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MOTIVATION

• CHY developed a string-like formulae for calculating tree-level  
amplitudes for n massless particles. (integral over moduli space of 
n-punctured Riemann sphere) 

• Mason & Skinner  introduced  the ambitwistor string  as a way to 
derive CHY formulas from a worldsheet perspective, then was 
extended to loops and pure spinor version 

• Siegel introduced an approach closely related to standard string 
theory, by considering a singular gauge limit and a change in the 
worldsheet boundary conditions 

• Toy model to study string field theory / New ways to evaluate 
Feynman diagrams in field theory



AMBITWISTOR CRASH-COURSE

Gauge fixed action:

BRST operator:

3.1 Review and notation

For the Type II action we add two fermionic holomorphic worldsheet variables  1, 2,
both with conformal weight 1/2. We also introduce two pairs of bosonic Faddev-Popov
ghosts: (�1, �1) and (�2, �2). The �’s have conformal weight 3/2 while the �’s have confor-
mal weight �1/2. The action for this system is

StII =
1

2⇡

Z
d 2z (Pm@̄X

m + b@̄c+ b̃@̄c̃+  1@̄ 1 +  2@̄ 2 + �1@̄�1 + �2@̄�2). (3.1)

The new field variables have the OPE’s

 m
i (z) n

j (w) ⇠ �ij
⌘mn

(z � w)
, �i(z)�j(w) ⇠ � �ij

(z � w)
for i, j = 1, 2, (3.2)

in addition to the ones obtained in (2.4). The action (3.1) also presents BRST symmetry
generated by

Q =

I
dz

2⇡i
(cTM+cTb̃c̃+cT�1�1+cT�2�2+bc@c+

1

2
c̃P 2+�1P · 1+�2P · 2��21 b̃��22 b̃), (3.3)

where

TM = �Pm@X
m � 1

2
 1 · @ 1 �

1

2
 2 · @ 2, Tb̃c̃ = c̃@b̃� 2b̃@c̃,

T�i�i = �1

2
@�i�i �

3

2
�i@�i .

(3.4)

The nilpotency of the BRST charge imposes the critical spacetime dimension d = 10. In
order to write the vertex operator in the picture (�1,�1) we bosonize the ghosts (�i, �i)

by introducing a set of fermions (⌘i, ⇠i) with conformal weight (1, 0) together with a chiral
boson �i. This new system is described by the free field OPE’s

�i(z)�j(w) ⇠ ��ij ln(z � w), ⌘i(z)⇠j(w) ⇠
�ij

z � w
, (3.5)

and the change of variables is

�i = e��i@⇠i , �i = ⌘ie
+�i . (3.6)

The BRST charge (3.3) in terms of bosonized variables (⌘, ⇠,�) is written by replacing

T�i�i = �1

2
@�i@�i � @2�i � ⌘i@⇠i and �2i = ⌘i@⌘ie

�2�i , (3.7)

for each pair (�i, �i). The ghost number charge (4.10) is modified to accommodate the
(�, �) system as

Ngh = �
I

dz

2⇡i
(bc+ b̃c̃+ ⇠1⌘1 + ⇠2⌘2) (3.8)
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null constraint

Ambitwistors equations:

S =
1

2⇡

Z
d2z( @̄ + �@̄�) (1)

S =
1

2⇡

Z
d2z(Pm@̄X

m + b@̄c+ b̃@c̃| {z }
Bosonic

+

TypeIIz }| {
 1@̄ 1 + �1@̄�1 +  2@̄ 2 + �2@̄�2| {z }

Heterotic

)+ SJ|{z}
Heterotic

(2)

Q2 = 0 ) dim =

8
>>><

>>>:

26, Bosonic

10, Type II

2
5(41� cj), Heterotic

(3)

1

SO(32) : 16

(1,0) (2,-1)

(3/2,-1/2)(1/2)

Does not describe the  
massless string spectrum 

Ambitwistors equations:

S =
1
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Z
d2z( @̄ + �@̄�) (1)

� (k · P )
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V (z) = cc̃PmPng
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mn+bc@c̃c̃s+ . . . (4)

gmn = hmn �
1

6
⌘mnh

p
p, s = �1

4
�+
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p
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p
bnp =0, (8)

⇤3
gmn �⇤2@(n@

p
gm)p + 4⌘mns+ 16@m@ns =0. (9)

(10)

Rz }| {
�⇤hm

m + @m@nhmn = 0 (11)
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p
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2Rmn
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XX trivial OPE 

rmn / ⇤gmn + . . . and fmn / ⇤rmn + . . . (14)

R = 0 (15)

@pHmnp = 0, (16)

⇤2Rmn � 2@m@n� = 0 (17)

eikX

Hmnp Rmn R

�hmn = @(m�n), �� = 0, �bmn = @[m!n], �Cmnp = 0, �Am = @m⇢

S = �
Z

d26x


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2
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✓
Rmn �
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⌘mnR

◆
� �R + (HmnpHmnp)

�
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�d↵
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F

↵
mn = @[md
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V �1
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2 + bmn 
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1  

n]
2 ) + ⌘1@⇠2e

�2�2cc̃s+ . . . (21)

V �1
GSO� = e��1e��2cc̃(cmn 

m
1  

n
1 + dmn 

m
2  

n
2 + @XmAm) + . . . (22)
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b�mn = cmn � dmn

�b�mn = @[m�n], �Am = @m⇢, �b+mn = 0

(e��1 , m
1 ) ! (�e��1 ,� m

1 )
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No anomalous 
dimension 



BOSONIC SPECTRUM

Vertex operator with ghost number two: 

Ambitwistors equations:
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The amplitude   does 
not describe gravity

If you allow the vertex operator depend on   

rmn / ⇤gmn + . . . and fmn / ⇤rmn + . . . (14)

R = 0 (15)

@pHmnp = 0, (16)

⇤2Rmn � 2@m@n� = 0 (17)

⇤gmn = 0 (18)

⇤3
gmn = 0 (19)

(20)

A3(k1, k2, k3) / k6

@X

eikX

Hmnp Rmn R

�hmn = @(m�n), �� = 0, �bmn = @[m!n], �Cmnp = 0, �Am = @m⇢

S = �
Z

d26x


1

2
hmn⇤2

✓
Rmn �

1

2
⌘mnR

◆
� �R + (HmnpHmnp)

�
(21)

S+ = �
Z

d10x


1

2
hmn

✓
Rmn �

1

2
⌘mnR

◆
� �R� 1

2
�⇤�+ (HmnpHmnp)

�
(22)

S� = �1

2

Z
d10x[H�mnpH�

mnp +H+mnpH+
mnp + b+mn@[mAn]] (23)

�d↵
m = @m�

↵, �i↵ = 0

F

↵
mn = @[md

↵
n]

V �1
GSO+ = e��1e��2cc̃(hmn 

(m
1  

n)
2 + bmn 

[m
1  

n]
2 ) + ⌘1@⇠2e

�2�2cc̃s+ . . . (24)

V �1
GSO� = e��1e��2cc̃(cmn 

m
1  

n
1 + dmn 

m
2  

n
2 + @XmAm) + . . . (25)

b±mn = cmn ± dmn

2

rmn / ⇤gmn + . . . and fmn / ⇤rmn + . . . (14)

R = 0 (15)

@pHmnp = 0, (16)

⇤2Rmn � 2@m@n� = 0 (17)

⇤gmn = 0 (18)

⇤3
gmn = 0 (19)

(20)

A3(k1, k2, k3) / k6

@X

eikX

Hmnp Rmn R

�hmn = @(m�n), �� = 0, �bmn = @[m!n], �Cmnp = 0, �Am = @m⇢

S = �
Z

d26x


1

2
hmn⇤2

✓
Rmn �

1

2
⌘mnR

◆
� �R + (HmnpHmnp)

