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Introduction

Consider a unitary QFT in d>2.  Assume a stress tensor

@µT
µ⌫ = 0
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ds2 = �dudv + d~y2
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~y 2 Rd�2
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u
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v
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The ANEC operator (energy density):

[Hartman, Kundu, Tajdini 16’]

[Faulkner, Leigh, Parrikar, Wang 16’]

E(~y) =
Z 1

�1
dvTvv(0, v, ~y) � 0
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ANECology
[Review talk by T. Hartman, Strings 2018]

[Review talk by D. Simmons-Duffin, Strings 2018]

The ANEC operator has many appearances and applications.

QIT

[Casini, Testé, Torroba ‘18]

light-ray operators (lightrays)

[Kravchuk, Simmons-Duffin ‘18]

event shapes

[Hofman, Maldacena ‘08]

gravitational 
 shocks

[Afkhami-Jeddi, Hartman, Kundu, Tajdini ’17]



ANECology

Many of  the studies up to date focused on

h 0|E(~y)| i
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1-point:

In this talk I will discuss

2-point*: h 0|E(~y1)E(~y2)| i
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in a unitary d>2 CFT.
| i = O|⌦i
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Many of  the studies up to date focused on
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1-point:

*
This is just a particular example of  a generic class of   
observables that involve light-ray operators in Lorentzian CFTs.

[Hartnoll, Lucas, Sachdev '18]

In this talk I will discuss

2-point*: h 0|E(~y1)E(~y2)| i
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• Deriving AdS gravity from CFT

Part I:               new lightray technology

• convergence and commutativity

• local     lightray OPE

• lightray     lightray OPE⇥
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• Conformal collider physics

Part II:                          applications
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Commutativity of  ANECs

Do ANEC operators commute?Q:
[E(~y1), E(~y2)]

?
= 0
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E(~y) =
Z 1

�1
dvTvv(0, v, ~y)
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They are not space-like separated at the endpoints.

i0i0

i�

i+

Md

fMd

(x, z)

(x+, z)

(x, z)

(x+, z)

L[T ](x, z1)L[T ](x, z2)
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light transform
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Commutativity of  light-ray operators

Rindler positivity
+asymptotic light-cone expansion



Commutativity of  light-ray operators

More generally, a necessary condition for a product to be 
well-defined and commutative

J0
<latexit sha1_base64="gLmqIb28rPkYJwdS6bAMWiN9x8Y="></latexit>

Here      is the Regge intercept
hABABi
hAAihBBi = 1� fAAO(J0)fBBO(J0)e

t(J0�1)
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A(s, t) ⇠ sJ0
<latexit sha1_base64="BOJFFehYMThBSei94UG1tfVzGRA="></latexit>

h⌦|O4L[OJ1 ](x, z1)L[OJ2 ](x, z2)O3|⌦i
<latexit sha1_base64="nWFT6B9/6Owpqc1xy3CjgfjmJlE="></latexit>

=

Z 1

�1
d↵1d↵2(�↵1)

��1�J1(�↵2)
��2�J2h⌦|O4O1(x� z1/↵1, z1)O2(x� z2/↵2, z2)O3|⌦i
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J1 + J2 > 1 + J0
<latexit sha1_base64="wGLokoCjn8j6k2LjQA/dOpzl3ig="></latexit>



Commutativity of  ANECs

Claim: In any unitary CFT ANEC operators commute  
[E(~y1), E(~y2)] = 0
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Claim: In any unitary CFT ANEC operators commute  
[E(~y1), E(~y2)] = 0
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Reason:  J0 < 3
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Conversely, a non-vanishing commutator leads to 
a Regge pole at 

J0 = 3
<latexit sha1_base64="G/jEWq+71PxzIGEDv4rnfWPz2QM="></latexit>

Nonperturbatively: J0  1
<latexit sha1_base64="J/mQ8j9AV2H0Tza67QDHG+fE8BY="></latexit>

