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PREFACE
I will be talking about   with   supersymmetry.

There has been a huge expansion in the known landscape of such theories:
• Conformal gauge theories; class   theories
• Argyres-Douglas points
• Type II strings on CY3 singularities

Generically don't admit (conventional) Lagrangian descriptions.

This motivates a program (superconformal bootstrap) to develop robust methods 
to study these models, independent of microscopic formulation.

This has led to a powerful new organisational principle (and an interesting piece of 
mathematical physics) through a connection to vertex operator algebras.

I will give an overview and update.
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Start by characterising SCFTs by their OPE algebra of local operators. 

  

Operators organize into irreps. of  , and in particular of the usual 
bosonic subalgebra:

 

Carve out tractable algebraic structure by passing to cohomology of carefully 
chosen supercharge:

  

𝒪1(x1)𝒪2(x2) = ∑
k

c k
12 𝒪k(x2)

|x1 − x2 |E1+E2−Ek
.

𝔰𝔲(2,2 |2)

{𝒪E,j1,j2,R,r}

𝒬𝕍 = 𝒬1
− + 𝒮̃ ·−
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EXTRACTING A VERTEX ALGEBRA
[CB, LEMOS, LIENDO, PEELAERS, RASTELLI, VAN REES (2013)]

In  -cohomology, operators restricted to lie in a complex plane  .

OPE acquires meromorphic dependence on  , giving a vertex operator algebra/chiral algebra. 
Consequently we get a map from SCFTs to VOAs:

  

Operators in cohomology in one-to-one correspondence with Schur operators, obeying

  

Includes:

• Higgs branch chiral ring operators.

• Generic elements are "semi-short" operators in   multiplets.

Notable absence of Coulomb branch chiral ring operators.

𝒬𝕍 ℂ[z,z̄] ⊂ ℂ2

z

𝒯 𝕍⟶ 𝕍[𝒯]

E + ( j1 + j2) = 2R , j1 − j2 = r

𝒞̂
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PROPERTIES OF THE VERTEX ALGEBRA
Some operators in four dimensions have universal images in the VOA:

  

  generates Virasoro algebra with central charge   .

  

  generates   affine Kac-Moody algebra at level   .

Additional properties follow from general considerations:

• Higgs chiral ring generators are strong VOA generators.

• Schur superconformal index reproduces vacuum character.

• VOA independent of marginal couplings (non-renormalization theorem).

Tμν(z, z̄) ⟶ [(JR)++
z ]𝒬𝕍

= T(z)

T(z) c = − 12c4d < 0

JA
μ (z, z̄) ⟶ [μA]𝒬𝕍

= 𝒥A(z) , A = 1,…, dim 𝔤F

𝒥A(z) 𝔤̂F k = − 1
2 k4d < 0
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EXAMPLES
In many cases can determine the VOA associated to a given SCFT.   There is now a 
large catalogue, e.g.,

• Free hyper-multiplet   (symplectic boson)

•   Argyres-Douglas SCFTs  

•   Argyres-Douglas SCFTs  

• Rank one F-theory SCFTs 

Despite simplicity of above examples, general cases are non-linear VOAs.

• E.g.,   SCQCD includes non-linear  -currents with spin  .

We see everything from rational Virasoro to irrational  -algebras.

⟶ dimension ( 1
2 , 1

2 ) (β, γ)

(A1, A2n) ⟶ Vir2,2n+3

(A1, D2n+1) ⟶ V −4n
2n + 1 (𝔰𝔩(2))

⟶ V−1− h∨
6

(𝔤), 𝔤 ∈ {𝔞1, 𝔞2, 𝔡4, 𝔢6, 𝔢7, 𝔢8}

Nf = 2Nc 𝒲 Nc /2

𝒲
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These VOAs are specified by finite amount of data (singular OPEs of strong 
generators), but encode infinite number of 4d two- and three-point functions. 

These VOAs are not manifestly unitary (obviously!), all of this data, appropriately 
reinterpreted in four-dimensional terms, must be compatible with unitarity. 

This is a restriction on the VOAs that can arise -- for example, saw that negativity 
of Virasoro central charge and Kac-Moody levels required by 4d unitarity.

This is just the tip of the iceberg.

