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Any CFT with:  
 1. Large-N expansion  
 2. Large gap in operator dimensions 
has a bulk dual that is local to lengths             .  

What is the basic mechanism of AdS/CFT?

[Heemskerk,Penedones,Polchinski& Sully ’09]
`AdS/�gap

Conjecture:

CFT ‘bootstrap’ problem:
Find consistency conditions which ensure this!

[cf. Takayanagi’s talk]



We’ll study Lorentzian 4-point correlator in CFTd
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[Hogervorst&Rychkov ’13]

⇢1 = 1

⇢4 = ⇢

⇢2=�1

⇢3=�⇢

-stay within two Rindler wedges 
 

-get constraints from Regge limit: ⇢̄ ! 1, ⇢⇢̄ fixed



Regge limit:
 -localizes in time (in two null directions)
 -spreads transversely over AdSd-2

[Cornalba, Costa, Penedones ’06-…]
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Contrast with ‘focusing things into the bulk’

Locality in time alone will take us surprisingly far…

[fig: Heemskerk,Penedones,  
Polchinski& Sully]

we won’t do the latter since it can’t be  
done from within Rindler wedges (unless ∆>>1)

Figure 1: Four-point correlator with wavepackets aligned to intersect in the bulk.

the arguments are (−π/2, ê), (−π/2,−ê), (+π/2, ê′), (+π/2,−ê′), and in all conformally

equivalent configurations.

This singularity is not present in general CFT’s, for example not in the weakly coupled

N = 4 theory (there is a weaker singularity at the same point). Rather, it emerges in the

strong-coupling limit. In Sec. 6 we will describe the singularity in more detail, and compare

it with what we find in the CFT. For now, the main lesson is that to study the bulk locality

properties we should look at the CFT four-point function. Note that the forms of the two-

and three-point functions are fully determined by conformal symmetry, but that of the four-

point function is not. In fact, in all dimensions it is determined by symmetry up to a function

of two real cross ratios. This function carries dynamical information, in particular regarding

the locality of the bulk theory.

2.3 Current understanding

AdS/CFT duality has been subjected to many tests. Indeed, every time we apply it in a

new way we have the possibility that it will lead to implausible or incorrect results, signaling

a failure of the duality. The tests are of many types, for example
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For gapped S-matrices in flat space: 

Locality in time  
(aka causality)⇔ analyticity in  

complex energies ⇔ dispersion 
relations

Claim:  this generalizes to any unitary CFT:

G(⇢0, ⇢̄0) =

Z
d⇢d⇢̄K(⇢0, ⇢̄0; ⇢, ⇢̄) dDisc [G(⇢, ⇢̄)]+(t $ u)

+(t $ u)M(s, t) =

Z
dt0

⇡(t� t0)
ImM(s, t0)

Logic:



• Positive & bounded

• Saturated by single-traces at large-N

x2
x3

x4
x1

Properties:

dDiscG ⌘ 1
2 h0|[�2,�3][�1,�4]|0i



• Positive & bounded

• Saturated by single-traces at large-N

x2
x3

x4
x1

Properties:

Intuition: view correlator as scattering amplitude

dDiscG ⌘ 1
2 h0|[�2,�3][�1,�4]|0i

⇒ dDisc G is natural CFT version of Im M!!

h0|T̄�1 · · ·�4|0i ⌘ S⇤ = GE � iM⇤

h0|T�1 · · ·�4|0i ⌘ S = GE + iM

h0|�2�3�1�4|0i ⌘ GE



dispersion relation for M at fixed-    :

9

bounded
(t- OPE)

bounded
(u- OPE)

 approaches 
a constant

w

(use both OPE)

x

1/�1/��

[Hartman,Kundu&Tajdini ’16]

M(w) = C +
1

⇡

Z 1

�1

dw0dDiscG(�, w0)

w � w0 + (small cut)

⇢ = �w
⇢̄ = �/w

⇢⇢̄



Implications. [Ignore the sign-indefinite small cut in Regge limit]

1. Imaginary part is positive in upper-half-plane

ImM(x+ iy) =

Z
y dx

0 ImM(x0)

(x0 � x)2 + y

2
> 0

M(w) ⇡ wh
Z 1

�1
dx

+
T++i34) h

Z
dx

+
T++i> 0

[Hartman,Kundu&Tajdini ’16]