[Caron-Huot 17’]

Planar: Jplanar
0  2

<latexit sha1_base64="mFAziQsne9BEE+TIQK7EZw1GjFg="></latexit>

[Maldacena, Shenker, Stanford 15’]

J1 + J2 > 1 + J0
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Event Shapes

[Pµ,L[O](1, z)] = 0
<latexit sha1_base64="3Zrz330cPQzEdUukG/LxT1TDccY="></latexit>

|�(p)i =
Z

ddx eip·x�(x)|⌦i
<latexit sha1_base64="4Y8nSak0uChm3PAg/TZq+qgbyOc="></latexit>

A convenient frame:

Event shapes:
h�1(p)|L[O1](1, z1) · · ·L[On](1, zn)|�2(p)i
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z = (1,~n)
<latexit sha1_base64="L3IhDqefzKK2JoqBiI/KwjjZA2M="></latexit>

z1 · z2 = �1 + cos�
<latexit sha1_base64="1EV+Zdxh8janE3D2aIxKmPC5zyI="></latexit>

i0 = point
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(integrated Wightman functions)

lightray = detector



Two-point event shapes

Consider a commutative and convergent event shape.
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Two-point event shapes

For the two-point event shape

hO4(p)|L[O1](1, z1)L[O2](1, z2)|O3(p)i
<latexit sha1_base64="TDV7ieaFY0oCcnBRKXH+Pe/Y+H8="></latexit>

we can consider two types of  OPE:

lightray � local ! lightray � local
<latexit sha1_base64="BplTJENii/M8YHdkXHjGZAsyNsU="></latexit>

lightray � lightray ! local� local
<latexit sha1_base64="objf6twEF4Qfqi16bVd522EBJuA="></latexit>

t-channel:

s-channel:

One-point event shapes are fixed by symmetry.

Consider a commutative and convergent event shape.



Local-Lightray OPE

hO4(p)|L[O1](1, z1)L[O2](1, z2)|O3(p)i
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=
X

O

X

 O

hO4(p)|L[O1](1, z1)| Oih O|L[O2](1, z2)|O3(p)i
<latexit sha1_base64="Ap2GhYfmMoBU9QvbCh1PwHMpq2I="></latexit>

X

 O

| Oih O| = A(�)�1

Z

p>0

ddp

(2⇡)d
(�p2)

d
2��|O(p)ihO(p)|

<latexit sha1_base64="EqTxtD6yOVeFF0iLFQur+ZBEwx8="></latexit>

=
X

O,a,b

�14O,a�23O,bG
t,ab
�O,⇢O

(p, z1, z2)
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These are the t-channel blocks
Example: For four scalars 

Gt
�O,JO

(z1, z2, p) =
JX

s=0

Gt
�O,JO

(s)C
(
d�3
2 )

s (cos�)
<latexit sha1_base64="tWkOzDAtRgkttO9mUnqZqb61nZE="></latexit>

[Belin, Hofman, Mathys ’19]
[Kologlu, Kravchuk, Simmons-Duffin, AZ ’19]



Local-Lightray OPE
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These are the t-channel blocks
Example: For four scalars 

Gt
�O,JO
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(
d�3
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s (cos�)
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involve 4F3(...; 1)
<latexit sha1_base64="WUE6ZkH3TOootK0Juy0dvFJuC5w="></latexit>

[Belin, Hofman, Mathys ’19]
[Kologlu, Kravchuk, Simmons-Duffin, AZ ’19]



Lightray-Lightray OPE

A light-ray operator is point-like in the transverse plane. 
It is natural to expand in small transverse separations.

