with its own number of colors N , which we use to identify numbers of
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We are interested in four faces where all operators are connected at least once:

Then our four point function 
is simply     Borel resummed due 
to the octopus principle:
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for the full correlator at any genus and any coupling.11 This is our main result.
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We could also solve this matrix model in some limits. At the end of the day, this is what we know:
4 Conclusions

In this work, we considered the four-point function18

Ètr(Z̄kX̄k)(0) tr(X2k)(z) tr(X̄kZ̄k)(1) tr(Z2k)(Œ)Í
same at ⁄ = 0 and genus = 0 © A(’|O) (4.1)

in the double-scaling limit where Nc and k are both very large with

’ = k
Ô

Nc
(4.2)

held fixed.19 This correlator A(’|O) is very rich, but still simple enough that we can say a
great deal about it, and often even about its all-genus re-summation.

The reason for this is a nice decoupling of the large Nc expansion combinatorics – which
are encoded in the dependence of the function A on the e�ective coupling ’ and on the
octagon function O – and the finite ’t Hooft coupling dynamics and conformal field theory
geometry – which enter through the octagon function alone as O = O(z, z̄|⁄). We deal
with the very interesting dynamics of O in [30], while here we attacked the combinatorial
problem. In fact, the separation of combinatorics and dynamics relies on nothing but
a little bit of supersymmetry, on the large Nc limit, and on having large R-charges to
play with. We should therefore be able to find octagons and perform very similar – if not
identical – re-summations in other gauge theories with less supersymmetry.

We found for instance that as O æ 0, the correlator (4.1) simplifies to

A =
A

sinh(3
2’2)

3
2’

B4

, (4.3)

while as O ∫ 1, we obtain instead

A = O
2

1⁄

0

dt

1⁄

0

ds

C
ts

t + s ≠ 1 I0
1
2
Ô

t s ’2
O

2
≠

(1 ≠ t)(1 ≠ s)
t + s ≠ 1 I0

1
2

Ò
(1 ≠ t)(1 ≠ s) ’2

O

2D

.

(4.4)

For general finite O, we could compute the function A through genus four, i. e. as a Taylor
expansion in ’ as

A = O
2 + ’4

1
1 + 9

2O
2 + 1

2O
4
2

+ ’8
1

3
2 + 607

80 O
2 + 97

36O
4 + 1

16O
6
2

+ ’12
1

81
80 + 7321

1120O
2 + 953

216O
4 + 5689

12960O
6 + 5

1296O
8
2

+ ’16
1

459
1120 + 75553

22400O
2 + 44971

12600O
4 + 5587171

7257600O
6 + 2903

86400O
8 + 31

207360O
10

2

+ O(’20) . (4.5)

These are our main results. It would be formidable to find the full form of A, interpolating
between (4.3) and (4.4), and reproducing (4.5) in the ’t Hooft expansion. Obtaining one

18A sum over permutations is implicit for the operators with two scalars tr(Z̄kX̄k).
19In the main text, we discussed a more general set of correlators with four di�erent kj , but for this

summarizing discussion we stick to the simpler case of equal kj © k, as in the introduction.
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a little bit of supersymmetry, on the large Nc limit, and on having large R-charges to
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For general finite O, we could compute the function A through genus four, i. e. as a Taylor
expansion in ’ as
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These are our main results. It would be formidable to find the full form of A, interpolating
between (4.3) and (4.4), and reproducing (4.5) in the ’t Hooft expansion. Obtaining one

18A sum over permutations is implicit for the operators with two scalars tr(Z̄kX̄k).
19In the main text, we discussed a more general set of correlators with four di�erent kj , but for this

summarizing discussion we stick to the simpler case of equal kj © k, as in the introduction.
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Up to genus 5:

For very small octagon (very non-perturbative regime):
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The reason for this is a nice decoupling of the large Nc expansion combinatorics – which
are encoded in the dependence of the function A on the e�ective coupling ’ and on the
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For general finite O, we could compute the function A through genus four, i. e. as a Taylor
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A = O
2 + ’4

1
1 + 9

2O
2 + 1

2O
4
2

+ ’8
1

3
2 + 607

80 O
2 + 97

36O
4 + 1

16O
6
2

+ ’12
1

81
80 + 7321

1120O
2 + 953

216O
4 + 5689

12960O
6 + 5

1296O
8
2

+ ’16
1

459
1120 + 75553

22400O
2 + 44971

12600O
4 + 5587171

7257600O
6 + 2903

86400O
8 + 31

207360O
10

2

+ O(’20) . (4.5)