�
(21)

S+ = �
Z

d10x


1

2
hmn

✓
Rmn �

1

2
⌘mnR

◆
� �R� 1

2
�⇤�+ (HmnpHmnp)

�
(22)

S� = �1

2

Z
d10x[H�mnpH�

mnp +H+mnpH+
mnp + b+mn@[mAn]] (23)

�d↵
m = @m�

↵, �i↵ = 0

F

↵
mn = @[md

↵
n]

V �1
GSO+ = e��1e��2cc̃(hmn 

(m
1  

n)
2 + bmn 

[m
1  

n]
2 ) + ⌘1@⇠2e

�2�2cc̃s+ . . . (24)

V �1
GSO� = e��1e��2cc̃(cmn 

m
1  

n
1 + dmn 

m
2  

n
2 + @XmAm) + . . . (25)

b±mn = cmn ± dmn

2

EOM:

rmn / ⇤gmn + . . . and fmn / ⇤rmn + . . . (14)

QbrstV (z) = 0

R = 0 (15)

@pHmnp = 0, (16)

⇤2Rmn � 2@m@n� = 0 (17)

⇤gmn = 0 (18)

⇤3
gmn = 0 (19)

(20)

A3(k1, k2, k3) / k6

@X

eikX

Hmnp Rmn R

�hmn = @(m�n), �� = 0, �bmn = @[m!n], �Cmnp = 0, �Am = @m⇢

S = �
Z

d26x


1

2
hmn⇤2

✓
Rmn �

1

2
⌘mnR

◆
� �R + (HmnpHmnp)

�
(21)

S+ = �
Z

d10x


1

2
hmn

✓
Rmn �

1

2
⌘mnR

◆
� �R� 1

2
�⇤�+ (HmnpHmnp)

�
(22)

S� = �1

2

Z
d10x[H�mnpH�

mnp +H+mnpH+
mnp + b+mn@[mAn]] (23)

�d↵
m = @m�

↵, �i↵ = 0

F

↵
mn = @[md

↵
n]

V �1
GSO+ = e��1e��2cc̃(hmn 

(m
1  

n)
2 + bmn 

[m
1  

n]
2 ) + ⌘1@⇠2e

�2�2cc̃s+ . . . (24)

V �1
GSO� = e��1e��2cc̃(cmn 

m
1  

n
1 + dmn 

m
2  

n
2 + @XmAm) + . . . (25)

2

rmn / ⇤gmn , fmn / ⇤rmn and ⇤fmn = 0 (14)

QbrstV (z) = 0

R = 0 (15)

@pHmnp = 0, (16)

⇤2Rmn � 2@m@n� = 0 (17)

⇤gmn = 0 (18)

⇤3
gmn = 0 (19)

(20)

A3(k1, k2, k3) / k6

@X

eikX

Hmnp Rmn R

�hmn = @(m�n), �� = 0, �bmn = @[m!n], �Cmnp = 0, �Am = @m⇢

S = �
Z

d26x


1

2
hmn⇤2

✓
Rmn �

1

2
⌘mnR

◆
� �R + (HmnpHmnp)

�
(21)

S+ = �
Z

d10x


1

2
hmn

✓
Rmn �

1

2
⌘mnR

◆
� �R� 1

2
�⇤�+ (HmnpHmnp)

�
(22)

S� = �1

2

Z
d10x[H�mnpH�

mnp +H+mnpH+
mnp + b+mn@[mAn]] (23)

�d↵
m = @m�

↵, �i↵ = 0

F

↵
mn = @[md

↵
n]

V �1
GSO+ = e��1e��2cc̃(hmn 

(m
1  

n)
2 + bmn 

[m
1  

n]
2 ) + ⌘1@⇠2e

�2�2cc̃s+ . . . (24)

V �1
GSO� = e��1e��2cc̃(cmn 

m
1  

n
1 + dmn 

m
2  

n
2 + @XmAm) + . . . (25)