6/18
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Let's consider   when   enjoys (simple)   global symmetry.

  

  

Non-singlet   representations are pure Higgs branch operators.

Singlet channel is an admixture, have to orthogonalize with  .

VOA norms of these states are fixed algebraically, 4d unitarity dictates that they 
be positive!

𝕍[𝒯] 𝒯 𝔤F

𝒥A ∼ [μA]

(𝒥A𝒥B) ∈ span {[μAμB], T}

𝔤F

T(z)

UNITARITY BOUNDS:
SIMPLE FLAVOUR SYMMETRY

[CB ET. AL. (2013)]
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h = R = 2
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Positivity of singlet norm:                                                  if   

 
 
 
Positivity of non-singlets:

 

 
Saturating bounds implies Higgs chiral ring relations.

k > − h∨
𝔤

UNITARITY BOUNDS:
SIMPLE FLAVOUR SYMMETRY

[CB ET. AL. (2013)]

kd𝔤 ⩽ c(k + h∨
𝔤 ) ⟶ c ⩾

kd𝔤

k + h∨
𝔤

Flavor group factor Level bound

su(2) k 6 � 1
3

su(n) k 6 �n
2

so(n) , n = 4, . . . , 8 k 6 �2
so(n) , n > 8 k 6 2� n

2
usp(n) , n > 3 k 6 �1� n

2
g2 k 6 � 5

3
f4 k 6 � 5

2
e6 k 6 �3
e7 k 6 �4
e8 k 6 �6
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Now let   with   simple or  . 

Unitarity for   -singlet sector is now substantially more intricate. 

Matrix   of two-point functions of   operators not diagonal.

  

  

Positive semi-definiteness of   implies delicate constraints on central charges. 
Can summarise as follows...

𝔤F = 𝔤1 × ⋯ × 𝔤n 𝔤i 𝔲1

𝔤F

𝕄 Tr(μ2
i )

𝕄 = Diag(δ1, …, δn) −
c
2

⃗α ⊗ ⃗α

δi = 2kidi(ki + h∨
i ) , αi =

2kidi

c

𝕄
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UNITARITY BOUNDS:
REDUCTIVE FLAVOUR SYMMETRY

[CB (2018)]



Call simple factor :

• subcritical if  
• critical if  
• supercritical if  

Unitarity then demands:

• For any two critical factors   and  , have   in Higgs chiral ring.

• If at least one critical factor, can be no subcritical factors.
• If any subcritical factor,                      (Sugawara bound).
• There can be at most one subcritical factor.

ki > − h∨
i

ki = − h∨
i

ki < − h∨
i

i j Trμ2
i ∝ Trμ2

j
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UNITARITY BOUNDS:
REDUCTIVE FLAVOUR SYMMETRY

[CB (2018)]

c >
X

i

kidi
ki + h_

i
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Algebraic rigidity of  VOAs plus four-dimensional unitarity leads to constraints when 
we can unambiguously map operators.

Difficult to push further for lack of dictionary between VOA states and operators 
with definite 4d quantum numbers.

Problems arise because the space   of Schur operators is triply graded...

  

...but only bi-grading by   and   is manifest in VOA, OPE violates  -conservation 
(but only downward, defines an  -filtration).

Have to ask how much four-dimensional physics we can really see without  -
grading. Can we see the Higgs branch?

𝒱

𝒱 = ⨁
h,R,r

𝒱h,R,r , h =
E + ( j1 + j2)

2
= E − R

h r R
R

R
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UNITARITY BOUNDS BEYOND  ?h = 2



Apparently yes! One can canonically associate a finite-dimensional Poisson variety 
to any vertex operator algebra: the associated variety.

�            �

Conjecture [CB, Rastelli (2017)]:  For VOAs arising from four dimensional SCFTs

 

This amounts to a rather technical condition on the  -filtration. 

Verified in infinity of examples.

X𝒱 = mSpec (𝒱/C2(𝒱)) C2(𝒱) = span {(∂𝒪1𝒪2)}

X𝕍[𝒯] = ℳH[𝒯] .