⇒ANEC:



Implications. [Ignore the sign-indefinite small cut in Regge limit]

1. Imaginary part is positive in upper-half-plane

ImM(x+ iy) =

Z
y dx

0 ImM(x0)

(x0 � x)2 + y

2
> 0

M(w) ⇡ wh
Z 1

�1
dx

+
T++i34) h

Z
dx

+
T++i> 0

[Hartman,Kundu&Tajdini ’16]

⇒ANEC:

2. Rate of growth locally bounded in imaginary direction:

(y@

y

� 1)

h
log ImM(x+ iy)

i
= �2

R
dx

0
y

2 ImM(x0)
((x0�x)2+y

2)2R
dx

0 ImM(x0)
(x0�x)2+y

2

 0

⇒chaos bound                 (in Rindler time w=et/(2𝜋T))
[Maldacena,Shenker&Stanford ’15]

� < 2⇡T



• Near perfect analogy with ingredients in the proof 
of the Froissart-Matrin bound*:  
 
 
 
 
 

• CFT has effective mass gap since ’AdS is like a box’  
(and OPE makes proofs much easier!)

12

[Martin ’63; Jin&Martin ’64;  
see de Rham, Melville,Tolley &Zhou ‘17]

ImM(s, t) > 0 8 0t<4m2, 4m2<s<1

lim
|s|!1

|M(s, t)| < C|s|1+✏ ✏ < 1

*impact parameter Im M(s,b) might also provide a good analogy
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[Martin ’63; Jin&Martin ’64;  
de Rham, Melville,Tolley &Zhou ‘17]

ImM(s, t) > 0 8 0t<4m2, 4m2<s<1

lim
|s|!1

|M(s, t)| < C|s|1+✏ ✏ < 1



partial waves: aj(s) =

Z ⇡

�⇡
d✓ cos(j✓)M(s, t(cos ✓))

disp. relation: M(s, t) =

Z
dt0

⇡(t� t0)
ImM(s, t0)

+(t $ u)

 analyticity in spin
+(�1)j(t $ u)

aj(s) =

Z 1

⌘0

d⌘ e�j⌘M(s, t(cosh(⌘))

What does this imply for OPE coefficients?

+

=

(for Re j>j0)

[Froissart-Gribov]



partial waves: aj(s) =

Z ⇡

�⇡
d✓ cos(j✓)M(s, t(cos ✓))

disp. relation: M(s, t) =

Z
dt0

⇡(t� t0)
ImM(s, t0)

+(t $ u)

 analyticity in spin
+(�1)j(t $ u)

aj(s) =

Z 1

⌘0

d⌘ e�j⌘M(s, t(cosh(⌘))

in CFT, we (currently) lack the  
second step, away from Regge limit!  

What does this imply for OPE coefficients?

+

=

(for Re j>j0)

[Froissart-Gribov]
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|w| = 1

t-channel  
cut

u-channel  
cut

aj(s) =

I
dw

w
(wj

+ w�j
)M(s, t(cos ✓))

alternative contour integral derivation

w = ei✓

‘tactical retreat’:
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aj(s) =

I
dw

w
(wj

+ w�j
)M(s, t(cos ✓))

w = ei✓

⇒get integrals over Im M

Alternative contour integral derivation (‘tactical retreat’)



[Costa,Goncalves&Penedones’12]

• Actually, we first have to make ∆ continuous:  
 
 
 

= single-valued, needed for self-adjointness of Casimir

G(z, z̄) = �12�34 +
1X

j=0

Z d/2+i1

d/2�i1

d�

2⇡i
c(j,�)Fj,�(z, z̄).