2

The amplitude suggests a kinetic term proportional to  k6

Sketch of the cohomology

□ bmn = 0
∂mbmn = 0

Kalb-Ramond  
field

□ gmn = ∂mgmn = 0



KINETIC TERM: BOSONIC

R = 0 (15)

@pHmnp = 0, (16)

Rmn � 2@m@n� = 0 (17)

Hmnp Rmn R

�hmn = @(m�n), �� = 0

S = �
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d26x
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2
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⌘mnR

◆
� �R + (HmnpHmnp)

�
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Z

d10x


1

2
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✓
Rmn �

1

2
⌘mnR

◆
� tR +

1

4
Tr(FmnFmn)+

�CmnpHmnp +
1

2
Cmnp

✓
⇤Cmnp �

1

2
@[p@

rCmn]r

◆�
(19)

⇤Rmn � @m@nt = 0 , R = 0 , ⇤Cmnp �Hmnp = 0 ,

@mCmnp = 0 , and @mF
mn = 0. (20)

2

(b0 � b̄0)| i = 0. For the ambitwistor string, we will have a similar kinetic term; however,
since all the fields are holomorphic, we discard the antiholomorphic zero-modes L̄0 and b̄0.

Therefore, we propose for the ambitwistor string kinetic term

S[ ] =
1

2
h |c0Q i =

1

2
hI � V (0)|@cQV (0)i (2.17)

where | i is constrained to satisfy

L0| i = b0| i = 0. (2.18)

The bra state of the string field h | is defined by the usual BPZ conjugate, h | = h0|I �V (0)

where I(z) = 1/z. For a primary field of conformal weight h the conformal transformation
I acts as

I � �(y) = (@yI)
h�(1/y). (2.19)

The variation of S[ ] implies c0Q| i = 0. The condition b0| i = 0 turns this into the
linearized equations of motion Q| i = 0. The action S[ ] is invariant under |� i = Q|⇤i,
where ⇤ has ghost number one and is annihilated by L0 and b0. The proof of gauge
invariance and the derivation of the field equations follows exactly as in [11], so it will not
be reproduced here. A similar string field theory action was previously proposed in [4], but
their construction did not allow insertions of @X in the vertex operator and they modified
the usual definition of the BPZ inner product to get a massless unitary spectrum.

Let us focus on computing the action for the ambitwistor string vertex operator (2.11).
The action can be calculated in two different – but equivalent – ways: using creation and
annihilation operator algebra or vertex correlation functions. We will work with the latter.

The gauge parameter (2.13) can set S(2), S(4), S(6), A(1), A(2) to zero without producing
ghosts, so the vertex operator (2.11) simplifies to

V (z) =cc̃�2 + c@c̃ 1 + c@2c̃S(5) + @c̃c̃�1 + @2c̃c̃S(3) + bc@c̃c̃S(1) , (2.20)

where

�2 = PmPnG(1)
mn + @Xm@XnG(2)

mn + @XmPnHmn,

 1 = PmA(5)
m + @XmA(6)

m , �1 = PmA(3)
m + @XmA(4)

m .
(2.21)

One can verify that the auxiliary field equations of (2.14) imply that

T (z)V (0) ⇠+ z�4[�cc̃(Hm
m + 6S(5))] + z�3[c@c̃(�@mA5

m � 2S(5))] +

+ z�3[cc̃(�2Pm(@nG1
mn +A(5)

m )� @Xm(@nHmn + 2A(6)
m ))] +

+ z�3[c̃@c̃(+@mA(3)
m + 2S(3) � 3S(1))] + z�1@V (0)

⇠z�4[�cc̃(Hm
m + 6S(5))] + z�1@V (0).