R
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GEOMETRY OF THE ASSOCIATED VOA
[CB, RASTELLI (2017)]

Higgs branch of vacua



Conjecture implies in particular that the associated variety is symplectic. This is a strong 
constraint (in generic case it is just Poisson).

  

Condition generalises rational VOAs, which have trivial associated varieties (  co-finite).

VOAs with symplectic associated variety have been given the moniker quasi-Lisse by 
Tomoyuki Arakawa and Kazuya Kawasetsu.

XVirc
=

ℂ c generic

{pt.} c = cp,q = 1 − 6 (p − q)2

pq

XVk(𝔤) =

𝔤ℂ k generic
{pt.} k ∈ ℕ

𝕆q(𝔤ℂ) k = − h∨ + p
q

C2

GEOMETRY OF THE ASSOCIATED VOA
[CB, RASTELLI (2017)]
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e.g.



Theorem (Arakawa, Kawasetsu 2016):  The vacuum character of a quasi-Lisse 
VOA solves a linear modular differential equation of weight zero.

Implies that Schur limit of the superconformal index is always the solution of such 
a differential equation, and so is a component of a vector-valued modular form.

For example, for rank-one F-theory SCFTs:

Generalises results by N. Drukker et. al. for   SYM and earlier observations 
by S. Razamat.

𝒩 = 4

MODULAR DIFFERENTIAL EQUATIONS
[CB, RASTELLI (2017); CB, PEELAERS (TO APPEAR)]
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XV�(h_+6)/6(g) = MH [Tg] = Omin(g)
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⇣
D(2)

q � 5(h_ + 1)(h_ � 1)E4(q)
⌘
ISch(q) = 0

<latexit sha1_base64="kumyu7WvFd3XILRyBZN2ZlXl4UQ="></latexit><latexit sha1_base64="fXHB8lUh/dvLyGazMMBeTyVLFcE="></latexit><latexit sha1_base64="fXHB8lUh/dvLyGazMMBeTyVLFcE="></latexit><latexit sha1_base64="Jo44oPdcySHC6+OLhJtRjbTmWeU="></latexit>

Serre derivative

(quasi-)



VOA FROM GEOMETRY: FREE FIELDS
[CB, MENEGHELLI, RASTELLI (2019)]

VOAs possess nice geometric structure in the associated variety, but this arises upon 
taking a huge quotient.

 

A closer connection to the Higgs branch seems to arise through free field realisations.

 

We have found highly economical realisations in terms of the lattice VOA for a lattice 
  of signature   with  .

E.g., F-theory SCFTs have free field realisation in terms of   lattice VOA and   
symplectic bosons [compare   chiral bosons for Wakimoto].

(For  , compare 58 chiral bosons to 248 for Wakimoto).

𝕍[𝒯]
X𝕍⟶ ℳH

ℳH[𝒯] FFR⟶ 𝕍[𝒯]

Πd,d (d, d) d = dimℍ ℳH

Π1,1 h∨ − 2
dim 𝔤

𝔤 = 𝔢8
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VOA FROM GEOMETRY: FREE FIELDS
[CB, MENEGHELLI, RASTELLI (2019)]

Consider principal open subset where  , which has the structure of  x ≠ 0 T*ℂ×

VOA images of Higgs chiral ring generators fixed up to "quantum corrections"

This reproduces a free field construction of   due to Adamović (2004)V−4/3(𝔰𝔩(2))

MH = C2/Z2 = {xy + z2 = 0} ⇢ C3
<latexit sha1_base64="Tp9smAyFGzXorQFvVdagRBC9ISc="></latexit><latexit sha1_base64="/oPQ8hfwZjEVWKYGXecvT0wry9c="></latexit><latexit sha1_base64="/oPQ8hfwZjEVWKYGXecvT0wry9c="></latexit><latexit sha1_base64="lxMRbo/5uatwLUpYyRINIETMQ3Q="></latexit>