Fj,� = gj,� + gj,d��

[Simmons-Duffin ’12]

• Mellin-like contour, encodes OPE through poles:

c(j,�0) ⇡
f2
OO!j,�

���0

CFT steps are the same: Euclidean OPE:

✓
[see also: Mazac’16; 

Hogervorst&van Rees ’17, Gadde ‘17]

G(z, z̄) =
X

j,�

f2
j,�Gj,�(z, z̄)
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invert OPE using orthogonality for principal series ∆=d/2+i𝜈

c(j,�) = N(j,�)

Z 1

0
d(⇢⇢̄)

I
dw

w
µ(⇢, ⇢̄)G(⇢, ⇢̄)Fj,�(⇢, ⇢̄)

Tricky part is to find the analog of 
 

so we can split the  ‘block+shadow’: 

⇠ wj

(w ! 0)

Fj,�(z, z̄) = F (+)
j,� + F (�)

j,�

⇠ w�j

(w ! 1)

2 cos(j✓) = wj
+ w�j

⇢ = �w ⇢̄ = �/w,



• tricky because there are 8 basic solutions to 
conformal Casimirs diff eqs.: (quadratic and quartic)

• Solutions related by symmetries:

• Only 2 are nice (convergent) in Regge limit:

• So we have 4 parameters and 8 constraints

20

which are the eigenvalues of the following di↵erential operators:

C
2

= D
z

+D
z̄

+ (d� 2)
zz̄

z � z̄
[(1� z)@

z

� (1� z̄)@
z̄

] ,

C
4

=

✓
zz̄

z � z̄

◆
d�2

(D
z

�D
z̄

)

✓
zz̄

z � z̄

◆
2�d

(D
z

�D
z̄

) .
(A.2)

Here

D
z

= z2@
z

(1� z)@
z

� (a+ b)z2@
z

� abz (A.3)

with a = �1

2

�
12

, b = 1

2

�
34

.

Since we will be interested in various analytic continuations, it is useful to consider the

most general solution to these equations. Let us also assume that j and � are generic non-

integer numbers (such that j ±� are also non-integer) – the non-generic cases will then be

obtained as limits. From the di↵erential equations, it is easy to see that the solutions can

then be labelled in terms of their exponents in the regime 0⌧ z ⌧ z̄ ⌧ 1:

gpure
j,�

= z
��j
2 z̄

�+j
2 ⇥ (1 + integer powers of z/z̄, z̄) . (A.4)

There are in fact eight independent solutions, which correspond to the fact that the Casimir

eigenvalues (A.1) are invariant under the three permutations:

j !2� d� j, � ! d��, � ! 1� j . (A.5)

A.1 Expansion around the origin

To make contact with the conformal blocks G
j,�

used in the main text, we note that in the

limit zz̄ ! 0 the dependence on the ratio z/z̄ is controlled by the Gegenbauer di↵erential

equation with x = cos ✓ = 1

2

(
p
z/z̄ +

p
z̄/z):

gpure
j,�

= (zz̄)
�
2 (f

j

(x) +O(zz̄)),
⇥
(1� x2)@2

x

� (d� 1)x@
x

+ j(j + d� 2)
⇤
f
j

(x) = 0 .

(A.6)

This generalizes to d-dimension the spherical harmonics, e.g. Legendre polynomials. This

is physically unsurprising since in Euclidean kinematics x is the cosine of an angle. Our

blocks have the asymptotics where the (rescaled) Gegenbauer polynomial is normalized so

that C̃
j

(1) = 1:

G
j,�

= (zz̄)�/2C̃
j

(x) + . . . ,

C̃
j

(x) ⌘ �(j + 1)�(d� 2)

�(j + d� 2)
C

d/2�1

j

(x) =
2

F
1

�� j, j + d� 2, d�1

2

, 1�x

2

�
.

(A.7)

In Lorentzian kinematics x is better thought as the cosh of a boost and the two possible

large-x exponents are xj and x�j�d+2. Working out the asymptotics of the C̃
j

we thus get

G
j,�

(z, z̄) =
2d�3�(d�1

2

)p
⇡

"
�(d�2

2

+ j)

�(d� 2 + j)
gpure
j,�

(z, z̄) +
�(�d�2

2

� j)

�(�j) gpure�j�d+2,�

(z, z̄)

#
. (A.8)

– 7 –

(0 ⌧ z ⌧ z̄ ⌧ 1)

gpure�+1�d,j+d�1, gpure1��,j+d�1 ⇠ (zz̄)j/2

gpurej,� (z, z̄) ⇠ z
��j

2 z̄
�+j

2
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one solution (!!!!)