Z 1

�1
dv1 O1;v···v(u = 0, v1, ~y1)⇥

Z 1

�1
dv2 O2;v···v(u = 0, v2, ~y2)

?
=

X

i

|~y12|
�i�(�1�1)�(�2�1)

Oi
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Lightray-Lightray OPE

Small angle: • QCD [Konishi, Ukawa, Veneziano ’79]

N = 4
<latexit sha1_base64="2tvhQZLfa7zXlNSIhCGK6jwf+vU="></latexit>• planar [Hofman, Maldacena, ’08]
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Lightray-Lightray OPE

Small angle: • QCD [Konishi, Ukawa, Veneziano ’79]

N = 4
<latexit sha1_base64="2tvhQZLfa7zXlNSIhCGK6jwf+vU="></latexit>• planar [Hofman, Maldacena, ’08]

Can we develop a systematic expansion in a general CFT?

The usual argument does not apply

O(x1)

O(x2)

P
i Oi

No such argument for light-ray operators.

O1O2|⌦i = | i =
X

i

|Oii
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ANEC OPE

Claim: The ANEC x ANEC OPE in a unitary CFT  
is given by

   is the transverse spin  
SO(d-2) representation:
�
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Z
dv1Tvv(0, v1, ~y1)⇥

Z
dv2Tvv(0, v2, ~y2)

= ⇡i
X

�,a

X

i

D(a),+
�i�1,�(~y12, @~y2)O

+
i,J=3,�,(a)(~y2)
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is given by
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SO(d-2) representation:
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spin selection rule:

[Hofman, Maldacena 08’]

J = J1 + J2 � 1
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X
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X

i
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+
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<latexit sha1_base64="OFi5nNjgCpaJ80VvB5bh7P175DI="></latexit>



Lightray-Lightray OPE

Different strategy:
1. Decompose the product of  light-ray operators into conformal irreps  

(harmonic analysis for the transverse conformal group                   )SO(d� 1, 1)
<latexit sha1_base64="qc+MRvqW40BCedDlMgtBtzu7TBk="></latexit>
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L(x, z0)
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2. Compute a matrix element of  a single irrep   
        (in terms of  an integral of  a double commutator)

L[O]|⌦i = 0
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Lightray-Lightray OPE

3. Relate to the Lorentzian inversion formula

[Caron-Huot 17’]
[Simmons-Duffin, Stanford, Witten 17’]

[Kravchuk, Simmons-Duffin 18’]
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Lightray-Lightray OPE

The relation is given by a bubble integral



• Deriving AdS gravity from CFT

Part I:               new lightray technology

• convergence and commutativity

• local     lightray OPE

• lightray       lightray OPE⇥
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⇥
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• Conformal collider physics

Part II:                          applications
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[Hofman, Maldacena, ’08]

ANEC:
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two-point event shape:



AdS EFT: ANEC commutativity
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AdS EFT: ANEC commutativity

Claim: Any non-minimal graviton 3pt coupling violates ANEC 
commutativity  [Belin, Hofman, Mathys ’19]

[Kologlu, Kravchuk, Simmons-Duffin, AZ ’19]

2
1

1
2

=<latexit sha1_base64="Qjzj31T7H7rhI9UeuaTn0LITDWI="></latexit>

ANEC commutativity



AdS EFT: ANEC commutativity

Claim: Any non-minimal graviton 3pt coupling violates ANEC 
commutativity  [Belin, Hofman, Mathys ’19]

[Kologlu, Kravchuk, Simmons-Duffin, AZ ’19]

Stringy Equivalence Principle: In every UV complete theory of  quantum 
gravity AdS/flat/dS gravitational (and higher spin) shocks commute.
(should be applicable to our Universe as well)
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ANEC commutativity

[Alfaro, Fubini, Rossetti, Furlan 66’]

superconvergenceZ
dtDisctA(s, t) = 0
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AdS EFT: ANEC commutativity

Using the t-channel OPE:
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Sum over single trace operators only! (at large N)
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[Camanho, Edelstein, Maldacena, AZ ’14]
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How do we bound these infinite sums?
[Camanho, Edelstein, Maldacena, AZ ’14]



AdS EFT: ANEC commutativity

Using the s-channel OPE and conformal Regge theory:

ANEC commutativity = absence of the J=3 Regge pole

Euclidean OPE vs analyticity in spin

C�
ab(�, J = 3) = 0
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(lightray-lightray)

even spin odd spin

[Kologlu, Kravchuk, Simmons-Duffin, AZ, work in progress]



Toy Model
We next use the Froissart-Gribov formula:

[Caron-Huot ’17]
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 correlator
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 unitarity: DiscA � 0
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Toy Model
[Caron-Huot ’17]

Reproducing the graviton pole requires:
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Toy Model
[Caron-Huot ’17]
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Toy Model
[Caron-Huot ’17]

Pomeron pole: a+J (s) ⇠
C2

��P (s)

J � J(s)
<latexit sha1_base64="GyjYAL8v8wVqeycCKy5jN0TZrg8="></latexit>

DisctA(s, ⌫) ⇠ C2
��P (s)⌫

J(s)
<latexit sha1_base64="8rlY6n+cNVIYxH1cq0kGhK3tY1Y="></latexit>

“No outliers”: DisctA(s, ⌫) < c0C
2
��P (s)⌫

J(s)
<latexit sha1_base64="tgErNOUBN8d2xjiTwKxCsY7o6tk="></latexit>

⌫ > m2
gap

<latexit sha1_base64="+CoDEmH6q05qELfE/JJ71QJnW9Y="></latexit>

c0 = O(1)
<latexit sha1_base64="A88H1zoP01RRcmAjymlX8/Ke1cQ="></latexit>

|↵GB(s)|2  2c0
3� J(s)

C2
��P (s)

(�2
gap)

3�J(s)
<latexit sha1_base64="xczxKe0dol6d1jHmWEjkpHY7UwA="></latexit>

Assuming no outliers we get:

Reproducing the graviton pole requires:

lim
s!0

C2
��P (s)

2� J(s)
= � 1

cT

1

s
<latexit sha1_base64="shoYqGJH08GAAfKrIWhzE87ho6M="></latexit>

a+J=2(s) :
<latexit sha1_base64="pUGz26udU32BJb0xkT7BIyX0fhE="></latexit>



Toy Model
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Regge intercept 
(“Lyapunov exponent”)

[Camanho, Edelstein, Maldacena, AZ ’14]
[Costa, Hansen, Penedones ’17]

[Kulaxizi, Parnachev, AZ ’17]
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Conformal Collider Physics

very precise experimental data

[Tulipánt, Kardos, Somogyi ’17]



Conformal Collider Physics

[Basham, Brown, Ellis, Love ’78]

[Dixon, Luo, Shtabovenko, Yang, Zhu ’18]
40 years!
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NLO
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[Belitsky, Hohenneger, Korchemsky, Sokatchev, AZ ’13]

[Dixon, Moult, Zhu ’19] [Korchemsky ’19]
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LO+NLO: polylogs

NNLO: elliptic integrals! [Henn, Sokatchev, Yan, AZ ’19]
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Conformal Collider Physics

Weak coupling (jets):

Strong coupling (no jets):
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[Hofman, Maldacena 08’]Use correlators instead of  amplitudes!
[Korchemsky, Oderda, Sterman 97’]

[Sveshnikov, Tkachov 95’]

[Hofman, Maldacena 08’]



Conformal Collider Physics

Weak coupling (jets):

Strong coupling (no jets):

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n1)E(~n2)i =
✓

q0

volSd�2

◆2

<latexit sha1_base64="Rr8Rs1qGpggCklJR36/3XvBNPTI="></latexit>

hE(~n1)E(~n2)i ⇠ �(�) + �(�� ⇡)
<latexit sha1_base64="m+K0gPZZW3BIrlWRdxh7mScnVqA="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

[Hofman, Maldacena 08’]Use correlators instead of  amplitudes!
[Korchemsky, Oderda, Sterman 97’]

[Sveshnikov, Tkachov 95’]

[Hofman, Maldacena 08’]