These are our main results. It would be formidable to find the full form of A, interpolating
between (4.3) and (4.4), and reproducing (4.5) in the ’t Hooft expansion. Obtaining one

18A sum over permutations is implicit for the operators with two scalars tr(Z̄kX̄k).
19In the main text, we discussed a more general set of correlators with four di�erent kj , but for this

summarizing discussion we stick to the simpler case of equal kj © k, as in the introduction.
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For very large octagon (also very non-perturbative regime):
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For general finite O, we could compute the function A through genus four, i. e. as a Taylor
expansion in ’ as
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These are our main results. It would be formidable to find the full form of A, interpolating
between (4.3) and (4.4), and reproducing (4.5) in the ’t Hooft expansion. Obtaining one

18A sum over permutations is implicit for the operators with two scalars tr(Z̄kX̄k).
19In the main text, we discussed a more general set of correlators with four di�erent kj , but for this

summarizing discussion we stick to the simpler case of equal kj © k, as in the introduction.
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For              which is the trivial zero coupling regime, we could not solve the matrix model. Ups.  O ' 1

Note that although A was computed by a matrix model it is perfectly convergent. This is because of the octopus principle factors which 
end up (more than) Borel re-summing the MM partition function. I have a slide about this if you are curious :)



Would be very nice to fully solve this matrix model.  
 
It is a four complex matrix model and we want to extract its four face contribution.  
 
It can be simplified into a matrix model with two Hermitian matrices and two complex matrices 
where we need to extract its two face contribution:

More bravely, would be great to find a full matrix model representation for any correlation 
function in N=4 SYM at any genus and any coupling, even for the smallest 20’ operators 
introduced in the beginning.  
 
The building blocks should now be cubic vertices since the octagons (i.e. squares) ought to be 
replaced by hexagons (i.e. triangles) and we will need some further degrees of freedom to capture 
the mirror particles which glue these hexagons together. 

This sounds hard. We should at least start with the large cyclic operator setup, reduce the size of 
the operators slowly and see how far we could go.

be fascinating to slowly decrease the size of our BPS operators to move away from our
fully convergent limit and carefully isolate these novel e�ects in a controllable way.

3 Matrix Model Simplification and Limits

Ideally, we would like to determine the full correlation function A(’1, ’2, ’3, ’4, O) by solving
the matrix model (2.4). That would be equivalent to computing the polynomials P4g|g+1
to all genus, which we have not succeeded thus far. What we did manage to do is to
simplify this matrix model problem into an equivalent matrix model problem where we
have two hermitian matrices M1, M2 and two complex matrices X, Y, with a non-diagonal
propagator between X and Y equal to the octagon function O, so that

ÈF Í ©

⁄
[DM1][DM2][DX][DY]F exp

C

≠
1
2 tr M

2
1 ≠

1
2 tr M

2
2 ≠ tr

1
X Y

2A
1 O

O 1

B≠1A
X̄

Ȳ

BD

.

(3.1)
Then we have the rather compact expression

Z =

e
tr log

1
I ≠

k2
I≠k2M2

X̄
k1

I≠k1M1
X

2
tr log

1
I ≠

k3
I≠k3M2

Ȳ
k4

I≠k4M1
Y

2f

two faces
k1k2k3k4

(3.2)

for the reduced partition function, from which we can readily extract the correlator
via (2.13). When expanding the logarithms in powers of k, we can drop all terms whose
total power is not a multiple of four, since the latter are the terms that correspond to an
even number of octagons as required (at genus g we keep 4g + 4 powers of k). We also
extract the coe�cient of N2, which is the smallest power of N on the right hand side. So
again, in this alternative matrix model formulation, we are after the N æ 0 limit. As a
check, we can expand to leading order in k to get

Z = Ètr(X̄X) tr(ȲY)Ítwo faces + O(k4) , (3.3)

which evaluates to O
2, since Wick contracting complex fields of the same type would lead

to four faces, and since each o�-diagonal propagator equals O. This is exactly what we
expect at genus zero.