s-channel  
OPE coefficients

convergent 
t-channel sum

block with  
j and Δ 

exchanged

converges for j>1 (proved using unitarity&OPE  
convergence in cross-channels)

c(J,�) =

Z

⌃

⇥
Inverse block

⇤
⇥

⇥
dDiscG

⇤

Result: CFT Froissart-Gribov formula



A (boring) test: 2D Ising

• Double discontinuity:  

• Factorized integral against 2d (global) blocks
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G(⇢, ⇢̄) =

����
1

(1� ⇢2)1/4

����
2

+

����
p
⇢

(1� ⇢2)1/4

����
2

B Example: 2D Ising model

There are two scalar primaries: � and ✏, odd and even under a Z
2

symmetry and of mass

dimension � = 1

8

and � = 1, respectively. We’ll consider the following correlators:

gA ⌘ g
����

=

����
1

(1� ⇢2)1/4

����
2

+

����
p
⇢

(1� ⇢2)1/4

����
2

, gB ⌘ g
��✏✏

=

����
1 + ⇢2

1� ⇢2

����
2

,

gC ⌘ g
�✏✏�

=

�����
⇢1/16(1 + 6⇢+ ⇢2)

(1� ⇢)2(1 + ⇢)1/8

�����

2

, gD ⌘ g
✏✏✏✏

=

����
1 + 14⇢2 + ⇢4

27/8(1� ⇢2)2

����
2

.

(B.1)

Note that gB and gC are di↵erent channels of the same correlator.

Consider first gA. To compute its double discontinuity, we need to treat ⇢, ⇢̄ as indepen-

dent variable and take ⇢ ! 1/⇢, either above or below the axis (see eq. ()), which gives

dDisc gA(⇢, ⇢̄) =
1� 1p

2

(
p
⇢+

p
⇢̄) +

p
⇢⇢̄

(1� ⇢2)1/4(1� ⇢̄2)1/4
. (B.2)

We note that this is positive for 0 < ⇢, ⇢̄ < 1, as required. The formula gives

cA
J,�

=

Z
1

0

d⇢d⇢̄µ(⇢, ⇢̄)G
��1,1+j

(⇢, ⇢̄)dDisc gA(⇢, ⇢̄) . (B.3)

where in the ⇢-variables the measure is
���1�⇢

2

4⇢

2

���
2

. Writing u = ⇢2 this can be expressed in

terms of following factorized integral:

f
p

(↵) ⌘
Z

1

0

du (4u)p+↵

8u
p
u

(1� u)3/4
2

F
1

�
1

2

, a
2

, a+1

2

, u
�
, (B.4)

giving

cA
J,�

= f
0

(J+�)f
0

(J+2��)�1

2
f
1/4

(J+�)f
0

(J+2��)�1

2
f
0

(J+�)f
1/4

(J+2��)+f
1/4

(J+�)f
1/4

(J+2��) .

(B.5)

It turns out that this can be expressed as an hypergeometric function:

f
p

(↵) = 2a�3+2p

�(7
4

)�(p+ ↵�2

4

)

�(p+ ↵+5

4

)
3

F
2

�
1

2

, ↵
2

, p+ ↵�2

4

; a+1

2

, p+ ↵+5

4

; 1
�
. (B.6)

The OPE coe�cients are then obtained as the residues of:

CA

J,�

0 = Res
�=�

0

 
cA
J,�

� �(��J

2

)4 tan(⇡��J

2

)

2⇡�(�� j � 1)�(�� j)
c
��1,J+1

!
. (B.7)

The first few residues, for example, give:

CA

0,1

=
1

4
, CA

2,2

=
1

64
, CA

4,4

=
9

40960
, CA

0,4

=
1

4096

CA

4,5

=
1

65536
, CA

6,6

=
35

3670016
CA

2,6

=
9

2621440
, CA

6,7

=
1

1310720
, . . .

(B.8)
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Z

1

0

du (4u)p+↵

8u
p
u

(1� u)3/4
2

F
1

�
1

2

, a
2

, a+1

2

, u
�
, (B.4)

giving

cA
J,�

= f
0

(J+�)f
0

(J+2��)�1

2
f
1/4

(J+�)f
0

(J+2��)�1

2
f
0

(J+�)f
1/4

(J+2��)+f
1/4

(J+�)f
1/4

(J+2��) .