(A1, D3) Argyres-Douglas
<latexit sha1_base64="5dbiIXoSPSFhFHGguzXRFGgzXnE=">AAACCnicbVDJSgNBEK1xN25Rj4K0iqCgYUYPehKDOXiMYFRIwtDTqcTGnoXuGjEMOXvxB7z5A148KOLVL/Dm39hZDm4PCh7vVXVXvSBR0pDrfjpDwyOjY+MTk7mp6ZnZufz8wpmJUy2wImIV64uAG1QywgpJUniRaORhoPA8uDrq+ufXqI2Mo1NqJ1gPeSuSTSk4WcnPr2wUfW+r5O9ushrhDWWsqFttjWa7FKctxU3Hz6+5BbcH9pd4A7J2uHx//wAAZT//UWvEIg0xImEfMFXPTaiecU1SKOzkaqnBhIsr3sKqpREP0dSz3ikdtm6VBmvG2lZErKd+n8h4aEw7DGxnyOnS/Pa64n9eNaXmfj2TUZISRqL/UTNVjGLWzYU1pEZBqm0JF1raXZm45JoLsunlbAje75P/krOdgucWvBObxgH0MQFLsAob4MEeHMIxlKECAm7hEZ7hxblznpxX563fOuQMZhbhB5z3Lw0qm3M=</latexit><latexit sha1_base64="Xc0ahvGiEIRUxcDTij8XMX6htXQ=">AAACCnicbVDLSgNBEJz1bXxFPQoyGoQIGnb1oCdRzMFjBBOFZFlmJ73J4OyDmV4xLDl78Qf0H7x4UMSrX+DNv3GSeNDEgoaiqnumu/xECo22/WWNjU9MTk3PzObm5hcWl/LLKzUdp4pDlccyVlc+0yBFBFUUKOEqUcBCX8Klf33a8y9vQGkRRxfYScANWSsSgeAMjeTlN4onnrNT9va3aQPhFjN6olodBXq3HKctyXTXyxfskt0HHSXODykcrz/08Fjx8p+NZszTECLk5gFdd+wE3YwpFFxCN9dINSSMX7MW1A2NWAjazfqndOmWUZo0iJWpCGlf/T2RsVDrTuibzpBhWw97PfE/r55icOhmIkpShIgPPgpSSTGmvVxoUyjgKDuGMK6E2ZXyNlOMo0kvZ0Jwhk8eJbW9kmOXnHOTxhEZYIaskU1SJA45IMfkjFRIlXByR57IC3m17q1n6816H7SOWT8zq+QPrI9vamedOA==</latexit><latexit sha1_base64="Xc0ahvGiEIRUxcDTij8XMX6htXQ=">AAACCnicbVDLSgNBEJz1bXxFPQoyGoQIGnb1oCdRzMFjBBOFZFlmJ73J4OyDmV4xLDl78Qf0H7x4UMSrX+DNv3GSeNDEgoaiqnumu/xECo22/WWNjU9MTk3PzObm5hcWl/LLKzUdp4pDlccyVlc+0yBFBFUUKOEqUcBCX8Klf33a8y9vQGkRRxfYScANWSsSgeAMjeTlN4onnrNT9va3aQPhFjN6olodBXq3HKctyXTXyxfskt0HHSXODykcrz/08Fjx8p+NZszTECLk5gFdd+wE3YwpFFxCN9dINSSMX7MW1A2NWAjazfqndOmWUZo0iJWpCGlf/T2RsVDrTuibzpBhWw97PfE/r55icOhmIkpShIgPPgpSSTGmvVxoUyjgKDuGMK6E2ZXyNlOMo0kvZ0Jwhk8eJbW9kmOXnHOTxhEZYIaskU1SJA45IMfkjFRIlXByR57IC3m17q1n6816H7SOWT8zq+QPrI9vamedOA==</latexit><latexit sha1_base64="Yxdqc2ji/XGniHFmhdhl5T+7S7U=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SBE0LCrhVaSYArLCOYBSVhmJzdxyOyDmbtiWFLb+Cs2ForY+gV2/o2TR6GJBy4czrl35t7jRVJotO1vK7WwuLS8kl7NrK1vbG5lt3dqOowVhyoPZagaHtMgRQBVFCihESlgvieh7vWvRn79HpQWYXCLgwjaPusFois4QyO52f18yXWOy+7ZEW0hPGBCS6o3UKBPymHck0wP3WzOLthj0HniTEmOTFFxs1+tTshjHwLk5gHddOwI2wlTKLiEYaYVa4gY77MeNA0NmA+6nYxPGdJDo3RoN1SmAqRj9fdEwnytB75nOn2Gd3rWG4n/ec0YuxftRARRjBDwyUfdWFIM6SgX2hEKOMqBIYwrYXal/I4pxtGklzEhOLMnz5PaacGxC86NnSteTuNIkz1yQPLEIeekSK5JhVQJJ4/kmbySN+vJerHerY9Ja8qazuySP7A+fwAZWJlD</latexit>