(2.22)

So after applying the auxiliary field equations of (2.14), T has no double or cubic poles
with V , which implies that I � V (z) = V (I(z)) and the string action (2.17) becomes the
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invariance and the derivation of the field equations follows exactly as in [11], so it will not
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Similar to closed  
string field theory

⇤ =cPm⇤(1)
m + c@Xm⇤(2)

m + c̃Pm⇤(4)
m + c̃@Xm⇤(5)

m + @c̃⇤(6) + bcc̃⇤(7) + cb̃c̃⇤(3). (2.13)

The vertex (2.11) can be simplified by removing fields that are pure gauge. Whenever
the gauge transformation of a field does not involve spacetime derivatives of the gauge
parameter, we can eliminate this field without producing gauge-fixing ghosts. By a suitable
choice of gauge parameters, it is easy to show that the fields S(2), S(4), S(6), A(1)

m , A(2)
m can

be eliminated from the vertex operator (2.11).

Cohomology: Now that we have the most general vertex operator we can calculate the
cohomology. The BRST-closedness condition QV = 0 gives the following auxiliary equa-
tions

A(5)
n = �@mG(1)

mn, A(6)
m = �1

2
@nHmn, A(3)

m = A(6)
m , A(4)

m = �@mS(1),

G(3)
mn =

1

2
⇤G(1)

mn � 1

2
@(n@

rG(1)
m)r, 2G(2)

mn = +
1

2
⇤G(3)

mn + ⌘mnS
(1),

S(5) = +
1

2
@n@mG(1)

mn, S(3) = �1

2
@mA(3)

m +
3

2
S(1),

(2.14)

together with the equations of motion

⇤Gm(1)
m + 4@n@mG(1)

mn =0,

⇤Bnm + @n@
pBmp � @m@pBnp =0,

⇤3G(1)
mn �⇤2@(n@

pG(1)
m)p + 4⌘mnS

(1) + 16@m@nS
(1) =0.

(2.15)

The gauge transformations given by �V = Q⇤ for the propagating fields are

�G(1)
(mn) =

1

2
@(n⇤

(1)
m) �

1

6
⌘mn(@ · ⇤(1)),

�B[mn] = @[m⇤
(4)
n] ,

�S(1) =
1

24
⇤2(@ · ⇤(1)).

(2.16)

Although the gauge transformation for the field G(1)
mn does not correspond to the linear

diffeomorphism of the graviton, we will perform in the next subsection a field redefinition
to obtain the usual transformation. However, it is unclear how to interpret this vertex
operator as a deformation around the background.

2.3 Ambitwistor kinetic term

The standard kinetic term S[ ] = 1
2h |(c0 � c̄0)Q i for the closed bosonic string was

introduced in [11] using the string field defined by the state-operator mapping: | i =

V (0)|0i where |0i is the SL(2, C) vacuum and | i is constrained to satisfy (L0 � L̄0)| i =
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Ambitwistors equations:
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Bosonic

+

TypeIIz }| {
 1@̄ 1 + �1@̄�1 +  2@̄ 2 + �2@̄�2| {z }

Heterotic

)+ SJ|{z}
Heterotic

(2)

Q2 = 0 ) dim =

8
>>><

>>>:

26, Bosonic

10, Type II

2
5(41� cj), Heterotic

(3)

V (z) = cc̃PmPng
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mn+bc@c̃c̃s+ . . . (4)

gmn = hmn �
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6
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4
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 Neveu- Schwarz sector:

 Ramond sector:

 The theory contain higher derivative terms and has N=1 supersymmetry 



CONCLUSIONS / OPEN PROBLEMS

• Type II GSO(+) and Heterotic Yang-Mills agrees with string theory. 
Bosonic / Heterotic (gravity) does not, but have a similar and 
interesting structure ( higher derivative ) 

• Still missing an interpretation for these theories  

• Why does not agree with string theory* / How can it be derived 
from usual closed string theory** ? 

• How to construct ambitwistor like models in curved spacetime 
(adS) ?

*Null origin of the ambitwistor ( E.Cassali, P.Tourkine) :1606.05636  
  **Left-handed string (W.Siegel): 1512.02569
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Susy transformations:

**Pure spinor: Max Guillen
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