(B.5)

It turns out that this can be expressed as an hypergeometric function:

f
p

(↵) = 2a�3+2p

�(7
4

)�(p+ ↵�2

4

)

�(p+ ↵+5

4

)
3

F
2

�
1

2

, ↵
2

, p+ ↵�2

4

; a+1

2

, p+ ↵+5

4

; 1
�
. (B.6)

The OPE coe�cients are then obtained as the residues of:

CA

J,�

0 = Res
�=�

0

 
cA
J,�

� �(��J

2

)4 tan(⇡��J

2

)

2⇡�(�� j � 1)�(�� j)
c
��1,J+1

!
. (B.7)

The first few residues, for example, give:

CA

0,1

=
1

4
, CA

2,2

=
1

64
, CA

4,4

=
9

40960
, CA

0,4

=
1

4096

CA

4,5

=
1

65536
, CA

6,6

=
35

3670016
CA

2,6

=
9

2621440
, CA

6,7

=
1

1310720
, . . .

(B.8)

– 12 –

cj,� = f0(j+�)f0(j+2��)� 1
2f1/4(j +�)f0(j + 2��) + . . .



• Residues at all poles do match global OPE!*
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C0,1 =
1

4
, C2,2 =

1

64
, C4,4 =

9

40960
, C0,4 =

1

4096

C4,5 =
1

65536
, C6,6 =

35

3670016
C2,6 =

9

2621440
, C6,7 =

1

1310720
, . . .

*never trust Mathematica’s Residue on 3F2’s……..

Cj,� = �Kj,�Res�0=�c(j,�
0)

✓



25

Application: Large spin bootstrap

⇒ Solve OPE in asymptotic series in 1/j

(z, z̄) ! (0, 1)

[Komargodski&Zhiboedov,  
Fitzpatrick,Kaplan,Poland&Simmons-Duffin,

Alday&Bissi&…,  
Kaviraj,Sen,Sinha&…,

Alday,Bissi,Perlmutter&Aharony,…]

Usual story: double-light-cone limit  

non-analytic behaviour in            needs large spin:

large spin in s-channel  ↔ low twist in t-channel

X

j

1

j↵
Fj(z̄) = (1� z̄)↵/2 + regular

(1� z̄)



What about inversion formula? 

OPE data encoded in ∆-poles from G~z𝜏/2 as         :  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c(j,�) ⇠
Z 1

0
dzdz̄ zj��z̄j+�Fj+�(z̄)dDiscG(z, z̄)

z ! 0

c(j,�) =
1

j ��� ⌧
⇥

Z 1

0
dz̄ z̄j+�Fj+�(z̄)dDiscG⌧ (z̄)

⇒large j+∆ pushes integral to (0,1) corner ✓



• Analytic result for t-channel power-law:

• Earlier results reproduced by:  ‘expand cross-channel 
OPE in          and integrate termwise using (4.7)’
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(4.7)

1�z̄
z̄

⇠ 1/h̄⌧ 0

Ia,b⌧ 0 (h̄) ⌘
Z 1

0

dz̄

z̄2
(1� z̄)a+bh̄kh̄(z̄) dDisc

2

4
✓
1� z̄

z̄

◆ ⌧0
2 �b

(z̄)�b

3

5

=
1

�
�
� ⌧ 0

2 � a
�
�
�
� ⌧ 0

2 + b
� ⇥

�
�
h̄� a

�
�
�
h̄+ b

�

�
�
2h̄� 1

� ⇥
�
�
h̄� ⌧ 0

2 � 1
�

�
�
h̄+ ⌧ 0

2 + 1
� .

(h̄ = j+�
2 )

✓
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where we used equation (5.48) for the Jacobian @h
@`

that relates f��[��]
0

to ���[��]
0

. The

actual operator dimensions are determined by solving h� 2h� � �(h) = 0, 2, 4, . . . .