The derivation of (3.2) follows the graphical manipulations in Appendix C.2. Technically,
we open up all quartic vertices in (2.6) into pairs of cubic vertices using auxiliary fields
as detailed in Appendix C.4. If done carefully, the resulting action is Gaussian in the
original four complex matrices. Integrating them out then leads to (3.2). In particular,
the logarithms arise from the complex matrix identity

⁄
[DA]e≠ tr(A.Q.Ā) = (det Q)≠N . (3.4)

It is particularly nice that in these integrations we explicitly generate two such factors which
automatically produce two factors of N . That is why in (3.2) we extract two faces only
rather than four as in the original representation with four complex matrices. Technically,
this renders the representation (3.2) quite powerful. Besides, there are less degrees of
freedom as we went from four complex matrices to two complex and two hermitian.

More physically, we started with a matrix model with four complex matrices corre-
sponding to the four types of consecutive propagators in our large cyclic operators. The
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Conclusion
• Coronado’s octagon function is a powerful building block. 

• There is no conceptual obstacle for applying integrability beyond the planar limit: it is the 
same world-sheet after all.  

• Correlation functions of  large operators are within reach both at planar and non-planar level. 
We can probably already probe some interesting bulk locality and other nice kinematical limits. 

• Small operators/light strings are harder. They were harder even for the spectrum problem; 
they were eventually tamed there so we should be optimistic here as well.  

Just last week there was a beautiful paper by Basso and Zhong where three point functions of  two large BPS 
operators and a small non-BPS operator was considered at strong coupling. The technology developed therein 
could be very useful for higher point functions as well. 

• In the end, all these recent (skeleton graphs) + (integrability) ideas can be seen as a realization 
of  an old program by Gopakumar, Razamat,… based on the beautiful relations between 
ribbon graphs and Riemann surface moduli [Striebel] (upgraded by integrability which was 
absent at the time).
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Borel and Large Octagon

For large octagon

This expression is derived by decomposing each trace into characters of hook representations
(generating one sum per trace) and then using character two-point function orthogonality,
thus killing one of the two sums. See for instance formula (B.2) in [5]. The final sum over
hooks is (3.14). We want the same expression with X æ XY. To find it, we proceed as
for the single-matrix case, except that we use so-called fission relations (see e. g. [34]) to
open up characters ‰⁄(XY) into ‰⁄(X)‰⁄(Y) upon doing the relative matrix angle integral
between the two matrices. Each character thus splits into two, so the representation (3.14)
ends up being modified to

e
tr((XY)n) tr((X̄Ȳ)n)

f
=

nÿ

k=1

A
kŸ

i=1
(i + N ≠ 1)

n≠kŸ

m=1
(N ≠ m)

B2

. (3.15)

We can now simply expand the summand at small N to read o� the leading N æ 0 term,
which is precisely the required two-face contribution. Plugging that into (3.13), we obtain
our full correlator

A = 1
’1’2’3’4

Œÿ

g=0

(’1’2’3’4O
2)g+1

(g + 1)2 g!4
gÿ

m=0
m!2(g ≠ m)!2 . (3.16)

We can re-sum this expression into17

A = O
2

1⁄

0

ds
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0

dt

C
s t

s + t ≠ 1 I0
1
2
Ô

s t Ê
2
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(1 ≠ s)(1 ≠ t)
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1
2

Ò
(1 ≠ s)(1 ≠ t) Ê

2D

,

(3.17)
where Ê = ’1’2’3’4O

2, and where I0 is the modified Bessel function of the first kind. Note
that this expression is valid for O large, kj large, Nc large, but Ê = k1k2k3k4O

2/N2
c can

be either large or not, it depends on how these limits are taken. In particular we find

A ƒ
1

’1’2’3’4
◊

Y
___]

___[

Ê + O(Ê2) Ê π 1 ,

e2Ô
Ê

Ô
fi Ê1/4 Ê ∫ 1 .

(3.18)

As mentioned above, in the two-point function representation (3.2), each of the two
logarithms represents one of the large cyclic operators, and the two faces encode the
remaining two operators. This is how this matrix model representation encodes our
original four-point correlator. There are other representations of this fully non-BPS result,
which are instructive in their own right, such as the original matrix model where the
four operators are faces, and also two new representations in Appendix C.3: A one-point
function with three faces, and a three-point function with one face, see (C.15). In all these
matrix model representations, we are after the leading term in the N æ 0 limit.