Conformal Collider Physics

Weak coupling (jets):

Strong coupling (no jets):

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n1)E(~n2)i =
✓

q0

volSd�2

◆2

<latexit sha1_base64="Rr8Rs1qGpggCklJR36/3XvBNPTI="></latexit>

hE(~n1)E(~n2)i ⇠ �(�) + �(�� ⇡)
<latexit sha1_base64="m+K0gPZZW3BIrlWRdxh7mScnVqA="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

[Hofman, Maldacena 08’]Use correlators instead of  amplitudes!
[Korchemsky, Oderda, Sterman 97’]

[Sveshnikov, Tkachov 95’]

[Hofman, Maldacena 08’]



Conformal Collider Physics

Weak coupling (jets):

Strong coupling (no jets):

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n)i = q0

volSd�2
<latexit sha1_base64="t2tiynhIfqnfkGQpbcsMMS/en0M="></latexit>

hE(~n1)E(~n2)i =
✓

q0

volSd�2

◆2

<latexit sha1_base64="Rr8Rs1qGpggCklJR36/3XvBNPTI="></latexit>

hE(~n1)E(~n2)i ⇠ �(�) + �(�� ⇡)
<latexit sha1_base64="m+K0gPZZW3BIrlWRdxh7mScnVqA="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

�
<latexit sha1_base64="Xd5odASaO+KeZOZjEHVgVd89Rjs="></latexit>

[Hofman, Maldacena 08’]Use correlators instead of  amplitudes!
[Korchemsky, Oderda, Sterman 97’]

[Sveshnikov, Tkachov 95’]

[Hofman, Maldacena 08’]



Conformal Collider Physics

Weak coupling (jets):

Strong coupling (no jets):
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Energy Correlators in N=4 SYM
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• Sum is over Regge trajectories

• OPE data is evaluated at J=-1 (p�i)
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• Correctly captures contact terms

• Passes many perturbative tests 
and leads to new predictions
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conformal WI:
(cf. QNEC saturation)

[Belitsky, Hohenneger, Korchemsky, Sokatchev, AZ ’13]



Jets at Finite Coupling in N=4 SYM
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[plot by N.Gromov]
[Gromov, Levkovich-Maslyuk, Sizov 15’]

[Gromov, Kazakov, Leurent, Volin 13’]

[Hofman, Maldacena 08’]
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[Korchemsky 19’]
[Dixon, Moult, Zhu 19’]

integrability:

four-loop weak 

four-loop strong 

EEC becomes regular



Further Directions

• event shapes in QFTs (numerics, effects of  beta-function)

• shockwave amplitudes (OPE for amplitudes, CFT S-matrix, soft limits)

Lorentzian methods/observables:

• multi-point event shapes, celestial bootstrap, more general lightrays
h |E(~n1)E(~n2)E(~n3)E(~n4)| i
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• superconvergence (dS/flat/AdS, quantum)
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Open Questions

How to efficiently combine Lorentzian methods with numerics?

Is it possible to measure event shapes in a lab?

With more efforts we can hopefully derive the rules of  AdS EFT.

coarse-grained holography bootstrap challenge:

How hard it is to UV complete a given AdS EFT?
fine-grained holography bootstrap challenge:

Can we exclude some theories which look like perfect AdS EFTs?

(flat space mini-challenge: UV complete R^3)



Open Questions

How to efficiently combine Lorentzian methods with numerics?

Is it possible to measure event shapes in a lab?

With more efforts we can hopefully derive the rules of  AdS EFT.

coarse-grained holography bootstrap challenge:

How hard it is to UV complete a given AdS EFT?
fine-grained holography bootstrap challenge:

Can we exclude some theories which look like perfect AdS EFTs?

Thank you!