A comparison between the above formula and numerics for ⌧
[��]

0

= 2��+2�
[��]

0

is shown
in figure 7. The discrepancy between analytics and numerics is 3 ⇥ 10�3 and 5 ⇥ 10�4 for
spins ` = 2, 4, respectively, and ⇠ 5 ⇥ 10�5 for ` > 4. Including additional higher-twist
operators (primaries or descendants) in (6.1) and (6.2) does not improve the fit for low
spins, and barely a↵ects it for high spins.

10 20 30 40
h

1.00

1.01

1.02

1.03

1.04
τ

τ[σσ]0(h)

Figure 7: A comparison between the analytical prediction (6.5) (blue curve) and numerical
data (blue dots) for ⌧

[��]
0

. The two agree with accuracy 3 ⇥ 10�3 and 5 ⇥ 10�4 for spins
` = 2, 4, respectively, and ⇠ 5⇥ 10�5 for ` > 4. The grey dashed line is the asymptotic value
⌧ = 2��. The curve (2.3) from [1] looks essentially the same.

6.1.1 Di↵erences from [1]

Let us comment briefly on the (inconsequential) di↵erences between the above calculation
and the series (2.3) computed in [1]. Firstly, we have not included descendants of ✏, T ,

namely terms of the form W (0)����
O,m and V (0)����

O,m with m � 1, whereas [1] included descen-
dants at first order in z. This is because it doesn’t make sense to include level-1 descendants
of ✏, T without also including the double-twist operators [✏T ]

0

, [TT ]
0

, which contribute at
the same order in the large-h expansion. Also, because we organize everything as a series in
y instead of z, the contributions of descendants will di↵er somewhat (though the sum over
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[Plot from Simmons-Duffin ’16;  
see Alday&Zhiboedov ’15]

stress 
tensor

Asymptotic series in 3D Ising

j +�

2

2��



What’s new:

• Replaced 1/J expansion by convergent sum 
(no need to expand in               )

• Control over individual spins, not only 
averages over many spins (‘no stick-out’)

• Can try to bound errors? 
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(1� z̄)/z̄



Bulk Locality
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• Double-traces killed at large Nc

• Heavy operators killed unless

(�0 = 2�+ 2n+ �/N2
c )

⇢, ⇢̄ < �2
gap

dDiscG =
X

J 0,�0

sin2(⇡2 (�
0 � 2�))

✓
1�p

⇢

1 +
p
⇢

◆�0+J 0 ✓
1�

p
⇢̄

1 +
p
⇢̄

◆�0�J 0

Theories with  
classical AdS dual =

CFTs where dDisc G
is saturated by a handful

of light primaries



dDiscG

1⇠ 1/�2
gap

0

1

⇠ 1/N2
c

light
(known)

unknown
(heavy&non-  
perturbative)

cj,� =

Z
Fj,� dDiscG

⇢ ⇠ ⇢̄

‘minimal  
solution’

correction
small for j>2

= cj,�
���
light

+ cj,�
���
heavy

[see also: Alday,Bissi&Perlmutter;  
Li,Meltzer&Poland]



Since F             , heavy contribution decays with spin  

Area set by stress-tensor two-point function

⇠ (⇢⇢̄)J/2

“
�1

s��2
gap

” 1

�2
gap

+
s

�4
gap

+ . . .

��c(j, d
2 + i⌫)heavy

��  1

cT

#

(�2
gap)

j�2



(Spin versus dimension)
• Consider an AdS interaction with flat-space limit:

• This has spin two in the Regge limit in all channels:

• Not constrained (Regge limit only localizes in time!), 
but due to crossing symmetry, any interaction with 
more derivatives will have a bounded coefficient

• For TT𝝓𝝓, only one unconstrained spin-2 contact 
interaction. For TTTT, none!

stu

stu = st(s+ t) ⇠ s2 ⌘ sj (s ! 1, tfixed)



• Dispersion relation for OPE coefficients:

• Input: CFT versions of analyticity&positivity as used 
in Froissart-Martin’s theorem, consequence here of 
the OPE in any unitary CFTD.

• Output:  
 -large-spin expansions with controllable errors 
 -AdS/CFT correlators using only ~few light fields 
 -bounds on higher-derivative terms → bulk locality

Summary

s-channel cross-channels
c(j,�) ⌘

Z 1

0
d⇢d⇢̄ g�,j dDiscG