Finally, let us stress once more the very important e�ect of the Borel 1/g! arising from
the large operator combinatorics. It is the four 1/g! factors in (3.16) that are responsible
for the very nice convergence of this expression. Indeed,

gÿ

m=0
m!2(g ≠ m)!2 ƒ 2(g!)2

ƒ
Ô

4fig 4≠g (2g)! for g ∫ 1 , (3.19)

17The two terms in the integrand can be combined to the simpler expression 2stI0(2
Ô

s t Ê)/(s + t ≠ 1).
However, the integration of the small-Ê expansion of this expression is badly defined, whereas after
expanding the integrand in (3.17), the integration directly gives (3.16).
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thus killing one of the two sums. See for instance formula (B.2) in [5]. The final sum over
hooks is (3.14). We want the same expression with X æ XY. To find it, we proceed as
for the single-matrix case, except that we use so-called fission relations (see e. g. [34]) to
open up characters ‰⁄(XY) into ‰⁄(X)‰⁄(Y) upon doing the relative matrix angle integral
between the two matrices. Each character thus splits into two, so the representation (3.14)
ends up being modified to

e
tr((XY)n) tr((X̄Ȳ)n)

f
=

nÿ

k=1

A
kŸ

i=1
(i + N ≠ 1)

n≠kŸ

m=1
(N ≠ m)

B2

. (3.15)

We can now simply expand the summand at small N to read o� the leading N æ 0 term,
which is precisely the required two-face contribution. Plugging that into (3.13), we obtain
our full correlator

A = 1
’1’2’3’4

Œÿ

g=0

(’1’2’3’4O
2)g+1

(g + 1)2 g!4
gÿ

m=0
m!2(g ≠ m)!2 . (3.16)

We can re-sum this expression into17

A = O
2

1⁄

0

ds

1⁄

0

dt

C
s t

s + t ≠ 1 I0
1
2
Ô

s t Ê
2

≠
(1 ≠ s)(1 ≠ t)

s + t ≠ 1 I0
1
2

Ò
(1 ≠ s)(1 ≠ t) Ê

2D

,

(3.17)
where Ê = ’1’2’3’4O

2, and where I0 is the modified Bessel function of the first kind. Note
that this expression is valid for O large, kj large, Nc large, but Ê = k1k2k3k4O

2/N2
c can

be either large or not, it depends on how these limits are taken. In particular we find

A ƒ
1

’1’2’3’4
◊

Y
___]

___[

Ê + O(Ê2) Ê π 1 ,

e2Ô
Ê

Ô
fi Ê1/4 Ê ∫ 1 .

(3.18)

As mentioned above, in the two-point function representation (3.2), each of the two
logarithms represents one of the large cyclic operators, and the two faces encode the
remaining two operators. This is how this matrix model representation encodes our
original four-point correlator. There are other representations of this fully non-BPS result,
which are instructive in their own right, such as the original matrix model where the
four operators are faces, and also two new representations in Appendix C.3: A one-point
function with three faces, and a three-point function with one face, see (C.15). In all these
matrix model representations, we are after the leading term in the N æ 0 limit.

Finally, let us stress once more the very important e�ect of the Borel 1/g! arising from
the large operator combinatorics. It is the four 1/g! factors in (3.16) that are responsible
for the very nice convergence of this expression. Indeed,

gÿ

m=0
m!2(g ≠ m)!2 ƒ 2(g!)2

ƒ
Ô

4fig 4≠g (2g)! for g ∫ 1 , (3.19)

17The two terms in the integrand can be combined to the simpler expression 2stI0(2
Ô

s t Ê)/(s + t ≠ 1).
However, the integration of the small-Ê expansion of this expression is badly defined, whereas after
expanding the integrand in (3.17), the integration directly gives (3.16).
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Since multi-strings = multi-folded 
strings plus multi geodesics, the 

growth of moduli space is strongly 
tamed by the large charge limit

[Shenker] [Polchinski]As expected:

Borel



Octagon, all-loop bootstrap [F.C. 2018]

The octagon can be found at all loops as the solution of a bootstrap

exercise consisting of 3 remarkable analytic properties:

1 A basis of (products of) single-valued polylogarithms. Such as the ones

in the Ladder Feynman integrals:

L4 = (1)

2 A OPE channel dominated by double-trace operators, where the

exponent of log(1� z) truncates at all loops.

lim
z,z̄!1

O(z , z̄) = a(z , z̄ ,�) + b(z , z̄ ,�) log ((1� z)(1� z̄)) (2)

3 Null square limit x212, x
2
13, x

2
24, x

2
34 ! 0. Now the truncation is in the

logarithm of O.

lim
z!0, z̄!1

logO(z , z̄) = �̃(�) log2 (z/z̄) (3)
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