In more detail, the picture is that we specify the Higgs branch physics of the theory:
• Higgs branch as a holomorphic-symplectic variety
• Low energy effective field theory at generic point

From this concoct "minimal" free field realisation of the VOA (currently requires some artistry)

X = e�+' , Z = k@' , Y =
⇣
�(k2@�)

2 + k(k+1)
2 @2�

⌘
e���'

<latexit sha1_base64="i1yXQ45bJ58l6UBxNvcHzf0KXd8="></latexit><latexit sha1_base64="i1yXQ45bJ58l6UBxNvcHzf0KXd8="></latexit><latexit sha1_base64="i1yXQ45bJ58l6UBxNvcHzf0KXd8="></latexit><latexit sha1_base64="i1yXQ45bJ58l6UBxNvcHzf0KXd8="></latexit>

(x, z) 7�! (e�+', @'� @�)
<latexit sha1_base64="qedMG/2C5DiEBnUBBUQJXm+xpaU="></latexit><latexit sha1_base64="qedMG/2C5DiEBnUBBUQJXm+xpaU="></latexit><latexit sha1_base64="qedMG/2C5DiEBnUBBUQJXm+xpaU="></latexit><latexit sha1_base64="qedMG/2C5DiEBnUBBUQJXm+xpaU="></latexit>

V[T ⇤C⇥] = V⇧1,1
<latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="UalB6cPgAC9nItHURABLRjJ9h1w=">AAACG3icbVDLSgNBEOyNrxijRq9eBoPgQcKuF70EhFw8RsgLskmYnUySIbMPZnqFsOzXePFXvHiIiPg3ziYRNbGgoajqprvLi6TQaNufVm5re2d3L79fOCgeHh2XTootHcaK8SYLZag6HtVcioA3UaDknUhx6nuSt71pLfPbj1xpEQYNnEW859NxIEaCUTTSoFQlJHF9ihPPS1pp2m30XarxW6mlfReFz3WPVMlPm1sXg8S5ctJBqWxX7AXIJnFWpAwr1AeluTsMWezzAJmkWncdO8JeQhUKJnlacGPNI8qmdMy7hgY0250s3kzJhVGGZBQqUwGShfp7IqG+1jPfM53ZqXrdy8T/vG6Mo9teIoIoRh6w5aJRLAmGJMuMDIXiDOXMEMqUMLcSNqGKMjTJFkwIzvrLm6R1XXHsivNgQx7O4BwuwYEbuIN7qEMTGDzBC8zhzXq2Xq33ZVw5a5XbKfyB9fEFjaukSg==</latexit><latexit sha1_base64="UalB6cPgAC9nItHURABLRjJ9h1w=">AAACG3icbVDLSgNBEOyNrxijRq9eBoPgQcKuF70EhFw8RsgLskmYnUySIbMPZnqFsOzXePFXvHiIiPg3ziYRNbGgoajqprvLi6TQaNufVm5re2d3L79fOCgeHh2XTootHcaK8SYLZag6HtVcioA3UaDknUhx6nuSt71pLfPbj1xpEQYNnEW859NxIEaCUTTSoFQlJHF9ihPPS1pp2m30XarxW6mlfReFz3WPVMlPm1sXg8S5ctJBqWxX7AXIJnFWpAwr1AeluTsMWezzAJmkWncdO8JeQhUKJnlacGPNI8qmdMy7hgY0250s3kzJhVGGZBQqUwGShfp7IqG+1jPfM53ZqXrdy8T/vG6Mo9teIoIoRh6w5aJRLAmGJMuMDIXiDOXMEMqUMLcSNqGKMjTJFkwIzvrLm6R1XXHsivNgQx7O4BwuwYEbuIN7qEMTGDzBC8zhzXq2Xq33ZVw5a5XbKfyB9fEFjaukSg==</latexit><latexit sha1_base64="NizNm98nGETKIJ5VQkBp2LpkE8w=">AAACJnicbVDLSsNAFJ34rPUVdelmsAgupCRudFMpdOOyQl+QtGUynbZDJw9mboQS8jVu/BU3Lioi7vwUJ21EbT1w4XDOvdx7jxcJrsCyPoy19Y3Nre3CTnF3b//g0Dw6bqkwlpQ1aShC2fGIYoIHrAkcBOtEkhHfE6ztTWqZ335gUvEwaMA0Yl2fjAI+5JSAlvpmBePE9QmMPS9ppanT6LlEwbdSS3sucJ+pLq7gnza3zvuJfWmnfbNkla058Cqxc1JCOep9c+YOQhr7LAAqiFKObUXQTYgETgVLi26sWETohIyYo2lAst3J/M0Un2tlgIeh1BUAnqu/JxLiKzX1Pd2ZnaqWvUz8z3NiGN50Ex5EMbCALhYNY4EhxFlmeMAloyCmmhAqub4V0zGRhIJOtqhDsJdfXiWtq7Jtle17q1S9zeMooFN0hi6Qja5RFd2hOmoiih7RM5qhV+PJeDHejPdF65qRz5ygPzA+vwCmXaXT</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit><latexit sha1_base64="CU9HH3mln0OKgUjaw3/WrQ/qt50=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHqJBHLxGCEv2N2E2ckkGTL7YKZXCMt+jRd/xYuHiIg3P8XZJKImFjQUVd10d3mR4ApM88PIra1vbG7ltws7u3v7B8XDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3riW+e0HJhUPgwZMIub6ZBjwAacEtNQrVjBOHJ/AyPOSVpraja5DFHwrtbTrAPeZcnEF/7Q5dd5LrAsr7RVLZtmcAa8Sa0FKaIF6rzh1+iGNfRYAFUQp2zIjcBMigVPB0oITKxYROiZDZmsakGx3MnszxWda6eNBKHUFgGfq74mE+EpNfE93ZqeqZS8T//PsGAY3bsKDKAYW0PmiQSwwhDjLDPe5ZBTERBNCJde3YjoiklDQyRZ0CNbyy6ukdVm2zLJ1f1Wq3i7iyKMTdIrOkYWuURXdoTpqIooe0TOaolfjyXgx3oz3eWvOWMwcoz8wPr8Ap52l1w==</latexit>