(flat space mini-challenge: UV complete R^3)



Four-loop Prediction in N=4 SYM
[Korchemsky ’19]
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[Kologlu, Kravchuk, Simmons-Duffin, AZ ’19]

To be concrete:



Commutativity of  light-ray operators

* assuming the asymptotic light-cone expansion

J1 + J2 > max (2��0
0, 1 + J0)
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The product of  the light-ray operators  
is well-defined and commutative if  and only if *
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CFT Light-Ray Operators

[Kravchuk, Simmons-Duffin ’18]

Start with a bi-local object 

O
±
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±
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The kernel is obtained by Wick-rotating and light-transforming 
the partial wave expansion. 

The residues are light-ray operators: 
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Spin Selection Rule

Consider the small separation limit between two light-ray 
operators

Analogy
O�1(x)O�2(x) =

X

i

O
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This leads to the spin selection rule
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Signature of  Light-ray Operators

Analytic continuation in spin is performed separately from 
even spins (signature +) and from odd spins (signature -).

One way to state this is to consider CRT transformation

CRT : (u, v, ~y) ! (�u,�v, ~y)
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Transverse Representations

Naively, one would think that light-ray operators transforming 
in the arbitrary representations of  the transverse SO(d-2) can 
appear in the OPE. 

Rule:  For the OPE 

1. List all SO(d-1,1) representations in the OPE O1 ⇥O2
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2. Remove first row in the corresponding Young diagram
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Z
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ANEC x ANEC



Flat Space and AdS/dS Bulk

CFT S-matrix (AdS/dS)

light-ray operator
shockwave state

(on-shell state in the mixed signature)

ANEC operator gravitational shock

event shapes scattering amplitudes 
(in mixed signature)

bound on Regge bound on Regge
(causality)
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A(s, t) < s2, t < 0
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commutativity of ANECs
superconvergenceZ
dtDisctA(s, t) = 0
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light-ray OPE amplitude OPE?
(worldsheet OPE in string theory)

[Alfaro, Fubini, Rossetti, Furlan 66’]
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Holographic CFTs
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1

lD�2
Pl

Z
dDx

p
�g (R� 2⇤+ ...)

<latexit sha1_base64="TPbrxvOoVsnkPJSRt/ndYiKZkNs="></latexit>

AdS/CFT
=<latexit sha1_base64="Qjzj31T7H7rhI9UeuaTn0LITDWI="></latexit>

[Kos, Poland, Simmons-Duffin, Vichi ’16]

“YES”!

+...
<latexit sha1_base64="rJe/ki5rRW+ALXuXk6XAjfxHI6c="></latexit>

Tentative 
CFT data

NO
MAYBE

[Rattazzi, Rychkov, Tonni, Vichi ’08]

Maybe

No



Holographic CFTs
1

lD�2
Pl

Z
dDx

p
�g (R� 2⇤+ ...)

<latexit sha1_base64="TPbrxvOoVsnkPJSRt/ndYiKZkNs="></latexit>

AdS/CFT
=<latexit sha1_base64="Qjzj31T7H7rhI9UeuaTn0LITDWI="></latexit>

[Kos, Poland, Simmons-Duffin, Vichi ’16]

“YES”!

+...
<latexit sha1_base64="rJe/ki5rRW+ALXuXk6XAjfxHI6c="></latexit>

[Heemskerk, Penedones, Polchinski, Sully ’09]

HPPS: any consistent EFT in AdS looks OK! 

fine-grained holography: landscape vs. swampland
(hard)

coarse-grained holography: assume landscape
derive the rules of  consistent AdS EFTs

(“easy”)
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AdS EFT (“easy”)

HPPS conjecture:  large N + large gap
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- string scale

c2 = O(1)
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Causality: • non-minimal couplings cannot be primordial

[Camanho, Edelstein, Maldacena, AZ ’14]

• non-minimal couplings should timely Reggeize
(extra HS DoF are needed)
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What is the precise bound?
(squiggly line curse)
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Bound on Pomeron couplings:

[Costa, Hansen, Penedones ’17]
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(non-minimal TT-pomeron coupling)

T : ⌫ = i d/2
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from unitarity