VOA FROM GEOMETRY: FREE FIELDS
[CB, MENEGHELLI, RASTELLI (2019); CB, MENEGHELLI, PEELAERS, RASTELLI (TO APPEAR)]

Many more examples! Each one a beautiful gem.

• Rank-two F-theory SCFTs (built from 2 bosons and 2 x rank-one VOA)

•   SYM theories [Bonetti, Meneghelli, Rastelli (2018)]

• Linear conformal quivers

In general one has are generalised free field realisations that utilize   co-finite VOAs as 
irreducible ingredients along with lattice/free field VOAs.

What's more, these realisations come equipped with canonical (geometric) filtration,

 

With this filtration can make precise the notion of "quantum corrections" in construction.

In examples, passes highly nontrivial checks to reproduce physical  -filtration.

𝒩 = 4

C2

R[en(δ+φ)] = n , R[∂n(δ − φ)] = 1 , R[∂n(δ + φ)] = 0

R

17/18



PARTING THOUGHTS
Correspondence between VOAs and SCFTs in four dimensions is a deep one, encodes 
detailed algebraic information about strongly coupled SCFTs and brings new intuition to 
the study of irrational VOAs.

Structural rigidity of VOAs leads to significant consequences for higher-dimensional SCFTs.
• Intricate unitarity bounds
• Modular behaviour of superconformal index.

Associated VOA closely connected to Higgs branch physics; may be possible to 
reconstruct VOA from Higgs branch data, which in turn gives back 4d  -structure.

Possible classification scheme? Needs to be made more systematic.

Important question: which   co-finite VOAs allowed? Expect unitarity play a key role.

Many more developments I didn't have time to mention -- please take a look!
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Merci beaucoup!
Danke je wel!


